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"PREFACE

Tmis book is intended as an introduction to Analytical Geo-
metry. The begm:aer will find potes and worked examples to,
guide him, and many simple exercises to give him practice, i
apphcatlon The needs of the more able reader are met by t};e
inclugion of numercus carefully graded exercises thgdughout
the text and by the provision of harder revision eX€Tbises.

Proofs of many of the earlier theorems are baged on the
expressions for the projections of a line on the\}xeq of coordi-
nates, and the equations of & straight Lines a&e ‘derived largely
by application of the gradient formulag" a¥it has been found
that the unity of treatment thus obta.lned is appreciated by
the beginner, The more usual pmnf% given in the notes may
be substitnted but are included, tather as worked examples and
for the assistance which jm some instances they afford the
reader in memorising tha‘gesults obtained.

The Straight Lin Qmﬂe and Conic Sections are dealt with

in Parts T, IT and 11T respectively, and the book covers all the
Analytical Geometry oenerally required by the Senior Forms
of Bchools o'r\the Jumior Classes of Colleges or Universities,
:"\:’ . J- T. B.

N C. W. M. M.

% e

2\ A



&

Cerificate.
X

NOTE TO PART II

Iy the fext the gradients of tangents and normals are deter-
mined from first principles, but for the reader familiar with~

the caleulus proofs by differentiation are given in the notgs. |
oA\

.’\

\/

NOTE TO PART III ¢\

Pagr TIT is intended as an introduction to,Avelytical Conics.
The introductory chapter cstablishes the’stahdard equations,
and contains simple exercises to assist the'reader to gain some
familiarity with the curves, their foci’and directrices. The
pacabola, ellipse and hyperbola tptreated in the subsequent
chapters, and in each case paramietric representation is intro-
duced at the beginning aglithis the writer's experience thaf,
learners benefit by having'from the start the consequent choice
of methods in attacking“problems,

One chapter is dévoted to polar coordinates and one to the
general equation,; Jthe latter is discussed so far.as is necessary
for the traciné\}f conics,

The grotnil covered is that of the examinations for English
Highep8ehool Certificates ; the first four chapters are sufficient
for #hg“Additional Geometry papers of the Scottish Leaving

J. T. B.
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PART I—THE STRAIGHT LINE

CHAPTER I

N

CARTESIAN AND POLAR COORDINATES O\’

\./.

§ 1. Cartesian Coordinates.

Let X'0X, Y'0Y (Fig. 1) be perpendicular hnes and Ban}r
point in their plane. Let FM, PN be drawn perpendlgﬂar to
X'X, Y'Y respectively.  Let OM =z (positive of hegative
according as OM is in the direction of XX or XX") and let
ON =y (positive or negative according as ON i& i‘t}\fhe direction

of V'Y or Y¥"). Then the position of P I‘él}?bl?& t0 X’'X and
Y'Y is known when 2 and y are known. &is ¢alled the abscissa,
y the ordinate and x and y the Cmtealan coordinates of the
point P which is briefly reierred to as the point (2, 7).

“Y “
N .
o)L Ly
L\
x O o M X
x:\"'
5"\,“
"\ ) 4
D Fig. 1.

X'X iz called the z-axis, ¥'¥Y the y-axis, X'X and ¥'¥ the
coordinate axes and O the origin,
Note 1. The coordinates are called Cartesian after Descartes
(1596-1650), Frenoh philosopher and mathematician, who first
&
A



2 ELEMENTS OF ANALYTICAL GEOMETRY 11

used this method of determining the position of any poind

plane.

in a

Note 2. Since MP=0N (Fig. 1), MP is often referred to as the

ordénate of P,

" Note 3. Rectangular axes,
dicular, are most commonty used ;

however, to use oblique

i.e. axes which are mutually perpen-
it is sometimes convenient, s
axes, L.e. axes which are not mutualfyl

perpendicular, and then PM, PN are drawn parallel to the y- am.{l
¢\

z-axeg respectively.

A\
Note 4. The coordinate axes divide their plane into four sections
called quadrants, which are pambered as in Fig. 2. . 4

v 7,\

A\ g
2nd. Tst. guadrant )
:’\ >4
O\
x’ oY X
srd. _OpY 4th
S L
4 ¥1g. 2.

2\

\ .
The reader should familiarise himself with the signs (Fig. 3} of
coordinates of\gbin’ts in the four quadrants. - (Fe-3)

.." ,: Y
PN\
"\::\“' abecisse — abscissa +
’x../ ordinate + ordinate +
2\ o X
\ ) 3
\ absoissa — ahscissa +
ordinate — ordinets —
¥1a, 3.



§21 CARTESIAN AND POLAR COORDINATES 3

§2. If 4, B are points on the z-axis, then with the convention
of signs stated in §1,
AB=0B-04,
where AB is positive or negative according as the direction of AR
36 that of X'X or XX

There are six possible cases, as shown in Fig. 4.

fa) Y (b Y
o A bx o & ax O
(c) Y {d) Y o ’“’(..;«:
AE o X b A To s X
Y YO
f N
{e} } : (f) : \\' : .
A lo B X B Ll AX
. Fig. 4. \9,
In Fig. 4 (a), OB=04 + 4B
.. AB=0BADA.
In Fig. 4 (), © O0A=QB%}BA;
;. ~B4=0B-04;
S AB=0B-04.

The other cases afe proved in a similar manner and are left
. as an exercise to the reader.
Note 1. Thefetraight line 4B  may mean (i} a straight Iine of
infinite Ieng;to}\’pa‘saing through A and B, (i) a straight line of finite
Jlength tepmindted by 4 snd B, (iii) the finite line A B with sense or
directioh $aken into account as well a8 magnitude. In case (iii) we
apeak OIN* the step 4B."
Therelation AB=08-04 holds for steps along any line.

~iote 2. ¥ w;, 2, aro the abscissae of 4, B (Fig. 4),

N o AB =y —,.

Similarly if #,, ¥, ave the ordinates of points A, B on the y-axis,
AB=y; ~ - .

Note 3. The expressing of a step AB in terms of the distances of

A4 and B from a third point O in the line AB 8 called inserting the
origin (.
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Example. The abscissae of 4, B, two points on the x-ais, are
%y, @, respectively ; the point P divides AB in the ratio k1
prove that the abscissa of P is : .

kaey + Iy
B+l - p
and state the corvesponding relation when A, B lie on the y-axis.
A ¢
v N\
AN
O
AN
5 O S
Fie. 5. ¢ ‘::\\J
Let the abscissa of P (Fig. ) bn"
P
Then ,\f“&ll&_?ﬁ
Sy - op-04
§ T OB-0P
:"x{\ T—
¢ \J T,
LA To—%’
t“':‘"; S kxg + Ix]_ = (k + l)x ¥
\¥/
»” \ W 4 L= R&—th
) ' B+l 0"
A ) . . :
' \XI{'.the points lie on the y-axis, we have the corresponding
.,;,’\te ation, -
e _ _ ky,+ly,
"\ Y=t
" .
where y is the ordinate of P,

§ 8. Polar Coordinates.
Let OA (Fig. 6) be 2 given line and P any point in a given
plane. TLet 6 be the angle through which a line rotates in



§4] CARTESIAN AND POLAR COORDINATES b

moving from the position O4 into the position OP, § being
positive or negative according as the direction of retation is
counter-clockwise or clockwise. P

Then, if ris the length of OP, the

position: of P is known when r #

and # are known.

v i called the radius vector, 8
the vectorial angle and r, § the ©
polar coordinates of the point P,
which is bricfly referred o as the point (r, 8). 041is calle@’thc
initial line and O the pole.

In the foregoing definition of polar coordinates 1t"‘h\as been
agsumed that r is positive; i} is sometimes nseful to lb¥ a sign to
¢ taking it as positive when measured along theafm of the angle
0 and negative when it is measured in the o@pﬁ&lte direction.

¥FIa. 6.

Note. The same point may be determm&d by different pairs of
polar coordinates, e.g. (r, 8), (-1, 81-5:), (r, 6+ 2).
§4. Relations between Oarteswﬂ w’!d Polar Cloordinates.

Let P {Fig. 7) be the pomt "9) with reference to rectangular
v \ axes X'0X, Y'OY, and

; <O the point (r, #) with re-
& \ \\ P ference to the pole O and
e » initial line OX.
Nts ot From the definition of
X’ S lo * M % the circular functions, we
O~ have
. (\\w % =cos f,
‘ \.”."' V! e z=rcos 0,
\3 " pe 7. : and similarly
N\ y = sm B,
Heonce ten 0 =g
and _ #? + 32 =72 (cos? ) -+ sin?6)

=2
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These relations enable us to change from ope systern of
- coordinates to the other.

Note. Inthe case of axes in-
clined at angle &3, let PN (Fig. 8)
perpendienlar to OX meet OX -

at N ; then NMP=w and Q

rcos 1 =0N . \
- =OM+MN , "
—z—l—ycosm,"
0 = MN X while (‘ng
rein@=NB{ ’
"mm’
Vi Bin o

\; x* +y Go8 o
\r’:z“-}-y'—fm:y COB .

Ezample 1. Find the polar cowdmates of the poini whose
Cartesian coordinates are { - -J 33\ 17

Fia. 8.

We have reos &- —f
and rémﬁ =1.
Taking r posl.twe,\ﬁ lies in the second quadra.nt
and \\{‘ / tan = - —-': 4
\ J3 .
4180 . { BRI

\ ie. t.hepolarcoordmaﬁesare( ﬁ)

N/

\ Example 2. Find the Cartesian coordzmm ‘of the pont whose

polar coordinates are (.J 2, %m
We have 2T cos O
= -—-'1,
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and . y= \/2sin5:'

= — 1,
i.e. the Cartesian coordinates are {—1, —1).

§$ 5. If a line AB of length v is inclined to the v-axis at angle 0,

and if M4, NB are the ordinates of A, B, O
MN ~r cos . . Ke N
\ o
O
| YL O —— - B i a\\;\
r D
wh--A ¢ o)
D
&8
ol M AN X
s:::: *
~\@‘m 3.”
Let AC (Flg 9) bq&‘mﬂel to 0X and cut NB at C.
Then O cdB=s,
but Y MN=4C;
: ,\ 9,
N\ .=rcos .
Note {\\If OM’, ON’ (Fig. 9) are the ordinates of 4, B,
,‘?w M'N’=rsin 6.
’\Note 2. I A, B are the points {z;, ¥1) (% %), We have
/ : roos §=MN —xau.'.r:l,

roin 0= M'N' =y, - _
These are important relations and should be remembered.

- Note 3. Tt should be noted that MN, M’N’ are the projections
of AR on the z- and y-axes respectively.
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Note 4. I the axes are inclined at angle to,
¥ 008 §=(x — %) + (g2 — 31} 008 ,
¥ sin 6=(y, — ;) sin e,
and M'N” is then the projection of 4 B on a line perpendicular to the

Z-axis. \

Ezample. A4, B (Fig. 9) ave the points (=4, - 1), (6, ‘—'5 i
determine the magnitude and sign of the projections MN . J'N.

\

_ MN=8-(-4)=10
and MN=-5-(-1)=-4.
)
EXERCISES ’

1. Plot the points (3, 2), (-2, 2), (~Z\¥1), (3, —1) and show
‘that they are the vertices of a rectanglel,

2. Plot the points (4, 3), (-1, Iht<1, —2), (4, —2), and show
that they are the vertices of a square.

3. Show that the points (610, (6,' 4), {-1, 4) are vertices of a
rectangle and find the fourphyertex.

4. Bhow that the pointg {1, 2), (3, 2), (-3, —2) are vertices of
a square and find thesgordinates of the fourth vertex.

5. Show that, #\¥ is the foot of the ordinate of the point P(x, y)
and PN is pr@‘ced s own longth to @, the coordinates of {) are
xand —y. B :

8. Show :t.hat, it O is the origin, P the poing z, ¥) and PO i
producgddts own length to @, Q is the pointr(' —, (—y)!{)I ' . ®
T Show that the point (7, %) s the mid point of the line joining
,\\N;ge origin to the point (x, ¥). . o

2 8

)" 8. Find the magnituds and sign of the stas len A,
2NN " the points ; i et _é step 45 when 4; B are
\”‘; v (D (3,0, (1,00 (iii) (0, ~4), (0, 1), (v} (-3, 0}, (4, 0).

(ii) (2, 0}, (-3, 0% (iv) (0, =2} (0, -6} (vi) (—5,0),(~-1,0).
9. 4, B are the points (z, 0), (z,, 0),

M the mid-point of A7 ;
Prove that the absoisea of 3f fs Tt %2
10. Find the ordinates of the

the pointa (0, -3), (0, 42), . hection of the line joining
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11. A4, P are the points { -2, ), (5, 0} ;" P divides 4 B in the ratio
7:3; find the abscissa of B. .

12. 4, B are the points (x,, 0}, (%,, 0) and P divides 4B oxtornally

in the ratio & : I ; show that the abscissa of P is kx;: 7 1,

13. A, B are the points (0, —4), (0, 1); P, ¢} divide 4B internally
and externally in the ratio 3 : 2 ; find the coordinates of Pand @ and
the length of P,

14, Find the Cartesian coordinates of the points

L 3
S
77

25 (29 (3. 1) o
4 2 6 '\’\,

15. Find the polar coordinates of the points (/3,3N\d, —1),
(-1, —+/B), (0, 1) O

702\
16, O is the origin, P the point ( ~2, 2+/3) ; shdw'that the length
of OP is 4. ’ ~' 3

17. Find the distances of the following pqiribs:fmm the origin,

w6l —8) 2t
(3, ~4), (-5, -12), (-8, 6},:«{' L

N\

18. Find the inclination to th@w—éﬁi& of the line joining the origin
to the point { —~/3, 1), ~A

L) A
19. P is she poink (1, 2)relitive to axos OX, OF where XOY is
M
acute and tan X(’J'\Y:{ij; show that tan XOP =1%.

20, Tind the dista’;ﬁ?jaﬁ)f the point (2, 5} from the origin, the axes
being inclined at\ﬁhﬁ acute angle with sine 3.

21. Prove fhat the distance between the points whose polar co-
ordinatos a&{?{, By), {#p, Og) is ’

N Nt - 2y, cos (0] — O,
NS
22 Find the distance between the points whose polar coordinates
aﬁ( 2 “"'—r) (l 4—3) .
) 6 E E 3 .
28, Find the lengths of the projestions on the coordinate axes of
the line PQ where P, @ are respectively the points :
(i) (3, 2), (8, 5). (i) {-2,3), (-8, -2).
(H} (2a 1} (7' 1} (“r) ( -2, ~ I)s (5’ _4)-
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" 84, P, Q are the points { —1, 3), (5, —2) relative to oblique axes
inclined at angle o where cos @ =# ; find the length of the projection
of PQ on the z-axis. .
95. A, B, U, D are the points (-2, 4}, (3,2}, (-3, -1), (2, 3);

show thab the projections of AB and ¢ on the z-azis are equal.

" 88. A, B, C, D are the poihts (4, 1), (=1, -2, (0,2), (=5, ~1);
show that the projections of AB and CI) {i) on the z-axis, (i) on ‘t}f\
y-axiz are equal.

N
) \‘ }../
0N
. - , { ()/\
KV
R
O
L ¥
N
o\
\
A\
O
. \\’g‘ﬂ L
2N
N\
N\
/‘\
¢ &\‘}
N
RS 2
3)&.}
A
{'\.{"
\»/
.(\
A\
N



CHAPTER TI

DISTANCE FORMULA. SECTION FORMULAE. _(
GRADIENT &N
>

§ 6. Distance Formula.

R
'"’&\m 10.
¢\ T

Let 4, B (Fig. 10), che points (2, #1), (g yy), ¢ the length
of AB and § thez\i}}bﬁnation of AB to OX.
7N

Then N\ v oos B =, -,

~\Q£' rsinf=ys—g;
o ‘\’.\ (%p — 2, + (5 — 4,)% =¥2(cos0 + sinf)
\{. ;‘; =2
</) _ Sor=N (g + (Y- )

Note 1. r is considered positive ; the formula gives the numerical
distance between 4 and B. ’

Note 2. The expression iof r may be written

Ny — 232+ (yy — w3
11
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Note 3. In sny particular case the expression for # may be
obtained in the following manner: .

Y B(""‘gxyg)
A(x_lM
[ -~
oM N X A\
_ N\ -
“}‘.

¥Ia. 11. . ’\
Let M4, NB (Fig. 11} be the ordinates of A{:q, ), B{zy gy), and
let AC, pa.ra!lel to OX, meet NB st (. \
Then ri=A4KB% d
=AG2 4 OB \ v
=(0N — OM‘)9+(NB NOop
=(y— 5 Ty, -y, for NO=MA.
Note 4. TIn the case of axea ‘inelined at angle o, .
r cos 0 =(xy — xt)ﬁ'('ys %1} o08 @,
7 8in § =(y, ~ i) sin @
and f".:(txa @) + (e~ 1, P +2(372 — @) (Yo~ Y1) COB i

Emm})lf\l{f‘l}"md the distance between the points (-2, 1),

4,9, _
o> Distance =/ T 2E+(9—1]F
Re /35
N & =10, .
.’Q\“ Exzample 2. Show that the points

R\ (L =1), (=1, 1), (-3, —/3)
\J are the vertices of an equilateral triangle.
Letting the points in order be 4, B, €, we have
AB? =22 4 228,
BC?=(J/3 - 1}2+{.J3+1)2=8
and CA*:{J§+1)2t(ﬁ_1)2z
. AA4BC i equilateral.
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§ 7. Section Formulae.

| Y/o./ an)
ex.
A (% fy-[/

Fia, 12. AN

Let 4, B (Fig. 12) be the points (z,, #1). (@, 3@{1 and 6 the
Inclination of AB to the x-axis. Let P (s, y{l@e}t e point on
AB such that AP PB=Fk:1 O
" Then AP cos =2 -z e

PBcos =2, 5,

N
L—T % Sgi;?

and -,

_ E;(&E’*PB
\ ..E-
. '\\J "_E ]
- (k+1Dx="lw,+lx; ;
N gl
x;\"' Tt - k41 *
and similiﬂﬁ;“
O L
e B+l -

7N\

”\A\fb'f,e 1. The reader should note that, in the section formulae,

\L\/which corresponds to the segment AP, is multiplied by the
coordinates of B, while I, which eorresponds to PB, is mizltiplied
by the coordinates of 4.

Note 2. Putting k=1, we find that the mid-point of the line

joining the points (z;, 1), (@ ¥) I8 (ﬂ;ie 31;;92) .
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_ Ezample. Find the coordinates of P which divides in the ratio
" 8.9 the line joining 4(-7,1) and B(3, 6)

&N\
' : A\ ¢
A1) R,
f ¥ia. 13. . \5\
AVP (Fig 13), e~ X2oT), ,.1,<j.\\ )
3(6)+2(1) _, 3O
=—3,3 ~*F \

'\
§ 8, Section Formulaé (commueii);\\'

&~
'\sl N
i"\]jet A4, B (Fig. 14) be the pomts (21, 1), (g, 3 2}_ and § the
K "\ inclination of 4B to the z-axis. Let P{z, y) be the point on
\\}‘i’o AB such that AP : BP=F%:1.

Fo. 14,

\»>/ Then AP cos §=z -2,
BPcosf—z— 2,
and ., -z _ 4P

z-z,” BP
. _-k'
-
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Ak -Dz=lr, -l ;
k- lzy
Tk-1
and aifnjlarly

k’lz I
¥="%—1 -

Note 1. As in the formulae for internal section, & which corre-

gponds to the segment AP is muitiplied by the coordinates of B, ami\

1 which corresponds to BP is multiplied by the coordinates of A

Note 2. It has been assumed in §§ 7 and 8 that b and I are p()altwe
numbers ; if, however, we take AP : PB to be positive wheft'l ie an
internal pomt and negative when it is external, we hayq ¥ both
cases the formulae "

e tatln byt Iy \
TTRIT YT TR 0

Example 1. Find the coordinates of the“posnt which divides
externally in the vatio 4 : 3 the line 5 jommg the points (-3, —T),

(-1, -4).
Absmssa——lm

pre 4) 3(-7)
or.-_an:.at-,ei ! ---3—-—-_ 5.

Ezample 2. chl\&te coordinates of the point which divides
externally in the fgtgg2 3 the line joining the points (0, 2, (4, B).

A\
‘j\: > Abacissa = -&-)—:-g—@—) -8,
:”\:5 v
) \%’“ Ord_'lna‘te =m_3.—{2) J— 10’

R 2-3

\ 4§ 9 Gradient,
The gradient of & ]me iz defined to be the tangent of the angle
which the line malzes with the positive direction of the z-axis.
It follows that (i) if two lines are parallel, their gradients arc
equal, for the lines must be equally inclined te the positive
direction of the z-axis; (i} if two lines are perpendicular, the

s N

% e
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product of their gradjent's is =1, for if one line 15 inclined at

angle 0 to the z-axis the other must be inclined at +g , hence
their gradients are

tan B an& tan (9 +%’) :

ie. tanf® and -—cotf;

*. the product of the gradients is - 1. W)

AN
The gradient of the line joining any two pomts ‘(“'1, thh
(““32’ 5"2) is Ya— Uy

/'.

Tp—3” "’:\
for, if the join of the points have length ¢ \en nd be inclined to
the z-axis at angle 6, e \d
7 €08 0 =9 i},

r8in 6 ="

and ta.};lﬁ’y‘ ?:’1_
. ‘:sv Xy — o

Note 1, The expreamon‘for the gradient may be written

»\ hoty
z — 2y
Nate 2. \y particalar case th
may be Dbt&lﬁ in the following mami}:: pression for the gra,d.lent
’,s\) Y (xwyg)/ :
"\*\ T )
O / G
om N X
Fia. 15,

Tet M4, NB(F],g 15} be ¢
(e, o) v let AG, para.lll:l o &?{ 'ﬁ,ﬂ“ﬁi’g ‘ft the points (z,, ),
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Then, i AB makes angle 8 with OX, CAB=0

. _ _CB
and .. tan B_A—O
_NB-_MA
TON-OM’
ie. gradient of AB= 5'33 - 31 2 ':\
NS
fote 3. TIn the case of axes inclined at angle w, A o
reos O =(w; — ) +H{yp — 1) cos 0, ..\ 3
rsin0=(y—3) s @ o\
AS)

d,',. tan 8= (5 ~h) 8in @
o an (w—@) H{th—)cos w o\\

Note 4. The necessary and sufficient com‘hﬁon for three points
A, B, €' being collinear is that the gradlent of B = gradlent of BC.

e

Brample 1. A4, B, C, D are the ﬁ;mnts( , 3, (1,0), (4, 23,
(0, 8 ; prove that AB L BC, agx& Wiat AB | DC’

3.0 3
Gradient of\g!B = 1—-1 =-3

7 ) |
.\x, 03 2
3

-

NS, L, po=2=B_.5.
\\‘ . AB 1 BCand || DC. .
QO

E”mpleQ 4, B, O are the points (5, T), ( -3, 1), (-1, —2),
Mﬁrgﬂe A, B, C collinear,

N 11

Grad.lent of AB— : =

EH] 3 BC = I =

5, 4, B, € are collinear,
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§ 10, Angle belween o lines. - . . ' '

Y]

P 16 . ,M;\\’
Let AB, AC (Fig. 16) have gradients m,, 'y, and be inclined
to the z-axis ab angles ), 0,; then 7
CAB-, -6, 0)
;. tan CA B= ]fiif:;:::na;;
. uml__ iy s

S L +mgm,”

¢

Note 1. The tangéns of the'sﬁp'pl'ement of C;l\B is —.t&n OjB :
.. the tangent ofﬂm%.ngle between lines of gradients m,, m, iz
\\... Ly .
O Lty
Note 2.(7The condition that two lines shoild be paraliel or perpen-
.d.icular:m@y' be dedueed from the expression
y O\ o

]

® y — My
O A +mymy’
(Jor, if the lines are parallel, the tangent of the angle between them

) I8 zero and ', wy =y, and, if the lines are perpendicnlar, the tangent
¢\ of the angle between them is infinite and -, mm,= — 1.

"’\; ,,.: ’ . ) . T

\/ Example. Find the acule angle between twe lines with
gradients —% and L.
Tangent of angle = i:%i
: =T,

the acute angle between the lines is 45°.
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ExERCISES
1. Vind the distance between the points ;
(i} ( - 1’ 2), (3’ - 1)° (l]:l) { "'7, 6)9 {2, 3}
(ii) (39 _5}; (89 7)- (i"?'} {‘_35 ._6}! (_ 149 = 8)'

2, Prove that the points (7, 3), (8, 8), ( — 1, —3) are the vertices
of an isosceles trisngle, and find the length of the base.

3. Prove that the points {3, -2}, (7, 6), (-1, 2}, { -4, — @) a.re\
the vertices of & rhombus, and find the lengths of the diagonals,

4. Show that the point { -1, —2) is the centre of a circle pa;asmg
through the points (11, 3), (-1, ~15), (=13, =7), (4, ~14

5. Prove that the distance between the points (a#®, 2a& « - 2—“)

2 # g
is e Lt + ) .
6. Prove that the distance between the p{mbs (a cos 6 a sin 6)

and(acoa'p,amnqa)ls%smo‘?@. )

NN

7. Write down the coordinaies ot the rmd-pomt.s of the lines-
joining the points:
(i) (0, 0}, (6, 8). (i) (-4, ?1;(2, 5. (i) (0,7, (4, -3).
8. 4, B, C, D are the points*{ -2, 2), (3, 1), (5, 4), (-4, —1}
respectively ; show that 4 B'and I} bisect each othor.
9. P, Q are the poinfa{\-1, 3), (2, —4) relative to axes inclined
at 80° ; show that %‘Jﬁ. _
10. Show that the points (1, —13, {7, 3), {3, 8), (-3, 1) aro the
vertiees of a pamllalogmm and find the lengths of the d.mgona.ls
11. Show that the origin is a point of {risection of the line joining
the points {»8; —2), (6, 4), and find the other point of trisection,
12, 'h}tha coordinates of the points wlhich divide internally and
exter; in the ratio 2:1 the line joining the points {17, 7),
(-14~2).
713, Find the c{)ordma.tas of the peints P, @ which divide internally

‘ahd externally in the ratio 2 : 8 the line joining the points 4 (8, 10),

‘B(18, 20), and show that MP . M= ME?* where M is the mid-point
of AB.

14. A, B,  are the pomta (Zys 1) (Zos Ya)r (%5 95); D is the
midpoint of BC, and & divides 4D in the ratio 2:1; find the
coordinates of @ and show that the medians of A4BC are
eoheurrent.

Q!
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15. Find the gradients of the lines joining the points:
. [
(0 (1, 3), (5, 6). iy (5, 2), (e2. 7)-

(i) (-1, 2}, (3, 4). (v} {ap? 2ap), {ag? 2aq). _

(i) { -2, 1L (2, -3). (vi) (2 cos 8, bgin 8}, {(« cos ¢, b 3in ¢).

16. 4, B, €, D are the points ( - %, 0), (4, 3}, {1, —1),(5, 1); prove™
that AB || CD, . .

17. 4, B, G, D are the points (1, 2), {3, -2), (4, —1), ( -2.54;
prove that AB | CD. O *

18. Show that the points (1, 4), (-4, -1), (2, 1) are the vertices
of a right-angled friangle, A 3

19. Prove that the points (4, 1), (I, 6), { -4, 3), (1 - 2) are the
vertives of a square. _ )

20. Prove that the points (4, 0), (6, 1), (4, 3}N2, 2) are coneylic.

21, Prove that the points (1,-1), {4, 8}, {22 —3) are collinear.

22. Show that the point P{ -2, 0) h‘ps}n the line passing throngh
A(7, ~8) and B(~5,1); find the satiovAP : PB.

23, Show that the points (g30); (afh, 2at), ( @ 3‘?) are ook
linear for all values of ¢, T\ £ ¢

24, Find the angle bet}veéﬁ’t.wo Yines with gradients -3, 2.

25. Find the tangentof the angle between two lines with gradients

N .
2. 4, B, ¢ {é&.l‘.he points {3, 2), (1, -5), (5, 3); find the
gradients of A}\a.nd BC and the tangent of ARG,

27. 4, 8N are the points (-1, —2), (2, 4), (-3, 2) relative to
axes ‘inc]i}:ued at 60°; find the tangent of A5, o
R84 ,Barethepoints(~8,0},(—2,0;a oint Plz, i) i h
’t&iﬁPA =32PRB; show that ) P {2 9) fs sue
:\ el + 3 =16.
38 29, The point {x, ) is any point on the lin ing thr
¢S points (1, 2), (3, 4) s ‘show thas ¢ paseing through the
b r-y+1=0,
30. The point (x, y) is any point on the line ‘hich
the pomt (2, 3) and which 15 perpendicular o )
points (-1, 2), (-8, 4); show that .

2z~y-1=0,

N

pasees through
ine joining the



CHAPTER III

N
AREAS O
§11. The avea of AQAB where O isthe origin and 4, B t&e\\ E

mﬂ't’s ((1:1, yl)a ($2, yz} (“."

Y B 7, \ A

P\ g
x! o O
v/ ~‘:§~ .
il ¥ 3

Let the polar coordma.,t(ei})f A, B (Fig. 1T) be (1"1, B)), (re B5).
Then area of ¢ "

AOABc\OA OB sin AOB
\.; =iryry sin{ly - ;)

O =1r,7,(sin 6, cos §; - cos B, sin 6,)
_ \: =4(ryconfy . rysin O, —ryco8 By . 7y sin )
'§ o’ =1 (zy3s — o).

Note} The reader should verify, by considering different posi-
tlons ‘of 4 and B, that, according as the order of the vertices (0, 0),
“tyvan), (24, ys) 18 counter-clockwise or clockwise, the expression
trrosin(l, — 0,), and therefore the exprossion k(zmy,—wap), I8
positive or negative.

Note 2, Tf we consider the area of a triangle to be positive when
its vertices are named in counter-clockwise order, and negative when
named in clockwise order, the expression § {,y, — x,¥,) gives the area
of A0.4 8 in magnitude and sign.

21



22 ELEMENTS OF ANALYTICAL GEOMETRY {§12

Note 3. In the oase of oblique axes, inclined at angle e, -
1, o8 6, =, +1 cO8 @,
r; 8in f; =y, sin @

and . AOAB=Lizg, —ow;) sin o,

Example. Find the ares of the triangle whose vertices are th
origin and the points (3, 4), (2, 6). O\
Area=}(3x6-4x2) N\ B
- =6. \ 7

N
N

§12. If O is any poind in the plane of AABO Qt follows from
the convention of signs (see § 11, Note 2} thatn
AABC= A0AB+ AOBO{AOCA

The point O may Lie \\
(@) within the triangle ; ‘Q\
(b) ona side of the tnangle ; -
{c} outside the bnan.gle “and within the arms of an angle

" of the tnangle

() outside the ‘bna.ngla, and within the arms of an angle
vert.r\cal]y opposite to an angle of the triangle.

These fou@ses are showu in Fig. 18.

(c}
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Joining O to 4, B, ¢! the theorem follows at once in cases
(a), (). S
In case (¢) AABC="20AB+ AOCA - AOCH
= £0A4AB+ AOBC+ AOCA,
In case (d) AABC=AOBC - A0BA- A0AC
= AQAB+ AOBC+ A0CA.

Note 1. The reader should prove that the theorem holds whon O \. \
ig a vertex of A ABC, £ \

Note 2, In Fig. 18, AABC is positive; if AADC is ta,ken‘as
negative, all the tma.ngles named in the proof change sign, a.nd hence
the theorem stili holds. \\

Note 3. Expressing AABC in terms of triangles withv common
vertex at 0, iz called Inserting the origin 0. {Cf. §{jﬂotﬂ 3.)

§ ¥3. The areaof the triangle withvertices (;1;1\3;5 (T Ya)s (T30 ¥5)-

Let the given vertices be 4, B, C respeptively.

Ingerting the orlgm 0, we have m,magmtude and sign

AABC= A04B + AOBCvi-‘ 20OCA

=H(zys - zay12+{msya @slia) + (@5 = 2y}
=@y + ToYfs + Lyfy — Loy ~ ToYg — 213)-

Nole 1. The expressu) ﬁay be written in the form -
{xl(ya\*s{a“ﬁxs(ya Y1)+ (8~ Ho)b-

Note 2. Tn any¢particular case the expreas:on for the area of
& ABC may be Obta:med thus :

. B.
x\" ¥l
\v
N
oY
’"\‘ w4
3
x! o
v

. 19.



94 ELEMENTS OF ANALYTICAL GEOMETRY [§13.

Let L, M, N (F]g 19) be the feet of the ordinates of the points
Ay, 4e) B(Zas 1) Cl2 ¥3) tespectively.

Area MLAB=}{LA + MB)ML

=3+ (371 Eph
Similarly NHBC —é(yz +Yg) (2 — a)s

and NLAC =}t +¥3) (3~ %)- )
But AABO=MLAB+ NMBC ~npac O
=3{{y +y)® - N

+ (Y2 + ¥l (xs 753) (?!1{1'%] @y - 2a)}
=} (2 Ys + Elfs +FgYy < Hgla 5'33!}2 X1¥s)s

Note 3. B'y employmg a method samﬂari’oe that of Note 2, the
reader should show that AOAB= %(:clyg\ &Yy )
" Note 4. In the case of oblique aﬁes, mc,]med ab angle w,
AABC= &(wlyadrmsﬂayr ot ~ Zalfa — 3375} s o

Note 5. The condition t?aai The points {a: b {2 Yo) (s

. e collinear, 1 ¥ e Yol (Zar ¥a)
Let the given pointg’ he A B, C reapeclnvely
A, B, C are co]]u}th if the area of A ABC is ZETD,

ie. if . \rﬂ(g""‘ Tglfy +Calfy — LYy — Tyl — Talfy= =0.

* Bwample I Find (he area of the triangle with wverfices
(-3, 22/ (1, 4), (2, 3).

| Rz Area=}(-124+3-4+3-8+9)
& -5
R " The negative sign shows that the vertices were given in
'“\3 w  clockwise order.

\

Example 2. Find the avea of tke triamgle with vertices A(3, 1),

B(2t, 3t), C(t, 20), and show that 4, B, O are collinear when
t=—2.

AABC=§(9t+422 +£-2% -3 _py)
=5(+21)
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i

F4

{t+2)
=0 if ¢=0 or t=-2.

When ¢=0, B and € coincide ; when ¢= -2, 4, B, { are
collinear.

N
§14. The area of the quadrilateral, whose vertices taken in A
order are A{zy, 1), B(®y, ya), U35 #13), D@y, Ya)- \\\"
g Y A
7~ N\ .‘
A P '{' »
\"’\\
G N
x' O {(x:,\\¢
x\‘
Q:. o/
AR
Fig, 200

Let ABCD (Fig. 20} be ~1'\1'19 éiven quadrilateral. Join AC.
Area ABCD O

_ aADBCRAMCD
=% (%yﬁﬂ;’-‘!s F Ty Eali T LY T T13)
:’}Q"_: + 3 (@ s+ ®3Yy T Ty — Tl — ez — 3713‘:1)
,\\%le?fa P Tt + s + T — TYy — Talfa — Tl — T

stg\. The expression for the area will be positive or negative
apeording ag 4, B, €, D are in eounter-clockwise or elockwise order.
P Note 2. 'The expression for the area holds only if the vertices are
taken in order ; if thercfore the order of the vertices is not known,
it must be determined by plotting the given points.

Example. Find the area of the quadrilateral with vertices
4(2.5), B(4, 1), C(-4, 2), D(1, -1).



26 | ELEMENTS OF ANALYTICAL GEOMETRY {§14

The vertices in order (Fig. 21) are ACDB;
*. area of quadrilateral =3(4+4+1+204+20-2+4-2)

— Y
=%
Y Af5) y
~\
| ~ N?
\ Cluz) i « \J
: 4,2 N\
o - IZEV
\._ o A LS
AN R
x; e Jix
Db
'Yr '\ &
Fra. 2h N/

Otherwise, area of quadrila.‘béra:i
= AACB+ ACDBRYS
=1(4- 4+20+2Q 8- 2)+§(4+1+8 2+4+4)
—%(30}4'%@

ExErcisEs

},\Fmd the area of the triangles with vertices the origin and
N\ (@) {4, 6), (2, B). :

N\ (@) (2, ~8), (8, 7).

\ (iii) (-5, -3), (-6, -8),
AN {iv) (4, ~12), (3, =7}

a\ () (% 3). (3, .

\ (vi) {g, b), (3, a).

o (39 G0
(viii) {2 cos «, g sin &), {b cos f, bain R

(ix) {cos 8, ain ), (coa8+a,sm8+a)

(x) (@o0osx—8, asma: *=9, (b 005 &, b gin &),
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2. A, B, C, D are the points (§, —3), (3, 3), {2-~3, V8 -2),
(2+~3, 2+~2) and O is the origin ; show that AO4B= AQCD.

3. A, B, C, D are the points (3, 1), {2, 4), (2, 2), (3, 2} and O is
the origin ; AOAB= AOCD in magnitude and sign ; find 2.

4, 4, B, O, D are the pointa (z-4, —2), {z, 2+3), (Zz+1, 1}, .

{z—3,1) and O i the origin; fird the valne of the ratio
AOAB:A0CD and hence show that the areas of the triangles
are equal in magnitude and sign when z=4.

5. A, B, €, D are the points {4, 1), (2, 4}, (2, 2}, (3 -2z, z=+51\’

g]r;d O is the origin; if AQ4AB=AOCD in magnitude and siga,
d z. |\
6. AOAB has vertices {0, 0), (b cos o, —b&in «), (sin fye0s B);
show that the ares of AOAB iz maximum when x= £, a.nd\ﬁnd the
maximum arsa. )

7. Find the area of the triangles with vertices <
(i) (1, =3} (4, 1), (3. ). N
(i) (1, 3}, (3, 4), (2, 6). x\
(]ll) ( "4s —5)3 ( _ls _'4): ( _331".1')'
(i) (4, —4% (5 3) (-5 2) .\
(v) (-4, 5), (3, -2, (0, 4}~
(Vl) (63 %')9 ( _4! 'g')’ ( _533.‘_:%)‘
8. 4, B, € are the points { — 13}, (2, —4), (3, 2) relative to axes
inclined at 30° ; find the area’of A ABC.
8, Show that the area™of the triangle with vertices (£, { ~2),
(t+3, 1), (1+2, £+2) i is'\e_pendent of 1.
10. Find the area’ef the guadrilaterals with vertices
(3} {070), {4, 6), (2, 5), (8, 1)
(u&{(é 3 {1, 4), (-2, 1), (2, -3).
,(i@. 4, %‘)9 (57; 3}; {_4, —Q), (19 _'6)'
W) (-1, -1, (4 —-2), (-5, —4), (-2, -3)
11, Show that the following sets of points are collinear :
AV @) (0,1),(2.5), (4, 9).
\ma N (i) (3, 0), (2. %), (4, - 1)
(]li.) (49 'E')! ( -2, ‘_2)’ {%; “",]:}.
(iv) (2, 2+2), (-2,2-2), {3, e +3).

@ (-2 -3) (-3 -5, (LD, -1

{vi} {a, 0}, (am?, 2am), (ﬂ%, __2_”‘:).

N

Ny

A
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12. Find the area of the friangle with vertices {2, -1}, (¢ +1,2~3),
(¢ +2, o) and show that these points are collinear when @ =4,

13. Find the area of the triangle with vertices (p +1, 1), (2p +1, 3),
{(2p+2, 2p) and show that these points are collinear when p=2
ar —%.

14. The pointe (2, §}, (-3, —I), (2, ) are collinear ; find z. {

15. 4, B, C are the points (3, 4), (5, 2), {x, ¥}; If area of AABQ,
is +3, show that x+y - 10=0. :\'\...“,

16. A, B, C are the points (z, y) (—3, 2), {—4, ~4); if &xda of
AABC is +3f, show that 6z —y — 15=0. ":31'

17, The vertices of a quadrilateral, in order, are { — 2,.3}3 -3 -2),
(2, —1), (=, y) ; if its area is 414, show that :c—i—y;\?\ﬁe.

O
©

Ve \J
' 4 {'
T AN
AN\
£
Y
\
N
s
AN
%" ““
L
3
FN
">
. 3
& /
L)
tus:ml
A/
LD
PAY
\v
’\ N/
W\
=3



CHAPTER IV \
THE STRAIGHT LINE \E\ K
§$15. Equation of the Locus of @ Point, . <“§‘

$

DrriviTroN. The equation of the locus of a pcnh(ﬁi} the
equation which is satisfied by the coordinates ()Kéa;(yy point
Iying on the locus, and by the coordinates of nQ)o er point ;

e.g.. 7 ’{,

£
o
A
)

4 ! D
~0 ¥
\/ " Fm. 28,

O\
If‘sfg}x, y) (Fig. 22) is any point equidistant from A(1, 4)

£ (5, 2}, we have’ :
@ PA2 . PR

and .\, (2-1P+{y -4 =(= -5+ {y - 20,
ie. ) 8z ~ 4y =12,
ie. o L~ Y=Bu oo ()

29



yn

\

\ e
7

30 ELEMENTS OF ANALYTICAL GEOMETRY [§15

Moreover, if P(x, y) is any point whose coordinates satisfy
equation (i), we have :

. Be-4y=12,
and o, (@14 -4P=E-5P+E-2R
ie. . PA2=PB,
Le. P is equidistant from 4 and B. O\

Hence the equation, 22 —y=3, is the equition of tHe locus
of points equidistant from 4 and B. N

As this locus is €D, the right-bisector of ABwe zay that
equation (i) is “the equation of the line ;@}9\’ or that it
“ represents the line CD,” while CD is called briefly  the line
et 2>

Example 1. O and A are the, or%m and the goint (3, 4)
respectively 5 the area of AOABNKe vertices being taken in the
order named, és 7; find the egiltion of the locus of B. -

Let B be the point {z, o

then aron'of AOAB=}(3y - 4x)
N By -4 =T, '
ie. \'\" 4z — 3y +14=0,
which is theyrequired equation.

Bghole 2. Find the equation of ihe cirdle whose contre is the

opigin’ O end whose radius 1s a.

‘\'\\ Tet P(z, ) be any point on the circle ;
'.f‘:'o then OFP2 =g? 192

O
N

Soaftyt=nt,
which is the required equation.

Ezample 3. P is ¢ variable point (¢+3, 221} where o may
have any value ; find the equation of the locus of P, show that the

locus passes through the point (4, 1) and determine the points at
which it cuts the coordinaie azes. :
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~ Let the point (z, ) be any point on the locus : '

then z=a+3
and y=22 -1
. m_3=y-|2-1,
ie. B —y—T=0, i (i)

whick is the required equation. :
Equation (i) is satisfied when ¢ =4 and y=1;
.. the point (4, 1) lHes on the locus, oA

Let the locus cut the z- and y-axes at 4, B Iespectiygﬁ}
then at 4,47=0and .. from equation (1) x = N\

and at B, x=0and ", from equation (i) y<\° /i
S. A, B are the points {3, 0), (0, - T) resQe’g?ivb]y.

X 3
NN

Exwrorsms \
1. Find the equation of the locus of 8 point P such that
{i) it iz equidiatant from the goordinate axes;
(1) the sum of its distances™rom the axes ir 6 ;
{1ii)} the ratio, diztence frem\e-axis : distance from y-axia=f:4;
(iv} the sum of the aqgm:}s of its distances from the axes is 25 ;
{v} the ratio, squaze” of distance from =z-axis:sguare of
distance from‘y-sxis=4: 1.
2. The point; Ris:eciuidistant from the origin and the point (4, 4) :
show that tho sqhgbion of ita locus is ¢ +y =4, and that the locus cuts
the coordinateyaxes at points equidistant from the origin.

3. Thoi??}i}jt P(x, ¥) moves 8o that PA?— PE?=5, where 4, §i
arc the paints (-2, 3), (3, 4); show that the locus of P has equation
A\ 10z +2y=17. :
(& The point Pz, y) moves so that P42+ PB?=44, where 4, B
\‘:I‘ﬁ"the points {3, 2), (3, ~2}; show that the locus of P has
Euation
22 Lyt =0,

5. The point P is equidistant from the pointa { -2, 5} and (2, 9) ;
the point § is equidistant from the points (4, 1) and (6, 5); find the
eguations of the loci of P and @ and show that the point (3, 4} lies
on each locus. . o :
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S

RN ':'. and determine the points at which the loctis meets the y-axis.

g9  ELEMENTS OF ANALYTICAL GEOMETRY (§15

8. The vertioes of a triangle are A(x, ¥}, B(—4, =2}and 0(4,2); -
if the median from 4 to BC is of constant length 5, show that the
locus of A has equation :

2%+ 2 =25. ]

7. 0, 4, B, C aro the points (0, 0), (3, B), (2, 6), (= ¥), B and ¢
being on the same side of 04 ; AOAC=2A0ARB; show that the
loeus of ' hag equation )
: 5z —3y+16=0.

8. The point P(z, y) is equidistant from the line x= -=a a:qd\t}{e
point (@, 0} ; show that ita locus hag equation A\
' 4% =4, « N\

@, P is a variable point (t +% ,t— %), show __tha.j; t;h?e lgeus of P
has equation . -\
& —yr=4 G
10. P is a varisble point («f?, 24t) where f'uiay bave any value;
show that the locus of P has equation /)W
yr=daz. .\
11. P is a variable point (22 — 1,#%¥) ; show that the locus of P
hag equation A :
2yt - oty +1 =0.
12. P is a varisble point.{&j tos §, b sin §) where & may have any
value ; show that the logitsiof P has equation
AN P
A\ 2=l
13. Pis &‘ﬁ@ﬁiﬂe point (a voa §, b sin g) , where § may have any
value ; showithat the loeus of P has equation
O 2
O “% +Z-1=0.
\iflgilp is a variable point (2f+{-1, i—1); show that the locus
S ag equation 20—+ by +2=0

15. 4, B, C are Ehe points ( —~2, 1), (2, —3), (4, —2) relative to
axes inclined at 30°; P is such that the area ABCP iz +6; show
that the locus of P has equation

x+ 2y —4=0.

16. A variable point P is equidistant from th ints (1, 4
{5, 2 relative to axes inclined at 60°; show tha.tet]f: ]ilocué éfl};
has equation £=3
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$18. Lines parallel to the coordinate axes.

Y| ¥
A A c’ B’
N\
X/ o cl X x’ 5} X
O
P\
' © 'al \
KON
{a} . (b} ,.':.t $
@, 23, &/
I \..,\

Let 4B (Fig. 23 (a)), parallel to Y'Y’ cut X'X a6, where
0C =a. \\, :
The abscissa of any peint on 48 is OC, 1*&‘\ ‘at any point on

AB, z=a, P

which is therefore the equation of AB‘
Similarly it A’B" (Fig. 23 (B)).. pa‘,l‘aﬂe] to X'X, cuts YY’ at
€' where OC” =b, the equd,tlon o4’ B’ is
Q=
Note. The equation O@QJ-&XE s = 0; that of the z-axisis y = 0.

§17. Tangent Ferm of the equation of a Straight Line.
Tt AB (Figs, $4), a line of Y

gradient m, '&gtr YY at C, B
where ) x=\s : - P(x ¥)
‘ Then{'\l (a:, y) is any c J
pointan 4B, /
N 7
\”\gfadlcnt of AB-y— - x / © X
A
Lyl
. T 3
/
. Y
1.e. Y=mx -+, . Fie. 24.

which is therefore the equation of 45:

B
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Note 1. This form of the equation of a line is called the tangent
form, becsuse om is the tangent of the angle of inclination of 48 to
the z-axis.

Note 2. The line AB is said to make an mtercepﬁ O or ¢ on the
#-ax¥is ; the intercopt may be +ive or —ive.

Note 3. If the ling 4B passes through the origin, ¢ =0, a,nd Lhe
equation of AEB ia C \*

. AN\
Note 4. Let (r, 6) be the polar eoordinates of” any \point on a

straight line passing through the origin and inclined a.tsa.ﬁggle « to the
z-axis ; then

Y = .

O=ue, AN\ v
which is .'. the polar equation of the line. v
Note 5. In any pa.rtlcular cage the eqq\a:ﬂlon y=mx-+c may be
derived a5 follows : : \ &
: YN B
N »,fg ) _ Pf'%y)
W\ N
XN 0 M X
+ 2\J
K A
i v’
\d Fa. 26.

“}AtON{m.zsy, rallel to AB in
\‘{x y), ey Jig paralle s ;negf; MP, the ordinate of
y=MP

=MN+NP

_MN
oK OM+ 00,

Y=mx+4c.
Note 6. I the axes are inclined at angle o,

gradient of line -_fu@_w_
+{y-cleosm’
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', if # is the inclination of the line to the x-axis,
(y—c} gine _sinf
z+{y-c)coswm cosl’
i.e, {y—c)sin(w—6)=xsin A,
ie. o =—,—-@—1iw L E46
sin {3 — f) N\
IHence the equation of the line is of the form e %
y=mE+¢, :"g\

gin § . s

but now m:m . \ A

Erample 1. Pind the equation of the straight liepeclined at
135° to the x-azis, and meetmg the y-azis af the poit (0, —4).

We have ~ m=tan 135° = \1\
~and - c=—-4; ¢ ‘; v
. the equation is y=— z: 4

e, a:+y+4-0‘

Fzample 2, 4 straight ng ?Aas squaiton
P \%r:f— 2y+6=0;
find itz gradient, the_intercept it makes on the y-axis, and the
angle al whick zlt{a%}’ tnclined to the line

y '\W z+3y=0.
Equa@nfof first line ean be written
Q ‘, y=%2+3;

"\): line has gradient  and makes intercept 3 on the y-axis.

Gradient of second line= —§
L
*. tan of angle between ]ines=i%=l

. the acute angle between the lines is 45°.
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§18. Intercept Form of the equation of a Straight Line.
Y

E\

R \‘P@.\y) . o\

X’ 0 X Oy
-

AN
¢’~:‘
AN
&
AN
YI \’\\'
Fia. 26. N\

Let P{z, y) (Fig. 26) be any pgim:;\fjﬁ AB; let 4B cut the
z-axis at @, and the y-axia at R{‘vyhére

0Q=a_shd OR=b,
Since (2, 0) and (, 3) ;a;ié:‘points on 4B,
N\

gradient of AB =x—g;a.
¢, & \T) ~h
Similarly %% gradient of 4 B;JT
7N
£ )
P, x?f ___y;b
O Ta
LD
1Y ba + ay =ab
N\ 3 LTy .
\::‘:;\ . a+b~—1, ........................ {1)
»\\J  which is therefore the equation of 4B.
4 Note 1. Equation (i) is sometimes written in the form.
Iz +my=1,
where I:l, m:l.
@ b

Noie 2. Thé Intercept Form may also be derived from the
Tangent Form of the equation of a straight line.
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AB (Fig. 28) has equation of the form

y=mz+b,
but A B passes through Q{a, 0);
S O=ma+b
e b ~
‘e ="z {
. AB has equation y= b 2+h )
13 :.'\\ o
. E gz Y N/
Le, P 1. N

Kote 8. In the case of obligue axes, the line has equatio(af:the
form, y =mx + ¢, and therefore the praof of Note 2 holdan™

3
\

Exomple 1. Find the equation of the straight linggoining the
points (4, 0) and (0, —3). <;’}
Intercept on z-axXis =4, )
Intercept on y-axis = >3
.. equation is %ﬁg =1,
ie. o Bb—dy=12,
Q
Erample 2. 4 straigb&ll;\ne passes through the point (3, 4)
and makes on the axes.%«?tweepts which are equal in magnitude
and sign ; find the equation of the line, and the length of the inter-
cepls which & ma.@é}an the azes.
,,@esﬁs”éach intercept=a
'\\iwef nation is 47 =1
J(eduation ds g

and“&ﬁée the point (3, 4) lies on the line

~\J
N/ 3,41
a @
.. =" Le. each intercept="T,
and the equation is §+ g=1,

e, r+y="T.
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EXERCISES

1, Write down the equations of the ¥nes determined by the
following data : .

&)
{ii)
(iif)
(iv}
{v)
(vi)

(v}

gra,d]'_ent = 2, y-intercept = %-
gradient= — &, y-intercept== -2,
inelination to z-axis=135% =-intercept= —3{ )\°

Q)

a-intorcept=3, y-intercept= - 5. N\

z-intereepb= ~ 1, y-intercept=-% _\ Pt
y o _ A\

x-intercept Zcosa’ ¥ intercept T

z-intereept = — :;, y-in’oereept.:: 6.

)\

2, Show that the following pairs of l}hés are parallel and state
the length of the intercepts which, ‘sstch Tine makes on the z- and

-8Xe8
(i)
(ii)
(1}

(iv)

32— 2y +6=0, \\ Pi—6y— 4=0.
5z +2y+10=0;% 152+ 6y = 20=0.
an -+ by 180, y=3(1-2).

x codl ¥ sin x=1p, = — & cob & + ¢ COSCC &

8. Find tho b"énation of the straight line which has gradient ¢
N é\ . ¢ 2z
and which\padees through the peint (E‘- . ﬂ—a) . .

4, E&n&the equation of the line through the point (« cos 8, « sin )

maing an -intercept of
\&

13
cos 87

(%W& A, B are points on the z-axis, 0, I} points on the y-axis ; the

and

equations of AC, BD are respectively

4z + 3y +6=0
x+2y -1=0;

show. that AB=0CD. »

§. Find the equation of the Hne through the point (3, — 5
meeting the x- and y-axcs in 4 and B respectively, where 404 =0B.

%. Find the equation of the line through the point (-2, -5}
ineoting the 2- and yaxea in A and B tespectively, where

0OA 4 20B=0,
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8. P is the point (£+5, 2t — 4} where £ may have any vslue ; find
the equation of the locus of P and show that the locus makes - and
g-intercepts of 7 and — 14 respectively.

9. The straight line 2 +ay =o cuts the #- and y-axes at 4 and B
respectively ; if 04 =308, find the equation of AC where ' is the
point (&, —9) and show that AC is perpendicular to AB.

10. Show that the locms of the variable point (4¢+1, 3t-1).is &
straight line, parallel to the ine joining the points (2, 5) and (6, ).

11, The ¥ines 8z — 2y — 3=0 and g — 5y --2 =0 are inclined at 457
find a. O
12, Show that the lines - . . (‘f.’;'

{1l-mly—{l+mx=¢ K7, \
and . y=mx 4o N
are inclined to each other at 457, v
13. Find the gradient of the line :‘\\J
4 hy—2=0, \‘

the axes being inclined at the acute angle Whos}3~thngent is §.
14, A line referred to axes inclined at ahglé’w has equation
' y=mz oV
shew that the line has gradient N
m,giﬁ‘m'
14 cos w”

15. XOY is a right angfé}and XOY’ is an acule angle whose
tangent is § ; show tha.h@ae line whose equation is

) N w3 2y-3=0,
with reference tg dx}}a“bx, 0¥, has the same equation when referred
te OX, QY ax&{)geﬁ.
§19. S@e}iﬁuatﬂm of the straight line of gradient m passing
tkrougkjtk point {2y, W)
K(a;,' %) be any point on the line,

a\" _
/ gradient of line =4 =1

X~ Ty
. y__y'_l = m:
T2y
ie. Y- =mie-),
which is therefore the equation of the line.

N/
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Note. The reader should employ the method of § 17, Note 6, to
show that when the axes are inclined at angle m, tho line passing
through the point (%, ;) and inclined at angle ¢ to the z-axis has
equation ‘ win B

YT in(0-0) (-}

890, The equation of the straight line passing throuyh t?i.e_\

potnts (g, #1) and (@5, Yo)- O\
Let (2, 4) be any point on the line, O
then gradient: of ]jnez?i_:_%; K N
_ W
and also _¥—lh )
Lg— Ty

%

¥~ —H

e
which is therefore the equation ofythe line.

Note 1. The coordinatos 2% ‘are those of a fixed point; the
eoordinates @, ¥ are those ofany peint on the line, and are reforred
to as * current coordinates,’™

Note 2. This eclugfsioﬂ Yolds for oblique axes, for cach member of
S'—uf‘]‘t;&?_ﬁ) , where w is the angle betwoen the axes and
f is the inc]_in’&@ar[’of the line to the wx-axis.

the equation =

Evamglpd.  Find the equation of the line which has gradient §
and which passes through the point (2, 1).

JEdyation is y—1=3{-2),
~,‘f{\£ﬁ: 3x-4y-2=0. .
”\'f""' Example 2. Find the equation of the line joining the points
0 (1, 2), (-2, 0) and show that the point (=5, —2) lies on the line.

3

on i y-2_ 0-2
Equatcton is P Rt |
=£,
ie 2x-3y+4=0.

Also 2(—5)-3{—-2)+4=0
.. point {—5, —2) lies on the tine.
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. §21. The equation of the strawght line passing througk. the
point {x,, 4,) and inclined at angle § to the z-azis.

Y

B
g
(7}
Afr,3,)
x! 0 X
.2 {"
\:"\\
v/ \™
Fa. 27. x'\\*

Let AB (Fig. 27) be the line, and let P(:v, y.) &’a point on AB
or AB produced, such that AP =#. W\

Then -z =1 cqg:!giz .
and Y-t =820
= =
. (:Toé%mainﬁ T _(1)

which is therefore the é&ﬁmtlon of the line.
If P is a point op'WBA produced, equation (i) still holds,
provided s is nomw s:enmdered to be negative.

Yote 1, t]a\case of oblique axes, inclined at angle w, the corre-
sponding exnhon is,
w sm(m 6)
O sinw  sinw
~O
NHote 2, Equation (i) is very useful in more advanced portions of
analytical geometry.

Em-mple 1. A line of gradient § passes through P({—32, —8);
Jind the coordinates of a point § on the line, where PG=10.
Let @ be the point (z, y}.
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Using the relation TTh

cos O
ie. z=x,+7cos
we have z=-2+10(%3)
_ ' : =6 or —10, 2\
and gimilarly y=—-H+10(%}) N
: : =1 or ~11 ¢\ “\
*. @ is the point (6, 1) or {-10, —11} O
Bzample 2. A is the point (2, 1) and B Eie,s'{m t}zé Line
Fy—2=0; N N
AB s inclined to the w-axis at the aculpwhgle whose tangent
is 3 find the length of AB, N
Let B be the point (z, ) and 1ct\<1‘B—r
Then z & 2 4 ir,
and o y, 1 +Er;
L2+ - +—r}-—2 0,
R N
..\ "5
O Sor=5,
ie. LA\ AB=5.
P\ J EXERCISES
\i\'Wnte down the equations of the straight lines :
\M, (i) of gradient %, and through the point (-3, —1).
N\ (i) of gradient — £, and through the point { -2, £).
R N (iil) inclined at 60" to the z-axis, and through the point (4, - 8).

{iv) inclined at 1%5° to the s-axis, and through the point (5, —2)-
{v) inclined to the -axis at the angle whose tangent is ¥, and
throngh the point (2, 6)-
(vi) of gradient _b 2’ and through the point (b, b1 '";b;) K
{vii) of gradient 2m, and through the point ( T 3) .
(viii) of gradient m, and through the point (0, v +m?).
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2, Write down the equations of the Hnes joining the following
pairs of points : '

(i) (3, 8) (6, 12). (v) (@, b, (b, @)
(i) (-1, -3), (6, 11)- (v) m, 2+, (P, )
(i) (2, -5), (0, ~8). o (2 2, (. 2).
@ GG - e (el (2 ).

8. A, B, C, D aro the points (1, 8), (4, I8), (-2, 4), (6, 6] ;\
find the squation of the line bisecting C.D and perpendicular to 4B.4

4, Find the equations of the sides of the triangle with wertices
(3; 6); ( _29 4) and ( - 1; _'3)' "‘\\

5. 4, B are the points (3, 7), (—11, —1); find the etyuation of
the Line through the point (4, —6) and bisecting A.B. \

6. A, B, € are the poinis { -1, 2), (8, 5}, (4, 9) ;{Dlies on A8 and
AD:DBRB=1:2; find the equation of DC. " Nt

7. A, B, O are the points (3, 4), { -5, 0,0~ 1, 12); find the
cquations of 4B and AC, and show that 4B is/perpendicular to AC.

8. P(a, b) lies on the line N

6z -y =1

and G{d, ¢) lies on the line N\
. 248y =5
find the equation of Pg. PAN

9. A, B, U are the ﬁ@s’ .
(302 -2)

find the equations(of 4B and A¢, and show that AB is perpen-
dicular o 4C a(hc’n m=1.

10. Find:ﬂ;;é points on the fo]loiving lines at which the x- and
ﬂ-coordinit@s are equal, and hence write each equation in the form
R\ T-a yoa_
C LN cosf s
NN (1) 4z By —1=0; (i) Be+12y+17=0; (i) - WBy="0.
N\ 11, A lin§ of gradient i passes through P(3, -I); find the
coordinates of a point § on the line where £Q =28
12. A is the point ( —5, —3) and B lies on the line
z—-3y-1=0;

AR is inelined o the z-axis at the acute angle whose tangent '

i8 % : fnd the length of AB.
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- 13. The point P( ~2, -3) lies on the line 4B whose equation is
. drtay=1; .
find the coordinates of A and B, given that AP=PB=10.
14. Find the equation of the line of gradient 2, passing through

the point {2, —3), the axea being inclined at the acute angle Whosg\
tangent is §. &

§22. The General Linear Equation. & V)
The ‘equation D

Ax+By+C=0, oo N ()
where 4, B, ' are constants, represents a stir}(g&lt Hne.
If B.£0, (i) can be written, QS
4 0 N
y=-g* —Efi\\"
~N .
~ and ', represents a straight ling\0f ‘gradient —% and passing
through the point (0, - g R A :
If B=0, (i) can be writteh

% = ——

A
. "‘\ . i
and ', repr s@t&’a straight line parailel to the y-axis.

Note 1. JThe'same proof holds in the case of obligue axos, except
. that —‘%'5@ ‘o longer the gradient of the line,
Kék 2. The lino (i) is parallel to the z-axis if A =0, is parallel to
\t;h“q:y-a.xia if B=0, and passes through the origin if & =0,
Note 3. Equation {i} can be written

4, B
I Ey— 3

f.e. in the form e +my=1
. any equation of this form represents o straight line,
When expressed in polar coordinates, equation (ii) becomes

i cog 6 +msin &:%,
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Note 4. The equation of a straight line is sometimés given in the
form

: T=G+TE, it (1)

Y=CH T, v {11}

where a, b, ¢, d are constants and ¢ is a variable, and where (i) and {}

are called the freedom oquations of the straight line, The reader
may verify, by eliminating ¢, that (i) and (if} represent a straight line,

Ezample, The coordinates of a variable point P are =344,

y=%2 -6t ; show that the locus of P is a straight line. \'
x=3+4f, . 3 \v/
y=2 -6t N\
. x-3 y-2 7
and ., i - _8°’ ’,“\'\\’
ie. 3 +2y—13=0 v
-, the locus of P is the straight line 3z + 2y ~ 1350,/
§ 23, Angle between two lines. \ ,\
The lines A+ By+0C = ’C‘l,‘ N2 s R (i
A+ By + Q% }%’O, ........................ (1)
: 4, A4, N7
bave gradients _B_i’ - IT: N

.. the tangent of the {m&é between (1} and (i)
’\’\\'; 4, A,

O =it Rl (it}
,\\~' ¢ dids+ BBy
Note, 1,\ The conditions for parallelism and perpendicularity may
be deduced from expression (ifi}; the lines are paralle]l or Perpendl-
eularaceording as the tangent of the angle between them is zero or
nite -
", the lines are parallel if 4,B,=A4,8;,
P A, A
ie, if 212
N B, B
‘and the lines are perpendicular if 4,4, + 5, B8,=0,
The reader should compare § 10, Note 2.

N\

¢~ 4
¢\
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Note 2. The reader may verify that if the axcs are inclined at
angle w, the tangent of the angle between the lines is
) {4,B; - 4,8} 8in w .
A Ay +B B, — (A B+ 4,8} cos w”
The condition for parallelism is ", the same as in the case of
tectangular axes, and the condition for perpendicularity in "\

Ay Ay + BBy ~ (4, By +4,B,) cos =0, A
€ N\

$24. The equation of the line passing through the poiiis, %)
and (1) parallel, (1) perpendicular fo the line Ax+ By+C=0, is
(i) 43+ By=Ax, + By, R :
(fi} Bx—Ady=Bzx,— dyp\/
These equations sre linear and are,dafisfied by the coordi-

nates of the point (&, ;) .. représént straight lines passing
through the point (z;, ). P\ % .

Gradient of () =~ \ad  gradient of ()= :

*. (i) is parallel tp} and -(ii) is perpendicular to the given
line. A o :
Note. Equsité'c'in\(i) also gives the'pa.raﬁel in the case of oblique
axes. ,\\ -
J?f}'a:a?nple: Find the equations of the lines passing through the
poind(2y73) and respectively parallel and perpendicular to the line

~\\ 2x-3y=1.
\§ Equations are 95— 3y—4- 9',.
PR % - 3y+5=0
Cix and _ 32+ 2y =6+8,
ie.

8z +2y —12=0.

§25. Imtersection of Two Lines.

The coo.rdinat-es of the point of intersection of two loci satisfy
the equations of both loci and are therefore determined by
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solving these equations simultaneously, e.g, the coordinates of
the point of intersection of the lines

Ag+By+C=0, ..o, (i)
Azﬂ: +Bgy+02=0, ..................... (Ei)

satisfy both equatiﬁns (i) and (i), and hence the coordinates are

the roots of equations (1) and (ii} solved szmultaneously The 4\.
point of intersection is ", the point _ PR\

B0y~ BC;y Cydy - Chdyy -
4,B,-4,B," 4,B, AB)

Note, An alternative method of ﬁndmg the pomt of. mtérsection
of fwo lines is shown in Example 2.

 Example 1. Find the point of intersection ofl e Tines

23y +4=0 X \

and o -4y +7=0, '

~21+16 4= Ié’ 3

—8+3 | T8+3)’

Le. 09).

.- & :

Ezample 2. Find theaﬁgm of infersection of the lines

.The point is

T in equation i) 7=t
’:\, W y 3‘ - 1
fﬁ: all values of ¢ the point (¢, 3¢—1) lies on (1), hut the
P01I{fs {E, 3t —1) lieg on (it) if :
o) t4+2(3t~1)-5=0,
Le, if i=1
-+ the peint (¢, 3t—1) when =1 is'the pomt of intersection
of (1) and (ii),

ie. the point (1, 2) is the required point.



48 ELEMENTS OF ANALYTICAL GEOMETRY [§25

ExErcizgs

1
1, The point P moves 2o that the square of its distance from the
point (1,"2) exceeds by 3 the square of its distance from the point
{%, 5); show that the locus of P is a straight line.
i+ 1 4+1

2. Show that for all values of ¢ the point ( .

) Lies on a
straight line. °

N

W
8. A point P(x, ¥} moves so that it is always equidist: at from
the points A (2, 3) and B{ -3, -2); find the equation of,jbs locus
and show analytically that it is the right bisector of AB

4. Test cach of the following pairs of lines fox mrallc]lsm and
perpendicularity, and, when the fines are neither Wa.llel nor perpeh-
dicular, find the ta.ngent of the angle betweon them :

(i) 2x-3y+1=0, 4r -8y +8=0.
(i) «4+2y+4=0, »- Sy\}2 ={.
(#) x+2y+3=0, 3:54363;—1-1 =0.
(iv) 3z —dy+12 =0, 4w 3y - 1 =0,
{v} Z2w+3y- 1—'»0, r—-2y+3=0.
{vi) 2:::+‘3J+6'—0 Bz —dy+3=0,
(vii) x+4g(‘—3 0, 3z -2y +1=0.
{vifi) Sx+dy-T7=0, % +5y+7=0.

. 5. Find the equation of the line (i} through (4, —2) pa,ra.]le] to the
mne

N Beidyi6=0
and (i) throu‘g{l\{ -10, - 1) perpendwula.r to the line
5z — 6y -2 =0.

6., F'ind the equation of the line through th t{— T
penﬂ{‘,ula.rtot.he line 22+ 8y — 1 =0, g © point (-2, 6) per
\a‘;’lh find where the two lines meet,
7. Find the equation of the line through the pomt

. (a COS o 4| Bin x

~\J cos § ° ‘ooz 6 )

¥, parallel to the line S
zoos{a~0) +ysinfx— @) =p,

8. Find the equation of the line th T . ._
perpendicular toqt.he line e through the Pomt (@r5a0:6.5-tam 6);

asecﬂ-—tane 1.
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9. 4B makes intcreepts 8 and —2 on the - and y-axes respec-
tively : (7D makes intercepts 12 and 4 ; find the equations of 4B
and OD, and the coordinates of their point of intersection.

10, The lines r+y=4
and x+2y=1

mech the line
dr+3y=14 - Q|

at P and ¢ respectively ; find the length of PQ. O\

11. AB passes through the point (a, 0) and is inclined at 45° to the™
z-axis ; ('] passes through the point (0, ¥) and is inchined at 135% t0
the x-axis; find the coordinates of the point of intersection oA B
and C'D. AN 3

12. A, B, C, D aze the points (10, 0), (0, 5), (6, 0}, (09K \AB and
OD meet at B ; find the equation of OF whetre 0 is thevorigin.

18. Show that the lines ;\\.: :
z+2y-16=0, L™
9z —y—10=0, W)
_ _ 2x+4y+5=Q3 \/
and . 20— ;»q" . . .
 encloge » rectanglo, and find the coofdinates of the point of inter-
seotion of the diagonals. RN\

4. Find the distance meaaﬁred'along the line

' w3y +2=0,
from the point (1, 2) fb\%hé' line '

\ z—2y-2=0. _

15. Find theleifetmeentre of the triangle with vertices 4{ -3, 3)
B(-5, 1), 404 -4). - -

16, AQ;"B'E, OF are altitudes of the triangle with vertices (6, 4),
B(~ 5,

oY 0(3, ~4); show that BE and CF intersect-on the y-axIs,
and hongé show thet the altitudes are concurrent.

47 Find the orthocentre of the triangle with vertices {2, -3)
N6, (1, 6). o : :
8. Find the arca of the triangle with sides
Tr+8y—5=0,"
11x+y+50=0,:--
4 — Ty -26=0.
19. Tind the centroid of the triangle with vertices (3, —4)
{-5,4),{-3, -8 ' :
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20. Show that the lines
y#m:c-i——a-r'
m

) x
and y+_ +am =0,
meet at right angles on the line

21. 4, B, ¢ are the points AN

1 & 26 2 .. O )
(—a,a,a—m) (ﬂ?’ﬁ) {am?, —2am),~.~ -

& N

find the equations of AR and AC, and show that t.hey Jueet at right
angles on the line \\
= —da. 9

22. Show that for ll values of m, the footof t.he perpondicnlar
from (=, 0) to the Line ‘\\J

= DN Nt
y=ma sl

lieg on the y-axis. )

23. PQ makes intercepts 24, shad a, ‘RS makes intercepts —a and

2@ on the - and y-axes reapectwely ; ahow that P@ and RS inter-
sect on the line

-.:' 3x +y= 0.
24, Show that the.\linea _ .
:“> r=t and 2=2¢,
L y=2t41 y=—1t-4,

Tntersect at ng angles at the point { -2, —3).
25, Show “that the lines
'\. ”: z=1-3 and x=4-5i

y=1+1 y=2f_1,
\Qtersmt at the point { - 11, 5).

\ 28. Find the point of intersection of the lines

NS . : %41 1at
W . BT Wl wor £
\ .t . 3t

LA s S Uit

27, Show tha$ the lines

2z=1-4 and x=6_2

y=I+2 =1-
.6r¢ parallsl, y=t-1,
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28, The lines
m:a‘gl;g and z=1-28,
y=1-al =2~_—'w‘b“ 2)

are parallel ; show $hat ab=1.
99, Find the area enclosed by the line
S - 3y+12=0
and the coordinate axes, the latter heing inclined at 30°.- ”
30. Find the area of the triangle with sides A
224y~ 10=0, '
z~-3y+2=0,
8y -2y —1=0, Q}
the axes being inclined at 30°. A\

§26, The Perpemd@culwr Form of the egu@wn of o Straight

Line.
Y
A
A0
r {N/
X \\ 8]
4 \\
P4,
x:\w/

PG4

O . v
{\ ¥1e. 28,

i&f ON (Fig. 28} be the perpendlcular from the origin to the

\r\lﬂe AB; 1let ON =p, let XON —«, and let P{z, y) be any point
on 4B,

N has polar coordinates (p, &) and .\, Cartesian coordinates
[}Jcosoc,psina)- ] .
", gradient of 4B _pmxty,

poosa—a
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but the gradient of ON is tan «, and 4B is perpendicular

to ON :
.. gradient of AB= —cota;
. psine—y  cosgx
T Reosoc—x_- sine’ 4
Le. x cos a + ¥y sin . =p{sin%y + cosx), O
le. ” € coS o+ sina=p, ' \>\ .
.which is therefore the cquation of AB. X '\’5‘5

Note 1, The perpendicular p will he consid&ra& irési’oive in all
caBes. *N\J

Nole 2. Tn any particular case the pengeﬁdiculécr form of the
equation may be derived as follows: 2 :

~

x.f o
m\\ 0
S\
\s }
y :: o Y
AW Frs, 20,

’ ﬁglﬁa{i (Fig.29) bo tho ordinate o the point P. Draw ML | ON

‘;.\\Then PﬁR——*a H
s"\’.::'. .. ON which =0L 4+ LN
W =0L+RP

v =0M cos o+ MP sin «

S p=%o0s ety Ein &

thiv ]c;t;,e 3{5 It is Joft to the reader to show that the polar equation of

7 608(6 - o) =p.



§27] , THE STRATGHT LINE b3
- Note 4. In the case of obliquec agos, if

XON =« and NOY=$ (Fig. 30),
then O =peeca, OR=pecf;

XJ’
v N
Fio. 80. PN
", AR has equation \o
i ¥ .‘;1
P sec « p seé 8
Le, xcoﬁm+ymsﬁ—p

§ 27, Perpendicular Fo{?;a,\of the General Linear Equation.

We may change the\ehudtmn Az -+ By + =0 to the perpen-
dicular form as folle&

i) ¢ +ne,<’s Ax+By+0=0 (i)
”\"___B_y o_
\/{ JBLE JAIE+B
RN\ c __B .
13{\ roose+ysine = TEi R where tano=-. (1)
\’(u) C -ive.  Az+By+C=0
_dr By _ -C
VAT B JA2r B JAE B
. B ...
Le. xcosoc+y gin g = -\/Z?fBg . Wheretano;=z. (i) .
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Note 1. Equations (i) and (i) are a.rré,nged to give a +ive
term on the right-hand side, since i the perpendicular form of the
equation p is +-ive. .

Note 2. There ate two angles z lying between 0 and 2x and such
that tan a:%; the value of « is determined by the signs of sin %

A

and cos «.
Ezample. Show that the lines . K N2
Lo48y-25=0, ..o Ao (i)
dx—3y+25=0, ... AN fii)

are tangents to the cirdle, of radius 5 and .Oéfuf&:ﬁé origin.
Equation (i) in perpendicular form is\. \ "
iz oY 32;5'\.:=

1649 JI6+9 NJIE 49
-Le. the perpendicular from the.otigin to (i) is equal in length to

5,
the radius of circle Q \\
) R 1 is,q{t}iﬁgent to the circle.
Similarly for line (i) Whose equation in perpendicular form is

\\i . ~prE=b
QO Exercises
1. Write the following equations in perpendicular form :
NV ) Bz+4y 50, (iv} 8z + 15y +34 =0,
AN (e—V3y+a=0, (v) 5z —124 426 —0.
R\ (i) z+y=d. ) 40z-Gy=4].
2. The lines
It -dy=qa
and b +12y=2(n 1 3)

are equidistant from the origin ; find the bositive value of a.
8. Derive the equation '
’ T ¢os ne-i-yaina:_p )

from the intercept form of the equation of the line,
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4. Show that the line
xeos a+ysing=x cos ety sine
passes through the point (x,, ;) and is parallel to the kine
: 4 008 ety B a=p.
5, Show that the equation
% 008 o4y Bin g=p
can be written in the form ' T

_ e Y
&—peosa Y —PEin o, ’ NS ¢
—8ine« = oeBx D
8. The lines . . e\
% o8 a+y gin a=p, ¢*

. X CO8 ay + Y BN oy =y,
intersect on the line \
y=xtan 6 ; A
show that P 0y =cos(f —a) : cos{f — o a‘;.\
- 7. The sides of a quadrilateral, taken in pr&ér, are
z cos oty sill e =n Gy
T COS oy +¥ 8N o=y’ (i)
. and the perpendiculars from the origit to (i), (i); show that
2pp, — (2 Py cos {0y — o) .
A2 8 (oy — e}
\

ares of quadrilateral =

N

\\ ExERCISES

.. L. Show that the'lifls from the point (2, 5) perpendicular o the
join of the point§(¥7 - 7)and (2, —1) passes throngh the origin.

i ? Aline mta“kéé; on the z- and y-axes intercepts & and b such that
2 Tp=1 ;\Ql}w’that the line passes through the point (4, 4).
7\ :

3. ‘SI}OW that for the line

. :n\:o 1um
/ i =wmx -+ 8 ]

N
%
\_fhe sum of the reciprocals of the intercepts on the x- and y-axes is
independent of m.

4. A line of gradient § meets the = and y-axes in 4 and B
* Tespectively ; show that the perpendiculars to the aXes at A and B
intersect on the line
8z +4y=0.
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5. PQ has gradient § and passes through the point (-8, -3} ;
AB passes through. the point {2, 2} and meets the z- and y-axes in
A and B respeciively, whers 04 =208 ; show that 4B and P
meet on the y-axia, .

6. Show that the lines ) :
3z +4y+10=0
and br+12y—26=0

- are equidistant from the origin.

O\
7. Show that the origin lies on a bisector of one of thg.@n@icaa
between the lines

6x—8y+5=0 and ldz+48y+25=0. A\

\

8. Show that the area enclosed by the lines 4,
: z=a, y=b, y=mr N\

- 1 ' ’
18 o (b —ma); RN
show that ;ahm area is the same for am{x &¥o values of m whose
pmductis;. : :‘t.x

9. The line R\ Y

AN
',’&..L& bml

meets the z-axis at A,‘t.he:gj-ax:'is at B; P divides in the ratio 1 : k
the line joining the origin O to 4 ; ¢ divides OB in the ratio 1:1;
find the equation ofPE and show that it divides AB in the ratio

¢ \J -kl
10. The line X\
X zeos O +yain 0 =p,

where § is/yariable, cuts the z- and y-axes at 4, B; show that the
locus of themiddle point of 4 B has equation

"\.f\ PR + 2 =day,
11, A, B are the points {, 4,), (25, #,) and P divides 4B in the

{mabio k:1; P Hes on the line

ol

" show that

Ax+ By +0=0;

_/1971 +BU1+O
Axg+ By, +C°

. 12. Determine the ratios in which the coordinate axes divide the
line jeining the points { -1, - 10), {2, —4).

13. Show that the line

k—
7=

) 3r—dy+1=0
bisects the join of (4, —3), (-2, 5).
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14, Determine the ratio in which the line
2 -3y +1=0
divides the join of (7, —6), (-3, 2).
15. Defermine the ratio in which the Iine
Je—dy+1=0 I\
divides the join of (4, —3), (5, —I).

N

16, Prove that, if a straight line cuts the sides B, ¢4, 4B of N f‘",,\
AABCat D, B, T, _ O
BD OB _AF_ A
D¢ B4 FRT U )

17. 4, B are the points (4, 2), (-3, 1); a point P moves(sé-that |
PAt -~ PE%is constant ; show that the locus of P is a gtraight line, and
find the ratio in which it divides A8 when PA2 — B2 2§

18. Show that the angle between the lines ) :ﬁ‘\\;
x—y+2=0, 33"‘3"*‘4:0{':\ -
i3 equal to the angle between the lines 1:; v
T—dy+3=0, 9z ~ZPAL'=0,
19. PQ is the line N
y= %’FZM “

and B, § are the points (z#?, 26{)Mz, 01 ; show that R lies on PQ and
that RS and the z-axis are €qually inclined to PQ.
20. Tind the feet of t}ﬁs}erpendjculars from the point { -1, 3) to
the lines O\
I e -y+1=0,

N 3iry-6=0,
2 ) x—3y-2=0,

-~ and show’b\k(a.t\"d;}iey are collinear.
21. Find the area enclosed by the lines
x\"«." x~2+3=0, dw-y-9=0
&"r}d; the patallels 6o thoso lines through the point (2, — 3),
22. Show that the equation _
Ty YW,
CO3 ~ Bin o

Tepresents the line through (=, #,) perpendicular to the lne
zcos x+ysina=p (i);
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" hence show that the perpendiculsr distance fromi the point (. #) -
$o the Line:(i} is numerically :
P~ %y COS & — 3 Sil o
23. Show that the lines '
' =Ziat, y=7+af
: y=y+t y¥= L%
intersect ab the poind .
Plutty, a t+4)s 'S
ghow also that if #, varics as £ the locus of P has equation
. . ' ya;kx’ . ;' N/
where £ is a constant. ™
94. Find the coordinates of a point P which lies o{’@h’e Yine
z—3y-2=0 \J
and which i equidistant from the points (2,\3} {6, —5).
925, Show that the locns of the point ((m}ersection of the lines
% ain B —y(cos § ~'!'1::a.*sin 6
and zein G-yloos 0+ = —asind
hag equation N
e
28, The line y=b meet@the lines ,
w4e2y=2 and z+2y=4
in A and B respecbively ; P, Q are the points {-4,0), (—2,0);
show that PRand.@4 bisect ench other, and that the common mid-
point lies on + L‘hma :
N x +2y=0.
az, .’L‘}\e:}i"ne y=2x+c meats the lines
x'\’..f : z=3 and 2z=5-
in")fi:and B respectively ; P, Q are the points (0, 2), (0, 4}; find the
\equa.tcions of AP and BE, aud the point of in‘r.erseclcic(m of}t,hese lines
AN when e=1.
38" 287 The line y=mx meets the lines
a\¥4
Q \™ z=4 and z=8
at Pand regpectively ; PR i5 a line parallel to the z-axis, QR iz g
line of gradient 1 ; show that for all valnes of m, B ?i:s ac‘)fﬁ:hg linle-
. z+y—-8=0,
28, A4, B, C are the points

(—a, az-l-—-fg). (ai?, 2at), (g _?);
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AB and A€ meet the y-axiz in P and ' respectively ; show that AB
is perpendicular to AC and that

QP =n (gﬂ -: 1 ) .
30. A, B, € are the points { -2, 1), (2, 2), (8, 1); P moves g0 that
APAB=2APAC
in magnitude and sign ; find the locus of P, and the ares enclosed by
it and the lines AB, BC.

31. Tind the length of the Yine having gradient 3 and termmated
by the point {—1, 2) and the line A O

L ¥

x -2y -8=0. . .

<

82. Find the equations of the lines of length &, drawn fmm the
poini {3, 1) to the line ~
x+y+3=0 )
38, Find the length of the line of gradient and tf;@ymted by 1I1e
point P(3, 2) and the line 4
2+2+3=0 (i) N ,\
find also the equation of the other line hamno whe same length and
terminated by P and {i). N

34. A straight line passing throughs E 21, 2} is terminated by the
coordinate axes; P divides the luw mwrnally in the rativ 2:1;
show that the line has equation 3"

aity=3 pors&r+y- 6 =0.
35. Show that the ve,rla.b}e%omt P(i-1,2t-1) lies on the line
\\2:5 y+1=0;
if PQ is the porpendicilar from P to the line
) x-3y-2=0,
show that the '}Qous of the mid-point of PQ is the line

Y= &
36, Sh@ﬂm the line
x—2y+5=0

bIBeets a1l Hnes from the point { — 3, 6) to the line
4 x -2y —5=0.
\ 37 P is a variable point (2p -1, 1, p+1); the line through # and -
having gradient 2 mests the line
z+y=0-
atQ; R divides PQ externally in theratio3: 12 find the Joous of R,
38. Prove that the line
C 2x48y-20=0
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passes through a point of trisection of all ines drawn from the point
{6, 7) to the line . )
. 22 +3y 1+ 6=0.
89. A line through P(2, —3) meets the linea
#=-2y+7=0, z+3y-3=0 ~
at A, B respectively ; P divides 4B externally in the ratio 3384
show that AB has equation S
2z +y—~1=0. o N
40. Find the equation of the line terminated by the Hq;e‘zc
2z+y-3=0, B-2y+1=0 ™
and bisected ab the point (2, 3). i '\g /
41. Find the gradient of the line whose mid point is (¢ -3, £+4)
and which i3 terminated by the lines \
2iy-2=0, 2423820,

42. P is the point (-1, 2); a yapiabie line through P cuts the-
#- and y-axes at 4, B respeotively 948 & point on AB such that
P4, PQ, PB are in Harmonic Progtéssion ; show analytically that
the locus of Q is the line PR
‘ =2

43, The axes being illeli:élb& at 60°, find the equation of the right
bisector of the line joining the points { — 1, 4), (3, —2).

4. 4, B are th%"ﬁltﬁ (2, 71 (1, 3) rélative to axes inclined at
60%; P is such that'PA2— PE2~18; show that the locus of P is the

line - )
N - Zw+3y-12<0,

determinesthe gradient of the line and the intercepts which it makes
on the & and y-axen.

45.\Find the equation of the Jine of gradient § and passing through
thelpoint (1, 2), the axzes being inclined at the aculze angle whose

: '\tam'.gent- is 12,
O 46, The gradicnt of the Jine
AN 2243y -1 =0 .
2\ is the seme whether the g incli t
O ko same whether Xes are rectangular or inclined at an acute

47. Show that the tangent of the angle between the Lines
A+ By +0,=0, A%+ Byy + 0y =0,
the axes being inclined at angle m, g
(4B~ A,B)V sine

i.-_‘____‘_-_-_‘_‘—-—____'.__
4145+ BBy ~(4,B, T 4,5,) 605 "



CHAPTER V O
; 'S\
DISTANCE OF A POINT FROM A LINE .\ .~
A
§28. If the perpendicular form of the equation of a line q&}

Teosa+y smoc=p,
the distance of the point P (x,, w,) from the line is '\\>

+{p—x cosw—y sin oc), }\V

according as P is on the origin or the mmomgm side of the
line. A\

{a) :.. \% (b
Fra. 51.

Ltit A%Rg 31) be the line whose equatlon in perpen-
dicular

) .

,\, £ CO8 @ +y sinx=7p
\aﬁ/é‘ﬁat OC be perpendlcular to 4B.

Then XOC =a and. OC=p.
The line through P parallel to 4B has equation
Teosatysino=ay cotaty gina;

Iet 6 he perpendicular to this lige.
: 61



N
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A i
Tn case (a}, where D Lics on OC produced, X0D=a;

;. OD=2 cosa+y, sine;
.. CD which=0D - o0

=2y, 60S & + 1y B0 & — P, £\
X A
In case (b), where I lies on 00, X0D =a ; p '\:\’
. S OD=wcosaty sine; O
. OD which=00-0D ¢ m’;:

=p - coso— g, S
In case (c), where D lies on CO produce(i; 1X6D=a+:=x ;
5. 0D = — (1 cofBF yy sin ) s
.. CD which =00X0:
- =’p.—:;ni_‘cosu—y1 sin o,
;. OD, which in all cag}gs? is equal to the perpendicular from

-Pto AB, is o\
Pp -y cos o~y sin e,

according as R,jston the origin or non-origin side of 45,

Note 1. Ringe the expression I {p —u, 008 & — 4, sin «) gives the
numerical lenigth of the perpendicular from the poind {2, %) 1
follows. that $he expression p -, cos a—yg, sin« is positive Of
negtive/ according as the poiut (=, y;} is on the oxigin or non-origil
sxi%gf the lina, :

O\w ot 2. The expression p -1, 008 o ~¥, 8in « reduces to p wher
£~ the point (), y, )} is the origin ; this will assist the reader to remembe
o\ that the positive sign applies to points on the origin side of the line
Wl
m\J

\

Note 3. Tt should be noted that the line divides the plane of th
\ ™ axes into two parts and that ’

P~%008 &~y 8in x> in one part,
< 0 in other part,
=0 cn the line,

Note 4. If P has polar coordinates (r, §), the distance of P fro?
the line can be written 7 '

+{p—-rcori(f —a)l.
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§99. The distance of the point (z,, y,) from the Iine .
& Az+ By +(=0
) Az, + By, +C
Ny
i) C positive.—The perpendicular form of the equation of
the line

8

Az+By+C=0
: A B c .
1B - r— Y= - H A\, 3
JAET B JAE+ BT JA+ DB K75
. the distance of the point (3, 3,) from the ling is"f}\
O+ dn+ By, N
TV R T L
according as {z;, %,) 15 on the origin or nehybtigin side of the -
line. _ o\ :
(ii) € negative.—The perpendiculatform is
A L. BN, C
VA% + B? JA\KJrB_E JAE+ B
L €3 Az, + B
and the distance is P m—t— ¢
D N NAR+ B

Combining theg.e:f};ﬁ'f; cases, we have that the distance of the
point (2, yy) :fﬂ(im’ the line Az + By +('=01is

i'..\“

» Az, + By, +C
~. \,\\ AT+ B TY

R\ JAz+ B
"jfh,el‘éft]iis expression and C have like signe when the point
@;\ %,) is on the origin side of the line, and unlike signs when
ofi the non-origin side. -

. Note 1. The reader is advised to neglect at first the ambiguity of
sign, remembering that the numerical distance is given by the
©Xpresgion :

Az + B+
AR+ Bt
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Note 2, In any particular case the expression for the distance of
the poins {z,, ¥,) irom the line 4 + By + € =0 can be obtained in t.he
following manner.

: "
Y M g
A
. ,\\.
g TP AN
R'/ ° (x,.) " \E\
il <
0 - X
fe. 32 )

Let B8 (Fig. 32) be the IJJ:Le P the m«t and PM the dicular
from P to RS. K perpen

Let P paraliel to X meet &S, it Q.

Then tngg;w ~gradient of RS
‘\g _ A
N\ =F

\shPQM which < 4+ E‘iﬂ“
¢ '\,; 1+1Ja.112PQM
3 \\ . _ A
Ve udill \"Az'l-Bﬂ"
A58y ¥=m
Az+ By +C=0

x' - S — By, +0 .

A
Hence ' QP;Q;ﬁﬂf_;;_c

Az + By, +C
A

. PM, which=QP sin POM,
:i-“lxl +By, +C A4 N
4 VAR K2
iAfD—, + By, + C
VATT
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Example 1. Find the distance of the point (2, 3) from the line

‘ o -2y +8=0;
show that the origin and the point (2, 3) areon opposite sides of

the line.
T(2)—24(3)+8

Distance = 2227 " numerically
J72 + 242 . / . \s\.
=35 » O
= -2 ] : a4

2. point (2, 3) is distant 2 units from the line 72 - 24y +850, ’
7(2)—24(3)+8 \!
N
(2, 3) is on the non-origin side of the line. 2
Ezample 2. Show that the points A(&,,Z);.*\B( -3, —1) lie
vithin adjacent angles formed by the lines, \/ :
x—2y+2=,93; Norooois eamneeiaaran (i}
PREYRY £5), R (i)
CAtd, z--2y+2is +ivey z+y+1is +ive;
st B, z-2y+2is ive, z+y+lis —ive.

.. 4, Bare on the Es*}fé’ side of (i) and on opposite sides of
(i), ie. 4, B lie within adjacens angles formed by (i) and (ii).

and 8 have opposite signs the’ point
o

and as

§380. B-isectq{s-:q} the angles between the lines
Y A4 By 4 00 oveecicmernseseenenee (i
\\ Az + By #C =0 oo (ii)
I‘l?t'f?'(wl, 1) be any point on one of the biseetors ; then the
digtances of P from (i) and (ii) are numerically equal.
: Az, + By +C_ A+ B+ O
N A? + B T OJAF+ B
but this is the condition that P lies on one of the lines
Av+By+C_  Aw+By+C | Gy
TRl JAieBp
which are ", the required bisectors.
C
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Nete 1, In the same way the bisectors of the angles befween the
lines . zeoBatysina=p, rcoso tysine =y
A have equations _
P—x 008 o —y 8 x= £ {p; - €08 ey — Y BT ;).
Note 2. According as €, €] have like or unlike signs, the positivs \

or negative sign in equabion (i) gives the bisector of that anglg
between (i) and (i) which contains the origin. ¢\

Emmple The sides of a triangle have equations S

:C\} (it
=:\"' ¥i¢. 83
\T'nangle is as indicated in Fig. 33.
Qz\ . required ex-centre is the point of intersection of the

¢\ bisectors of those angles between (i) and (iii) and between (ii)
’“\ " and (ii1), which contain the origin.

4 The bisector of that angle between (i} and (iii) which
' containa the origin is

sHy+l To—y+3
N2 52

le. 2z — 6y
ie. _ T3y —

e Y
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The bisector of that angle between (i1) and (111) which
eontains the origin is
e—y4+3 To-y+3
V2 642
e % + 4y —12=0 LN
Le. T+ -6=0 i e (V) OV
-2-18 o\
33 =% U
_ -6+1=1 7\
[ g " \.”\\\. )

Where (iv) and (v) meet, z=

~. the required ex-centre is the point (4, 1}.
.\\.,
ExXERCISES \“
1, Find the distance bebween the pomt ‘and the line in the
Tollowing cases, ™
(i) (2, 1), 3o +dy+5= es. N
(i) {1, —2), 5m+123v~7;
(dil) {2, —3), m~2y +6=0
{iv) (0. 0),y:.3’:‘w}+a~"1+m’
(v} {&, Ac),\y\\?c-m(x —B) +aNI +m?

(Vl)( asmﬂ bcosﬂ), cos&+ gin 8=1.
&

2. Find the\distance of the point { 3, ) from the line whose
polar Equatjqie}s ( 3
A\ _®\_q,
S r cos (B )

3-Show that the circle with centre the origin and rading 2
hea the lines

/ 3x+dy—10=0, 5z-12y—26=0, 424+ 3y +10=0.

4. Show that the point { ~ I, 2) is the incentre of the triangle with
vertices (2, 8), (~2, —5), {—4, 6}

5. The line
3x +4y +18=0
t°‘10hes & circlo with centre (4, 5); find the radius.
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6. If p is the length ofthe perpendicular from the origin o the
line :

z . ¥_
=t b_l’
. 11,1
show that 53_@—%#.
%. Tind the distance between the lines _ 5 .\‘\‘
Sz - 12y -5=0," 6z—12+21 =0. O
8. Bhow that the point { — 2, 6) lies on the same slde of‘i;he fine
Jx+2y-7=0
as the origin. N\ hat
9. Show that the points (3, 2), (7, 3) He onloppbsite sides of the
line N
2z by +3=0. , \

10. Show thab the point (3, 2) lies: ou@tde the parallel lines’
x-2y43=0, —2’3; +4=0

11, Show that the origin andy f;h@‘pﬂmt (1, 6) He within verticalty
opposite angles hatween the ]Jﬁea

z - y+«1’:¢0, w42y -4=0,

12, Find the equationsof the bisectors of the angles between the

lines \
$+J 1= 0 r-y+1=0,
\ig 3w —4y+2=0, dz—S3y+3—0,
k) de-4y+3=0, ©+7y-2=0. -

13. Subw fhat the point { —}, ~2) is equidistant from the lines

”\g\ % — By +4=0, 6x+4y—T=0.
\u Show thab the point (0, 1) fies on the bisector of one of the

nples hetween the lines

R\ 3z—dy+1=0, 4r+3y-6=0.

15. The peint (x, ¥) is equidistant from the lines
ehow that : Y
T x+Ty=0 or Tx-y+2=0,
16. Show that the lines
4x+3y-3=0, 12z45y-13=0
are tangents ta the circle with centre (-2, —8) and radius 4.
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17, Find the eqﬁation of the line through the peint (12, 7) and
petpendicular to the line
Bx+12y+25=0 _
determine the point of intersection of tho lines, and hence find the
distance of the given point from the given line.
18. Find the equation of the line parallel to the lme
3z +dy+4=0
and distant 5 units from it on the origin side, )
19. The perpendiculars from P to the lincs AN )
z—2y+2=0, x+4+2y+4=0 AR

i;e numetically in the ratio 3:1; show that the locus of({“:s the
=)

*

x+4dy+5=0, Zx+2y+7T=0.
20. The perpendiculars from P to the lines ::\\‘
2z+y—1=0, z+2y+1sO\"

are numericaily in the ratio 2 : I ; show thak ‘the Jocus of P consists
of two straight lines and find their equatmns

21. Show that the locus of a pomt t.l;te ¥am of the squares of whose
digtances from the Iines O

z 42 —1 =0, 2:c y—l—3 0
2® + 24 9 — 2y =0.

22. Show that the locusOba point which is equidistant from the
point { — 1, 2) and the

Y

iE 2 has cquation

2e-y+1=0
(of+2y)2+6(z -~ 3y +4)=0.

23. A varia, pomﬁ P iy such that its distance from the point
2 -1is efp@ its distance from the line

has equation

3 +dy-5=0;
show th&t\the distance of P from the Line
Tz — By -10=0
. \'ar;,es as the equare of its dmtance from the line
\/ ~3y=0.
24. A point is such that the square of ite distance from the line
‘ z—2y—-1=0
¢xceeds by 3 the square of its distance from the line
-y +1=0;

show that the locus of the point has equation
g+ 2 -2y +5=0.
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25, A variable point is snch that the square of its distance from

the ].me

Bxty— 1 0
exceeds by 3 the square of its distance from the line

+2y+1=0; )
ghow that the product of its distances from the lines '\‘

z+y+2=0, z—y-3=0 .(};

varied as jte dJ.Bt&nﬂe from the lne (5\ “

22—y -1=0. ,\‘:\‘,

o AN\ 3
0
2N
»
/5\\/
‘€%
éw’
&
~N
&
©
O
o
N
22
Sl
\
,3‘?’ '



CHAPTER VI

CONCURRENCE
§381. Lines concurrent with two given lines. R x
Let the given lines be . “"\"\:" '
Ar+By+C=0 ‘(1}
and A2+ By+0 =0 .. 7N - (1)
Let & be any constant, and consuder the e@uﬁhen
Ac+By+C+k{4 1m+Bly+GD =0 . ..(iii)
~ which is of the first degree in @ and?,r ahd therefore represents
8 straight line. N

If (z,, v,) is the point of mtereeetmn of (i) and (ii)
W\\Azl + B?fl +0=0 .

and ¢ ‘\{"24131 +B1y1 + 01 =0
. Az + By, "?G.}k(“-{fﬁ +Byn +€)=0
e {{G],, “y,} is a point on line (iif)

Bquatmm'm) represents for any value of & & straight line
Passing ‘&{Tcﬁigh the point of intersection of (i} and {1i).
oo {f gﬁ*{ \For different values of &, equation (ifi) represents different
\\ EMmng 1. Find the equation of the line which has gmdwﬂt 3
Ond passes through the point of intersection of the lines
3z -2y=8, 2x-by=3.
Any line through the point of intersection of the given lines
§ equation of the form

3% — 2y — 8+ k(22 - By —3) =0
. 71
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This equation represents s line of gradient § if
3428 1
245k 2
ie. if k=1
. required equation is
329 - B+4(25-By-3)=0 O\
Le. - 22y -20=0. i\

Ezample 2. Find the equation of the line passmg tkrougk tfw
point (1, 2) and concurrent with the lines . 0
Se—4y=1, 2z+3y=5)
Required cquation is
30—4y-1+k(22+3 -B) 0
‘where 3-8~ 1+k(2+6 5)=0
_ d.e. where W W k=2
", eguation iz : v."'f
3z - 4y—1~112(2m+3y 5) =0
ie. N Tz 2y-11-=0.

§82. Comsider thélines
\\ Ap+By+0=0 .o (i)
:\ A+ By +Co=0 ..o (i)
&~ A+ By +Cy=0 ..o (i)
Lmq& {ii) and’ (iii} meet at the point whose coordinates arc

. BO,-Bil,  Cydy~C,d
- 23 3
\\ " 4,8, 4By Y AB) AB”

“\.. % and this point lies on line (i) if

B,C;- B,
T, B AR gm0
. conditien that lines (i), (if), (iii) are concarrent is
41(BoCy — ByCy) + By(Cydy~ Oy} + €y (4,B, — A,B,) =0.
Note 1. The condition for concurrence may be written .
AﬂB,O = ByUy}+ Ay (B, - Blc‘g) +4 (BLC - ByC1)=0.
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$38. Consider the lines

A+ By+C=0 (i)
Ap+By+C,=0 i, (i)
A+ By +0;=0 .o (iii)

- 'We shall show that these lines are cencurrent if there exlst
three constants £, I, m {not zero), such that

B(d,e+ By + ) +1{dgz + By + Cy) )

+m(Age + Bay +C5) =0, identically ............ {i.vj;;\,
Let lines (i) and (i) intersect at the point (z), #1); N
p then Aty + By, +C =0, A2$1+Bgy1+02—. m'\”\."

.. by equation (iv} 4z, + By + Co=0 N\ %
*. the point {x,, ;) lies on line (iii) AL
LT O\
Le. lines {1), (i1}, (iii) are concurrent. R

Note, If in proving lines concurrent mut&bl‘e congtants &, §, =
are not roadily found, nse the method of § 2/

~~
-

“Example 1. Show that the I'mesv
7~ 4y +2=0, 4x y~+3 0, z+2y=0
e ccmcmreni
3(m-4g,.3}z)—2(4z_—y+3)s — 5z — 10y
) ’ = —5(%4—?@[}.
'. Hr-4y+2)% (4w — y+3)+5{x+2y)=0
", the given hhes are concurrent.

-Emn%{ﬁ:\ Show that the lines

\—l-ybO Sz—2y-4=0, 4x-9y+1=0
m‘@mwmm

"\ ere the first two meet

vV TS .
—4_3~% Y7137

Whena: % y=1,
4z-9y+1=8-9+1=0

*. the given lines are concurrent.
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ExERCISES

1. Find the equa.tmn of the line passing through the origin and
concurrent with the lines

dw—dy+2=0, 2x-5y—3=0.
2, Find the equation of the line, of gradient 4, concurrent with
the linea .
z+y-5=0, z-2y+4=0. KO

3. Show thab the line joining the point { —2, -1} to thefSaintof
intersection of the lines g ¥

2x-3y=3, x+3y=15 W& ~
passes through the origin. w’\’\ /

4, Find the equation of the line parallel to the z-axis and con-
current with the lines

4543y —6=0, x—2y? ’1&_

5. Find the equations of the lineg Whi make numerically equal
intercepts on the coordinate axes, ar;d which are concurrent with the
2:|:+3y 1={f Sx -2y 4 3=0.

6. Find the coordinates of ﬂ‘.e foot of the perpendienlar from the

point of intersection of thb Jines
) rg+2y=6, y-25=8
to the line \

) Se+dy+15=0.
%, Show i‘.h}t\for all values of % the equation
' &-Sy+9+k(3z -2y - 1) =0
repreaents d Iine passing % h a fixed point, and find the coordi
rates,0f the point. hmug P °
\‘8.‘ “Find the point of intersection of the lines
L\ . Srty+l-al@x-y+4)=0
N and b(Bz+y+1)+e(2x - y+4)=0,
\ Y 9. Show that the lines
) 2% - 3y +1 -+ (3 +4j — 1) =0
B2 -3y+1)-(3x+y-1)=0
: x-Ty+3=0
are concurrent. -
- 10. Interpret the equation

az+by+e-a(z -y +o)=0,
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11, Find the equation of the line concurrent with the lines
- Je—y+9=0, z+2y—4=0,
- &nd also with the lines *
e+y—4=0, =-2y+3=0.
12. Find the equations of the lines which are conourrent with the

lines 9 -3y+1=0, z+2y-3=0,
"and which respeetively have gradient 3 and pass throwgh the pomt A
{2, —1); find also the angle between these lines. ()
13. Bhow that the Iine passing through the point (2, -3) and { \
eonenrrent with the lines A\
3r+2y—-2=0, 4x+3y-17=0 AN 3
has gradient -3, m'\'

" 14, Show that the line joining the pomtﬂ (4, 3), (-4 < 1)is con-
eurrent with the lines

22 -3y +2=0, 3z-4y+2=0.
15, Show that the line through the point (2, 3); and concurrent
with the lines Se+dy—T=0, 20— 3€/+1 Ow
i concurrent with the lines
3e—-y-7=0, 3x- 23;-!—4 0.
6. BC, C4, AB are the linea W
3x+y-21=0, 2x+3y—F’i’ =0, z-2y+7=0;
AP pasges through the poini (55 >4) ; BP has gradient 2 ; find the
equations of AP, BP, CP. ‘\
17. Prove the followin ]mes coneurrent :
() de—3y+2=0, SPoy-6=0, z—y+2=0.
{fi) Sx+2y -~ 8= 0, (B=0y+2=0, w+Ty—6=0.
(i} 32— 2y +3=0@, 5x+6y 20, 3z+3y=0.
fiv) 2— 6y+z<o\ 2+2=0, 3z+5y+6=0,
V) (p+afp - Dy +9=0, (g-Vw+{g+Dy+g=0, z=y.

_.(Vl} {ud-ﬁ}m—l—aﬁy-}-(a—ﬁ} =0, (é—%}m+y+(1 .8) 0, wx=p
13- Show that the lines

m-'.»:)3B—Fgairzli?:l,
a b

2 g

n .
B + ay tan (6 —Z)=0

cos 0=1,

'aTe coneurrent,
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19. Show that the lines _
y=p o y= vy (hrt)es(-th)y=al+t)
are concurrent. _
20. The lines i : P
#=3y+2=0, 2-6y+3=0, z+tay=0
are concurrent ; find the value of a. ¢
91, The lines _ . O
22+3y~-6=0, Jx+y+3=0, x+2y- a_<}~’~"
are conenrrent ; find the valve of a. '
22, The knes : -\
* Sx+By-2=0, %+3y_0 ax+by+l-—0
aro concurrent ; find the relation betweer,nk\amd 5.
23. The lines \‘
az +2y+1=0, bm+3y¢1’ 0, cx+dy+1=0
are eoncurrent ; show that a, b,,(: are in arithmetic progression.
24, The lines . m. »
a:SyO:cﬁy—«ﬁu{)mSyB{}:c:!yGO

meet the x-axis in theerigin, Ay, A,y 4, and the g-axis in the origin,
B,, By, By, (r)ejpect){"ély ;3 show that (i} the lines are concurrcnb,
3

{‘)AA As{e\l ) BB, BB

PAY.
.\)



CHAPTER, VII - A

PAIRS OF STRAIGHT LINES O

- § 84, The eguation R,
(4z + By + O) Az + By +€4) =0 .....,.\{r,;,\..',(i)
represents the two straight lines \

Ax+By+C= Q0 F 5 NI (i1)

- and Ao+ By +OpE0 s (iif)

Let P(z,, 4.} be any point whose coordq nabes gatisty equation
{i}; then R \\g

(A, + By, + C)(A1%%~Bly1 +0y) =
. either Az + By, +0=0" Sor  Aym + 319'1 +C; =0
ie. Plies on one of thc hHJGS\hl (1ii)
", equation (i \-@?cﬁents the two lines (ii), (iii)

Ezample. Fwd\t e/lmes repreeemed by the equations
x&{)..,mg -2=0
\;\jﬁ) 22— T5+12=0
*.‘{\ (i) @y + 26— 3y—6=0
AN @) @ + 3oy + Y2+ 3w + By +2=0
</\E‘lllat10n {i) may be written in the form
@+y)@-y=0
aud ', represcnts the lines -
z+y=0, z-y=0.
Similaxly equation (i) represents the lines
| %-8=0, z-4=0,
rel
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equation (jii) represents the lines
z-3=0, y+2=0,
and equation (iv) represents the lines
z+y+2=0, z+2y+1=0.

§ 35, The condition that the equation, L\

a2+ 2hoy + byt + 2gr + 2fy +o=0 .0
should represent two straight lines. ¢‘~7«

~ Equation (i) represents two stralght linea if i} t:a,n be written
in the form - \

(Adz+ By +CY (42 + By + Cy) =O,
Le. if it can be resolved into two equatidns of the form
T=-%¥ —-g, 'm.i*'ziy—% cereerrrennen{i)
Now equation (i) can he wmtten '
am2+2(ky+gjz+ (b +2fy+ e} =0
e = (hy +9)i~/ (hy +9)° —a(by® +2fy +0)
.\ @
", equatio Q\ €an be written in the form ( (i) if
N (y+gP-abyP+2fy+c)
Le. (B22ab)y® +2(hg—of )y + (g —ac) is a perfect square
SRS Ry —af 2~ (B2 - ab) (g? — ac) =0

@it a(abo +2fgh - af 2 ~ bg® — ch2) =0
{VT @ £0, this condition reduces $0
abe +2fgh —af - bg® ~ ch2=0 .._............ (i)

It a=0, b+0, equation (i) can be solved as a Qua&ra-’sic iny .
and condition {iii} obtained.

I£a=0, 6=0, h+0 equation (i) is
2hay + gz + 2fy +¢=0 _

ie. Ty +% m+';:y+ =
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which, if factorisable, is

()0

and hence J;% -=%
Le. afgh — ch?=0
to which condition (iii) reduces when —b=0. 2\,
. in all cascs, the condition that equation (i) should()
represent two straight lines is _ y ~~’.‘;’
' abe + 2fgh — aft — bg? — cht=0. A °

W
Note 1, Equation (i), called the general equation of ﬂng}second
degree, is the most general form of equation involvigg\erms in z
and y of no higher degrec than the second. g \\,:

Note 2. We cannot have a=b=k=0, for eq,lfqt;ion (i} is then of
the first degree, and represents one straight line,)

Note 3, The factors of the first membet of 2n equation of form (i}
may be found either by inspection or by, Solving the equation as a
quadratic in z or y. ™" o

Eeample 1. Find the eguatwloﬁé ;)f the lines represented by the
equation 3%+ Ay AgP 8 48y ~3 =0 coverornr ()
Equation (i) is (%> 2+ 1)(z+2y —8)=0
. represents the Jines _
¢ "’5;:5_29,4“1:0, z+2y -3=0.

Eram l'g“é:." The equation
N 20 Bay +ky? - Bo+ 15y -12=0 |
represénts two strasght lines | find the value of k.

~NO ahc + Qfgh - af * — bg? - ch*=0
\ here a=2 —12
b=k g=-%
' e=-12 =%
' — 94— 325 _ 1832854 75=0,
Le. 121%= — 363

ie. ' k=-3.

N\ ¢
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§86. When az® +2hay +by%+2gw +2fy +c
' =k(ds+ By +C)(4z + By +Cy)
where k13 a cﬁnstant, we have
az? + Zhay + byt = k(dx + By) (Azx+ Byy)
*, when the equation
ax® + 2hay + by + 200 + 2fy +o=0 oo L)

represents the lines - . _ O K
Az +By+0=0, Ax+By+0,=0 .{..}{......(ii)
the equation . o

ar® + 2hay + by =0 ... LY. .. (i)
ropresents the lines . \/
_ Az +By=0, Az+By<®...oni {iv}
But lines {iv) are the parallels throggj:l:}he origin to lines (i}
". when equation (i) represents\t¥o straight lines, cquation
(iil) represents the parallel line’s.'thtéugh the origin.
Note. The equstion na? + 25y :::abys = may be said to r-epresent

two straight lines through thewrigin, for all values of 4, b, b, for the
equaation can be written 08

by2+2‘r‘my%ax“:0,
P\ S —haNEE—ab .
¢\, (ﬁfb{h ab)m cerserneensnfi)

)

A |
According jag h*>>ab, B2=ab, k2< ub, equation (i) represents two -
real, two goimgident, or two imaginary lines through the origin;
in the last@®ase the origin is the only real point whose coordinates

ie.

sa.t-iafy\équa.tion (i).

&E’L The angle between the lines
' ae? + 2hxy + by =0 ... {n

Let equation (i} represent the lines i =m, z, y = myx, and let 0
be the angle between these lines ;

then tanB= ml_m5=i\/m
_ 1+ myrmg 1+ mmy
but since equation (i} may be written

(Y 8o
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“m,, M, are roots of the equation
b + 2hm+a=0

. 2h o
s 'm1+m3=—3-, mlmz——~5

JEH2_da
® b

o tan =+

@
1'!"‘ '\

b
B 2R —ab N
- a+b '\\
Notel. If a+b=0, tan §=co and the lines are perpendicular ;
_if BB=gh, tan 6 =0 and the lines arc coincident. O

Note 2. Tt follows from § 36 that the formm%’i& tan @ is apphi-
~ cable to the general equation of the second degtes when it represonts.
two straight lines. The reader should observerhowever, that in the
case of the general equation representing two straight lines the

relation A2=gh holds when the limed “are gither comcident or .

- paaallal. ™

Ezample. Given that the 'g'ag’:;dﬁm
2a? — By ¥y + 4o+ 19y ~23=0

represents fwo stm@'gh{if’:‘ags, find the tangent of the angle between.
them. .\

%

oY 16-8
M\ Tangent of angle = j:g-%r
A
'S ' =32

Tl}@’%“gﬁtive sign refers to the obtuse angle between the
linegy, _ :
s -
\ V8§38, The equation of the bisectors of the angles between the lines
aw? + kg + byt =0 s . {3)
Let equation (i) represent the lines y—mz=0, y - mgz=0;
then the equations of the bisectors are .

y-m@x  ytmy

;J1+n11’_i\/1T 2

N\
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", the equation of the hisectors is
' (y—maef _(y—mz) _

- L 1+mg? 1+m,?
Be.  (Ltm)y—mml - (L+mP)y —mgaf=0
e, (m—m2)a? = 2(mTF mg? - myl )2y
. —(m® —m2) 7 = '\~\.
ie. : (‘ml +m2}(£ﬂz - y‘?‘ 2(1 J)nlmz}my ; \"\
bus m,, m, are roots of the equation p ‘
bm? +2hm+a=0 . :
. 2k N \ ’
s my g = — S,y =g\
. the equation of the bigectors is ‘ xj\\"
{:c2 o) = 2(1 H_)
i.e. k(9:2 2) (a f)) ay
; | AXE a3y
Lo a,-b ¥

Note, As the bisectorsare mutually perpendicular, the coefficients
of 2% and 3* in t.hen; e@\latlon are equal in magnitude but opposite n
sign. .

N

Emmple “Show that the bisectors of the angles between the lines
.;\ - % —Tey+ 492 =0
qare t&e\bzsectors of the angles between, the lines

\I 322 + Ty + 42 0.
\The bisectors are '

N :' y -
4 ie. in both cases 4my 7y3 0.

$39. To determine the point of mtersectwn of the lines

a2 + 2hay + byt 4 2w + 2y + =0 .......oe... )
Wntclng equation (i) in the form

aa® +2(hy+9)x + (b +2fy+c)=0 cerenrereneea(id)

g
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we see that in general there arc two values of » for any given
value of 4 ; if, however, y is the ordinate of P the point of
intersection of the lines (i}, equation (i) will yield two equal
values of « and these are the abscissa of P. -

Now, when equation (i) has equal roots,

_ _ly+g | \
. a o\
S, ab P, _ am+ky+g=0...........................(jii):\ .
Similarly, considering equation (i) in the form R N
by + 20 + g+ a2+ 2w+ =0 LY
we have, a$ P, BEABY+F=0 rerereee NN (V)
Equation (i) may also be written .\ )

(0 + g+ g) 2+ (b + by + )y + (Y +0) =0
and the eoordinates of P satisfy j;hiis ’ equation, .. from
equations (iii) and (iv) we lrave, alFy a
g+ fy‘-kﬁ L0
We have, therefore, thre€ eqliations, viz.
am+ky+g=,0,o\*}a&:+by+f=0, gr+fy+e=0,

- all of which hold a,t}’ and any two of which suffice to deter-

ine the coordj%alteé of P.

Note 1. Befgre applying these equations to an equation of the
second dogre/ it is neccssary to ensure that the latter equation
TePI‘EHeI\){itwo straight lines.

Noie 2. For an alternative method of deriving these equations

0841, Example 2.

o

V), Note3. In any patticulsr case, the coordinates of the point of

intersection of u pair of lines represented by an equabion of the
#second degree may he determined by finding the equation of each
tine and solving tho equations simultanesusly.

Example, Find the peint of intersection of the lines
2? —Spy— 3P + 22— 3y +1=0.
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At the point of intersection,

. z-2y+1=0
and . —$z-y-£=0
ie. ' 9z -3y +2=0
and 3z+2y+3=0 _
: @=—1, y=0. PO

{ ’\
$40. The equation of the pair of lines joining the omg'm to the
points of intersection of the line

Iz +my=1 ............ L)
and the lines
\/ ..
ax? + 2hay + by +2gx+2fg§+\—0 ORI {i1)
Consider the equation \

ax® + 2hxy + by? + 2 g:t:—l—_}"y (Im+?ff1y}+c(l.z;+my)2— .. fiii)
which is homogeneous and gft ﬂle second degree, and therefore

represents & pair of straighlilines through the origin,

I (2, 1) (Far ¥l ate the points of intersection of (i)
and (ii) 22\

731

\wr’ e, + my, =1

and A% % by + bya® + Zgwy + 2fy +o=0 -
%1&\+‘2h$!.y1 + by 2 (g + ) (ey + may)
:j\" - Aella rmy) =0

'(@1, #) is & point on line palr (ili) ; similarly (z,, y,) les
0’1} iit),

\ equation (iil) represents the pair. of lines joining the
origin to the points of intersection of (i) and (i),
Ezample. Find the equation of the pair of lines joining the
origin {0 the points of infersection of the line

i - z+2y-5=0
and the lines

3wy + 3% — 62— 12y + 20 =0,
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Equation is
By +y - 6(x +2y) (:c +_2y) 20 (x * 23”) =0

Le. Sy +42 — 2{x + 2y =0
ie. 222 — Txy + 3y = 0.

ExERCIZES

% e
¢

1, Find the equations which represent the fo]lowmg pairs of N

lineg,—

(i) w-y=0, 3z-2y=0 (‘*}:

(i) 2r -3y +1=0, @-y+2=C ¢*C
(iii) 3z +4y-5=0, y=2r NN
{iv) Zx—y +1=0, y=1. v’

9, Find the cquations of the lines ropresented by the&quations,—

(1) 2% +zy — 4" =0 ~N
(i) 3x? - Say - 2y +x+5y-2-—0
(i) =y +3y® - 1‘5y+4-*0
({iv) (z+1P-22=0
{v} (B —y - 1)’ £5—9y+3)’*0
3. Show that the following eqmtlons represent line pairs and
~vwrife down the equations of{the parallel line pairs through the
origin,— o\
(1) 2p2 ~ 3y — 242 +2x 4+ Hy-12=0
(i), B Bay 6_;3 - B+ 14y —4=0
(iiiX ﬁscz+xy y? =3z +y=0
{N} xy—3z+y-3=0 '
4, Show tJmttIm equation
(" 227 -1lay +5%° — 423y -10=0 _
mpl‘eaan%\two straight lines, and find their point of intersection.
Show that the equatmn
-y — 24t -3+ 9y ~4=0
\l‘ﬁprescnts two st.ra.lght Tines, and find the equation of the line from
* the origin to their point of intersection.
8. Prove that the line ¥
. 4z -Ty+1=0
I8 conenrrent with the lines
92 — Ty + 37 +o ~ 8y - 3=0.
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'? Prove that the ]mes
Py bl 2y+3= 0
_ape concurrent with the ]Jnes
— day - 165° + 162 + 22y + 5=0.
8. Show that the area enclosed by the lines

#rday+y° =0
and the line. ety=1 '.\:\'
is }V3. 'S\
9. Find the area enclosed by the lines A\ N
5 - 2lay+ 4y + 222+ 26y — 48=0 O
and dz+3y+85= 0.\\

10. Show that the area enclosed by the lineg
00® + Zhay + byt =0\

" and yﬂks

. kt \V

is — \r’k«* —ab v

11. Find the area of the pam}IeIGgram formed by the lines
Bu? 7xy+2y“+5a:+15y 50 =0
and the parallels thmugh‘the origin.

12, The following e{lua,taons represent line paire ; find the values
of k and the equa.tgon of each line,—

() Fia? —ay 642 -2+ 5y —1=0
(i) 627 - 182y + By? + 24 23y —12=0
s (i) 1242 +19ay + 442 — Sz~ 1ky + k=0
W {iv) o® Gy +5°+8x+ky+12=0

”\\ (v) Baftdowy+y?+ ke +6y4-5=0
AN\ (vi) 222 4+ koy — 63+ 3z +y +1=0.
13. Find the tangent of the angla between the lines,—
(i) 6a®—Szy+y2=0

{li) B -2y - 224+ Tx + Sy +2=0
(i) 102% - xy — 3y® — 6 + 8y - 4=0,
14. Show that the angle hetween the Lines
2t — 2oy -yt =0
is equal to the angle between the lines
8a:’+_2z;y-—3y'+2a:+4y—1=0.
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15. Show that the lines
ba — 2hay +ay* =0
are perpendicular to the lines
ax? + 2hay + byt =0.

16. Write down the equations of the line pairs which %Dia through
the origin and which are perpendicnlar to the following line pairs,—

(i} Ba? —zy-y*=0
(it} 2x2+3xy+y*+3m+y—2=0
{iii) 2u? —my -3y + 4w +4y=0. :
17. The gradient of one of the lines '
aa® +2hay + byt =0 g AN
is twice that of the other ; prove that _ ,'“..\\'
8ht =DBab. v
18. Show that the condition that the gradient of&né of the lines
az?+2hay +byt=0 NN
ghould be & times that of the other is O o
45hE=ab(l +l‘}3‘.
19. The line pairs ™
ax® +2?w§f:+ by’:O
e + 2y + by =0
have & line in common ; show that
by 8 F (ol ) Oy~ =0-
. 20. Find the equahons of the bisectors of the angles between the
2, — {
AN ) 6 +11ay + 32 =0,
(N (i) Bat+2xy - 4y*=0,
O~ (i) Ta®+1lzy —6y7=0

21, ‘fi\the bisectors of the angles hetween the lines

AN 3 aat 4- Zhay + by? =0
,\”‘m the same as those between the lines
a,7® -+ 2hyxy + byy? =0
show that ey —b)= h1{a — &}

99, Prove that the bisectors of the angles between the lines
(@ E)ad+ 2hay + (b - By =0
do not vary with k.
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23. Show that the eqﬁation _
(& - K)o+ 2hoy + (b - k}y* =0
represents; for any value of k, a pair of lines equally inclined to th
lines :

fx®—{a— b):cy hy®=0.
20 Show that the lines
- ax® + Thay +ayt -+ 2z + 2fy + o =0 :
out the z- and y-axes in conoyelic points. ' \' '\.’\
-86. Find the perpendicular distance between the lines\,
(32 -+4y)? ~ 21w - 2By — M4 =0 ¢

26, Tind the equation of the lines j ]omlng the omggn to the poind c
intersection of the lnes

. 328 5a:y 2 + 4+ 13y > 1..: 0
and the line 2z -i,— 3g =0, )
27. Show that the ongm, the pomtw{f‘mtemectmn of t*
2a% —Tay'+ By +8r4 10y - 25=0,
and the points af which these hnesm cut by the line -
: a‘-'-i- By — 5 =) . e lines
are the verbices of a para!le[ogra.m :

28. Prove that the Tines j joining the origin to th

the line \ 6z —y+8=0 ﬁnd the val
meets the ]me,sa }

NSt ey 4y - 11w 1 29+ 6 =0
are equally inclined to each of the coordinate axe;
29 Emd the points of infersection of the followi?
A (i) 22 - 5oy + 8y 4+ 6 — Ty +- 4=
\“ (i) 2*+2y -2 2+ 14y -20=0
\\ (i) 62®—Tay - 3y% — 97 — 25y — 42 =
C A (iv) 202+ 20y —Bz—3y+3-0, es—
NN 30. Show that the lines - '
B 4y~ gt - 1451'{-35"-1—4—'0
and 6%~ 19:cy+10y=+26x 2iy+8=0,
are concurrent,
31. Find the tangent of the angle betweon the lines -
o~y 4Pt Ty 12—
the axes being inclined at the aonte angle whose tangent is
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CHAPTER VIII

&
CHANGE OF AXES O
$41. Tvanslation of Awes. If P be the point (z, ) and Oy the
point {h, k) relative to axes OX, O, and if P is the pqéu&f{a‘f‘l’, %)
relative to awes 0,X,, 0,Y, parallel to 0X, O respestively,
w=ryth, y=g ko ON

A

% Y, \S
S :
o
.\":‘
o Q Xq
.\\'\’\.« :
ol N W N X
o N d .

@
O Fia. 34
¢ \so

Let O, ¥5.(Fig. 34) meet OX at M, and let the ordinate of P
meetﬂi}\at N and 0,X, at @ ; then, for all positions of O,
aqd\.}g; : .

\ / ON=0M + MN
'é' L= k + xl'
Similarly y=k+1.

Note. T the equation of a locus iy kmown and the origin is
changed to the point (h, k), the new equation of the locus will be
obtained by substituting 4% for  and.y + X% for g.

: 89



90 ELEMENTS OF ANALYTICAL: GEOMETRY [541
Ezample 1. Find the eyuation of the line

3x-y-2=0
referred to a new omgm at the point (1, 2), the old and new azes
betny parallel.
The new equation iz
8(@+1)— (y+2} 2-0 O
_ e S—y-1=0. O
Brample 2. The egmﬂzon T ‘ 3
ax2+2kzy+by2+2gx+2fy+c—-b

represents two strasght lines; show that ¥he coordinates of the
point of intersection satisfy the egmtw@

ax -+ hy +g="0, kz+bg+f~—0 gr+fiy +c=0.
Change the origin to the pomt (3:1, 31} and the new equation
of the lines is
a(@+2,)" +2h(z + 230y +3) + bly + 3"
Q +29(z+2,) + 2f (y +y,) +o=0
ie. ax® +2km{:b3}” + 2{am, -+ by, + )z + 2 (hxy + by +f )y
2+ 2hayy + b+ 207, + 2fy, +e=0 ... (1)

If the Qew ongm is the point of intersection of the lines, the
mdep fadent term and the coefficients of # and 3 in equation ()

.'.,

mpstibe zero,

Aw : G+ 9 =0 v eene. (i)
B Ry 4By =0 e (i)
W and e+ 2hegy Fhyt 200 + 2 4 0=0 fiv)

R
Equation (iv) can be written

(o -+ By +g)2y + (haey + By + gy + (gz1+fiy +¢)=0
*. from (ii) and {iii)

g +fy Fe=0.
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§42. Rotation of Awes. If P is the poini (z, y) relative to
reclangular aves OX, OY, and the point (&, 41) relative to

rectangular axes OX,, OY; where X6X1= g,
&=, cos 0 —y, stn 0,
y =1, sin 0 +y, cos .

o]
i 35 G\
A o\
Let X,0P (Fig. 35) =g and lett0P =r.
Then z=r cos(B4Q)
=rg iQ):os:p~r gin & sin ¢
;xl}os —y, sind
-and Q‘%’r’sin{ﬂ—l-qa)
50 =7 sin B cos @ -+7 €08 0 sin @
"\, =2, 8in 8+ cosb. -

KNote l§\1f the equation of a locus {5 known and the axes are
rotate@hrough an angle §, the new equation of the locus will be
%’kﬁhéﬂ by substituting ® cos § —y sin @ for 2 and x sin 9 +y cos @

)/
) L
‘Note 2. From the expressions for z and y We geb
x,=rcosf+ysinf,
gh= —zsin B +ycos &,
The latter expressions may also be obtained by considering

2, =rcoe(f+p-0) ®n=r sin{f+ @ -0).
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Ezample. Find the equation of the line pair
4% - 11y + 642 =0 .
when the awes are rotated through the acute angle whose tangent
)
N :}[;f. 8 is the angle, sin =% and cos §=3.
The new equation is

/4

4go— ) - 115~ 49) b0+ 39) + 64w+ 3=0 Oy
Le. 4(3x—4y)*—11(3z —4y) (4o + 8y) + 6 (dz + 3y =0 )
Le. _ ' 125y + 2502=0

4

Le. . ) { 0.

Exrrcises
1. The origin is changed to the point Q‘;'z) ; find the new co-
: ordinates of the points (4, 3}, (0, 4), (3, ) .

2. When the origin iz changed)'the point (1, 8) hecomes the
point (3, 4) ; find the coordinates ‘of’the new origin relative to the
original axes. PR .

3. When the origin is shenged, the points (-1, 3), (4, —2)
become the points ( - 3, 4% f); find « and §.

. 4 When the origin I8 changed, the points (3, —7), {2, 5)
bevome the paints (£,\0), (3, B) ; find o and 8.

5. The origin\j¢ changed to the point (3, 2); find the new

equations of thosiines

\ iy z—3y+6=0
(i) 2e+3y—12=0
O\ {iif) 2z -3y +3=0.
',,l\SJW'hen the origin is changed, the line

L D

A\

LA\ a—2y4+2=0
& \\ecomes the line y '
N i _ 2-2y-3=0;
0 find the locus of the new origin relative to the original axes.
W 7. The origin is changed to the point (2, 1); find the new

equations of the line pairs
(i) 32® ~ By 32 =0
(i) 42% g Bz 4 4=0 -
(i) 2* — 3wy +2y* — 21 2y =0,
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8. The origin is changed to the point (=, §); find the new
. equation of the lincs
3t dxy 29 -8B+ Ty -3=0
and henco determine the coordinates of their point of intersection
relative to the criginal axes.

9. The origin is changed to the point A(3, 2); find the now
-equation of the line
Cde-dy+7=0,

and benoe detormine the length of the perpendicular from A to the
given line.

10, Transform the equation ' RO
. Ir—y+4=0, '\\
the exes being twrned through 45°, \
11, Transform the equation p \\"’
Za? - 3zy +y =0, '\'s.

the a%os being turned through the acute angl “ehoso tangent is §.
12, Transform the equation o\ Dt
2% + oy + 22 =00
the axes heing turned through the obﬁ@éé ;mgle whose tangent in ~ 1,
13. Transform the equation h
@ ¢08 m{y sin a=p,

" the axes being turned th o{{igh}the angle wx, and hence show that p is
the length of the perpendietlar from the origin to the given line.

1£. Transform theyéguation
N2 Ty — 1247 — 392 — 24y =0,
the axes beipgi&}rﬂed through the acute angle whose tangent is §.
15 Tra,r\{sfofm the cquation
A" 22 — Bayy — 2% + 2x + 11y - 12=0,"

the opigin being changed to the point (1, 2) and the axes then
\T'),t,%éd through the acute angle whose tangent is 3. :

O

N

e
AN
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REVISION EXERCISES

N

" A. O Cmaprers IIII )

NS
1. Find the projections on the x- and y-axcs of the lirte/joining
the point (a cos 6, & &in §) to the point ( —a sin 8, b cog B dnd show
that they are equal if AN

m6=b+a. m'\i.
b-a )

2. A, B are the points (r,, 8}, (ry, 0) ah M (r, 9) i the mid:
point of AB ; show that o\

r= % @'fz& + 2?-11‘2.B§S tal - 92)

and tan § = L2 Ty SIS sin 6, +r, sy
71 ¢08 6 +ry008 0,

8. P, , T are the pointalfmcos 8, b sin 0), ( —a sin 6, b cos b))
{&(eos @ —sin B), b{cos 6+sinPY}, and O is the origin; show that

_ OP*+B¢® and TP 1T
are equal and indepefident of 4.
4, Using pola,n'ﬁ&rdjna.tes, 4, B, C are the points
SR CHACHRCR ot
. -:‘, 1)6 9(2’ 6), 3;? L
show that 4B = BO. -
§,\Shbw that the gradient of the line joining the points

\"\‘ (zcoaf,bein @), (-arinf, &cos6)
,'\'}5 .—E cot (9+J—I)-
Y [ 4
) 8. Show that the mid-point of the join of the points
Yl (ﬂﬂ b cos a cos f b cos O
}.—Binﬁ’l—sinﬂ) (1+sin6’ _1+sinﬁ)

is the point {a sec 6, b tan 6),
7. The vertices of a triangle are A( -7, 3), B(—4, —1), 0(4, 5)

A
show that B=90°; henee find the eircumeentre and v that
I(E, §) ties on the circumcirele of A 4 BC, ntre and verify tl

94
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8 4, B, €' are the points {-9, 8}, (-5, —4), (-1,4); P
divides 4B internally in the ratio 3: 1 and @ divides A externally
in the ratio 3: 1; find the coordinates of P and ), and the lengths
of AB, AC, AP, A¢ and verify that AB: AC=4Q: AP,

" 8. A, B, ¢ gre the points { -6, ~1}, (0, 2}, (-4, =2); P, @
divide 4B internally and externally in the ratio 2 : 1, and R divides
A externally in the ratio 3 : 2 ; find the coordinates of P, @, R and
show that PC || @E. .

10, 4, B, ©, D are the points { -3, 8), (12, 6), (-4, —3), {1, —2};

E divides A B internally in the ratio 2 : 1 ; F divides CD externally {
i;lthe matio 3:2; find tho coordinates of & and F, and show that ™
JF Yy AD. ' N

11. 4, B, €, D aro the points (2, —4), (-3, 6), (2, 4), (- 5&1{:2) ;
P divides AB in the ratio 3:2; show that P Hes on C¥)'and find
the ratic CP: PD. !

12. Show that the points ( -5, 2}, (4, ~1) lie on she.dircle which
has a3 diamcter the line joining the points (-4, 3), (2, —5).
18, Tho vertices of a triangle are (5, Q), {af 05;'(0, a,_;_@); find its
area, y
14, Show that the triangles with verﬁitgiesu
(1) (2.‘ “'4)’ (4; ““3)’ (59 5) “(J-E) ’(4! _2)) (5: O)’ (1’ 7)
are ¢qual in area. n
15. Show that the triang%es);vitih vertices :
() (3, -8), (5, ~ (674 (i) (4, —6), (8, ~2), (-2, 12)
are similar, and detersine the ratio of their areas.
18. Show that 1;]:@ saren of the triangle with vertices {af%, 2a?),
{\ 2
{at?, 2at,), fatigp(t +£)} is Dumerically ‘-;- (t -1,
: 2\
1%, 4, By6/are the points (s, be), (b, ea), {c, ab) ; show that the
area of AABC is 3(b —¢){c - a}{a—b).

13\1‘511& the areas of the triangles the polar coordinates of whose
Aettices are

Vo@g) (65 @3 005 en (65

' 18, A, B, ¢ arc the points (—2, 8), (1, -1), (-2, -2); determine
_ the ecordinates of P such that

_ APBC=APCA=APAB
I magnitude and sign.

Y 4

A,
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- 20, A4, B, ¢ are the points (3, 1), {1, 4}, (0, —1};
BAABC =3 NABP =214 PC
in magnitude and sign ; find the coordinates of P.

B. On Cmaprers IV-VI -~

2L A4, B, € are the points (I, 2), (2, —=3), (-2, 3); P moves"
90 that 2 AN
P42+ PB2=2PC%; e\

find the locus of P.

22. A variable line APB, of constant length, mests #he%-axis at 4
and the g-axis ab B; AP =0, PE=c; show that iig\ocus of P has
equation N\ :

22 P \J
t_&E + g = 1 .

N

23, Write down the coordinates of P/ }5}}:' mid-point of the line
joining the points (2k -1, 8 - %), (3kI52C k), and show that if &
varies the loens of P has equation 87 _

. 4z + 10y —21 =0,

24. A, Bage the points (4, <7,%3, 6); find the locus of » point P
which moves 20 that the areil of AABP is numerically 10. .

25. 4, B, Care tho peifita ( - 2, 4), (1, 1), (4, 2) ; find the locus of
a point P which moves s6'that the area P4 BC is 16,

28. 4B, a sﬁaighgine of constant length 24, meets the coordinate -
axes at A, B; on ¥ B and on the side remote from the origin ab :
equilateral tria\hglé ABP ia drawn; show that, if P is the point

(z, o) :

: A L ih b sl R T A .

27. Phow that the polar equation of the line passing throngh the .
POD}N"U 81)’ (r:;l 02}! i&
S

87 28, Find the length of th Sendi ] ( .2_:,1.)
¢NY to the line ngh e perpendicular from the point { 4, g/
)

.5 .
\ rcos(8~§)=1_

29, Bhow that the point (am?, 2am) & g -
" {a, 0) and the line z-&-Pa :0.( am) 18 equidistant from the polm |
80. The line PQ passes through the point ( — 5, 2) and makes op |

the azes intereepts oqual in magnitude and sipn : tion-
ot PQ gnd of the perpendiculsr from the Dn'gm%gnt(’) }ﬁ)réd the equs

1. 1 . 1.
;sm(@,—ﬁl)—l—asm(ﬂ—-Ba)-i-r—gsm(ﬁl-ﬁ):().
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31. A, B are the points (4, 4), (2, 5) and O is the origin;
rOAC =21 ACB

in magnitude and sign ; show that the locus of €' i 15 & line paratlel to
the y-axis.

32, The line through the point P(e cos 8, 0) perpendicular to the
2-3%i8 meets the lines

L cos 6+Lsin =1, % cos 0+ 2 gin =1
a b a &

at §, B respectively ; show that PR : P@Q=a:b. \
83. Show that the lines _ £
Ax+By+C=0, Adyx+By+0,=0 ¥ '
cut the axes in concyclic points i A4, =BB,. W
84, The lines
ax+by+6=0, aE+by+e =0,
az-+by+etalg@+by+e)=0"
moet the x-axis at 4, B, O'; show that 4C=a0B.

83, The lines \ o
av+by+e=0, a@ -i;‘bigf—k ¢ =0,
a:c+by+c;|:k{a1wcr—‘51y+c1) 0
meet the z-axis at 4, B, O, D ptove that (i) AC: OB=ka,:2;
(i) AQ: CB=AD: BD.
36, Tied the e]rcumcep‘tk of the tnangle with vertices (3, 1),
(L, 5), { ~6, 4). R\

637' Find the cucumeentm and eircumradius of the triangle with
sides .

x+3‘v? O 24y -10=0, x-Ty+10=0.
38 A, Bafe\ﬂm points (1, —2), { - 3,4} ; find the points P on the

§ z -2y +4=0,
3“0h~th&t the area of &PAB is numerically 13.
o "39 The line .
3 T Y
V Z4i=1

- meots the z- and y-nxes at 4, B respectively ; perpendmu!a.rs from
4, B to the variable line
y =mz
meet this line at O, D; DP, CP are parallel to the - and y-axes
1'eﬂpectwely show that P lies on the line 4 B.
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-_40. Find the equation of the line joining the points A( —2a, 0),
B({(, &) and of the parallel line throngh the point (0, 2«) ; show that, -
if @ varies, the locus of the mid-point of 4F is the line

%42y =0,
41. 4, B, C are the points {4, 5), (—3, 1'5), (3, —8); CD, perpen- .

dicular to AB, meets AB at D find the coordinates of D and of B,
which divides C'D internally in the ratio 2:1; show also thas

AR 3 BC. O\
e
42, Show that the lines 7NN
4x+y_9:0’ ~,". N
©-2+3=0, . )
br—y—6=0 ¢

mske equal intercopts on any line of gradient 2:’}\

43. A variable line passes through the pdint P(k+3, 2% 1) and
has gradient — 3 ; ¢ is a point on the lifigygich that P@ is bisected
by the y-axis ; show that the locus of @ ivthe kine -

T2 + 2y Pla=0.
44. A, B, C, D are the points (I, 5), (2, 4), {2, —2), (-6, —4);

AD, BC meet at E; AB, CIdmset at F ; find the coordinates of &
and F, and show that the midpoints of AC, BD, EF are collincar.

45. A straight line padiihg throngh the point (1, 2) s torminated
by the «- and y-axess,_show tha$ the loous of the mid-point of the

&

line has equation, \
O 2m-2e-y=0.

86, A straight line passing through the point {2, 3) mocts the
z-axi¥ at AN\and the y-axis at B; P divides AR externally in the
ratic 2 : dyvshow that the locus of P has equation,

O\ oy +6{x—g)=0.

MAD, BE, OF are the i
A2)AD, BE, perpendiculars of the AABC; 4, D,
\f}g are the points (-4, 5), (38, ~42), (4, 1), (-1, —4); find the
\equations of the sides of the triangle and the coordinates of B and C.
A\ _48. A4, B are the points (—1,2), (-8, ~2); find the oquation of
()" (b the line passing through 4 and B, (i) t%le fine thm?i%h 4 and

A\ having gradient — %, snd determine the 1o i i
\/ - these lines make on the ling, ength of the mtercopt which

22 +4y - 11 =0,
48. P, Q, two points on the kine,
Ty 1.:0: .
are distant 5§ unite from the origin € ; find the aves of AOPQ.
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50, A line through 4{ -2, —3) mceta at B and C the lines, .
z+3y—-9=0, a+y+1=0,
and A8, AC =20 ; find the equation of AB.

51. Show that if any line through the variable point A({k+1, 2k)
mects the lines,

Nx+y—16=0, Br-y-8=0, x—5y+8=0
at B, ¢, D respectively, AC, 4B, AD are in harmonic progression. \:\’
52. A line through 4( -5, —4) meets the lines, B Y
2+3y-+2=0, Zxt+y+d=0, z-y-5=0 (n.’;'

at B, , D respectively ; AC, AB, AD are in harmonic pmgresmon
find $he equation of AR. \

52. Show that the points {u?, 2af), {aif.l, a{t+ tl{]le on the line,

y—-— 4-af, \ s
and show that the tangent of the anglelb bctwaen the lines joining

these points to the point (¢, 0} is £ 1 %-—:IL

54, PQ, RS, AB are respectawl’y the lines,
axr - 11y — 19=8 2z - y=0, dx+3y=0;
P Q, RS are equally mc].lm}h‘ t0 AB; find a.

§5. The axes hem?\&lchned at angle o, show that the tangent of
the angle between; the lines,

"’\ y=mr+e, Y=mit+é
N : {m —m,) sin @

OO ET A mtmy) cos @-mmy
53.-:%;\;{; that the area of the triangle whose sides are
, .»\’73" B +by+e=0, axtby+o=0, agrby+e=0
\M\\zlg 1 {3 (Bycq — byts) + b3ty — BrCy) +at (B — Detn 1P

2 (@sby — agbo}{ashy — it D3} (4:Dg — aghy)
57. 4, O, B are the points ( —a, 0), (a cos @, 0}, (s, 0}; the lines
xcosp+yeinp=a, xcosp—¥ sin =0
meot at D ; show that D lies on tho z-axis and that
AC:CB=AD:BD.
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B8. A, B, O, D are the points - :

(42, 40), 99, 60, (5, -21), (%, -a);
show that AB and €D meet on the Ijn_e,
F z+a=10, .

and that 4D, BC meet at the point (a, 0). _

§9. 4, B, C, P are the points (2, 6), (-2, -2), (-1, 5), ( -3,4);
D, E, F are the feet of the perpendiculars from P to BC, C Ay 4B

find the coordinates of D, B, F and verify that these poinds &Te
collinear. s« M

60, 4, B, (' are the points (2, 6), { -1, —1), (-2, Bf:P divides
AF internally in the ratio 2 : 1, and ¢ divides AC extornally in the
ratio 3:1; find the coordinatos of P and ¢, andshow that P is
parallel to BQ. A line through @, parallel tondB,/meets P at R ;
show that B divides PC externally in the ra,tiis v 1. .
61. A, B, C are the points (4, 6), ( —5, )42, 4); D divides BCin
the ratio 1: 2 ; ¥ divides 04 externallyju the ratio 3:1; DE cuts
- ABat I ; find the coordinates of F dndshow that A7 : FE=2: 3,
62. A, B, O are the points { -8, 22), (-4, 1), (-2, 5) and 4D,
BE are perpendiculars of AARES fnd the circumcentro § of the
triangle and prove that S0 { JDF.
. 88, 4, B, ¢, D are the points { -1, 4), (-7, —2), (3, —4), (5, 1}:
find the area of the quadriliteral 4 BOD, and show that it is hisected
by BD and slso by the Iine,
,i.:x br+y+l=0.
. ‘84, Show th#t the ratio of the lengths of the perpendiculars from
the points 4 (1, —,,l;) B( -1 1) to the line,
\Y% :
'\“~ e+ my+1=0, _
is Lim’ Find the gradients of the lines passing through the origin
@ perpendiculars from A and B to which sre in the ratio I : .
R\ - One bisector of the angle between the Hines,
o 3z -4y +5=0, 5x+12y—1 =0, _
\'"\} »/  meets the z- and y-axes at 4, B respectively, and the other meets

N

AN
theso axes ab 4, B, respectively ; show that AA, : B B=1:2,
66. One bisector of the angle between the lines,
T+8y+18=0, Tz+4y+30=0,

meeis the z- and y-axes at A, B respectively, and the other mects

these axes ab A,, B, respoctively ; chow iha
right dngleﬁ at t];e p(;int ( - lg‘, %if W b A-?g_; AIB‘ meet at
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&7, Express in perpendicular form the equations of the bisectors
of the angles between the lines,
€00 Y Sika=p, %008 +yeile=p.
88. 4B, 50, CA are the Iines, *
©+2—3=0, 2w+y+i=0, z+y+2=0
respectively ; prove that 4B=BC.
§9. Find the bisectors of the angles between the lines, -
x-y+2=0, Tx-y-16=0, PR
and show that these bisectors make equal intercepts on the lmes, « W

e

A —dy+1=0, 4z+3y-17=0.

'] %0, Find the coordinates of the points at unit dlstance Q&m t.he
ines,
3z —dy+1=0, Bz+6y+1=0.

%1. The line, p \\;
: z- 3y +1=0, \ 0
hisects the angle between a line I and the ]jpe, )
find the equation of L. —y+1=0; )

72. Find the equation of the hne ]ommg the origin to the point of
mtorsection of the lines,

z+4y —20=0" x—4y+2a-0.
- 8. Show that the va.mb o litie,
(k= iJ;e+(k+1)y 2% =0,

where & may have aﬂy\value, passes through a fixed point, and find
the point.

» 7. Determine the ﬁxed point: through which the line,
o (@ - 3+ (3~ 2y — (#h - D) =0,

passes whatgver the value of & may be. '

. 75..8hbw that the lines,

N\ T +4y - 21=0
m\\‘ W 2z+y_5=0
\ / qx+y=0
are conourrent. .
_ 76. The lines,
4z -5y—1=0
5z -8y +a=0
z-y=0

are concurrent ; find a.
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. 7%, Bhow fhat the lines,

3z —4y+3=0
5z —Fy+4=0 -
. z+2y—1=0
gTe concurrent.
78. Show that the lines,
oy +le+ay-1=0 O
(b-cr+ic—a)y+1=0 e\
b+ oy =0 G\
aTe coneurrent, R O
*79. Show that the lines, (O

CptHp ey - (- =0\
p-glz-(p-qly— P+
P+ gyl p=0
_ gripntg=0
are coneurrent. O\Y

.
s W

. 80. The lines, : o™y
er R hy+g=0
JE by +f=0
L Ngz - fyre=0
are concurrent ; sk OW, that
! e Caff P _ B —
\\\;abc +2fgh - af? - bg® - ch? =0,

X \}~' C. Ox Craprees VII-VIIT
gl{llhe gides of & triangle are the lines
\Y ¥=5 and 2022 —ay - 1292 =0 ;
' Sﬁﬁ& the coordinates of its orthocentre,

% 82 The line PQ) makes intercepts 2 and 3 on the - and -axes
("y"  respectively, and meets the line pair )

O “ _ 9a% — Bay — 242 —p
inPand Q; find the area of AOPQ where 0 is the origin.
83. The equation
az® + 3oy — 202 — 5 4-By + ¢ =0

re%rzsents two straight lines perpendioudar to each other; find @
A . )



REVISION EXERCISES 103

+ 84, The equation
3o + 2hay — 287 + B — 1Ty + 5=

represents two straight lines which intersect on the z-axis; find &, ¢
and the angle between the lines,

85. Show that the line
z+2y-T=0
is econcurrent with the lines
do? - Sy +4y% + Br — 4y - 3=0.
88. Show that each of the equations N
302 4 2y — 32 + 10z + 6y +-T=0 B o \
and 22 + Tay — 1542 + a0 + 4dy - 21 =0 N

represents & pair of straight lines: prove that the fouplines are
coneurretit. N

87. Show that the line joining the origin to the Q}i}} of intersection
of the line pair ‘S N\
Bt 4y — 2yt —Br 4+ Ty -S5O

passes through the point of intersection :c)lf“tﬁé line pair
Bart — By — 2y +g¢;ljg -3=0.
88. Show that the lines 3% '
ax? + 2Ry bt 2gx -+ 2fy +o=0
out the - and y-axes at pqiﬁt\ which lie on the curve
aﬂ\gé}’f+2gx+2fy +e=0.
_ 89, Pind the ratids Jn which the lines
' N8d? - oy + 8y + 62+ 2y -8 =0
divide the lide'joining the points (-3, 2), (3, — 1)
80, _P,\Qs;bhia point of intersection of the line pair
224 2py — Byt - da+3=03

- Uﬁé\:jihe meots the z- and y-axes in A and B, the other meets the
““%-'6hd y-axes in 4, and B, respectively ; if 4,5 and 4 B, meet in @,
Nshow that PQ is porpendicularly bisscted by the z-axis.

91, Of the line pair
2x’+wg—3y”-10.7:+12=0,

one line meets the z- and y-axes in 4 and B, the other meets the
- and y-axes in 4, and B, respectively ; show that 4B, and 4,8
- meet at the same angle as the given lines.

al
NG
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ax?

+ Zhayy + by + 2g + 2fy + 6 =0

and az® 4+ 2hay + byt + 202 + 2l e =0
have a line in common ; show that $he line has equation

2{g-

93. Show that the

gue+2{f-fly+{c—e)=0.
line

2(g- g +2(/~Fly+ (e =) =0 Oy
is a diagonal of the parallelogram formed by the Ynes ()

axt Zhoy +hyt 4202+ 2fy+e=0 o
and az? -+ 2hxy + by® + 2,2+ 2f 4+ €, =0, 4 ‘
94, Given that the equation m\\'

(aw-+ by + 297 + 2fy + o 20NV

represents two straight lines, show that \j
(i) the lines are parallel” \ s
(ii) a’f bg 4 s v }
. 2 g 2 _a¥c
(iii} the distance betvyeen f.he lines s -
85. Show that the equa’cilpn,
(B = 1)2" ~ 2afizy wle" 1) +20 + 28y — (o2 + 7 =0

Tepresents two Btraa&ht Imes and determine their point of infer

section.
96. A is the, p{fn.tr

e

{1, 2) and Piga vsmable point on the line pair

228+ ay — 6yt -6z + Ny —3=0;
show that t?he locus of the mid-peint of AP has equation

P\%

4+ 2y - 1297 — 11 + 3y — 20 =0,

9'\?'\0119 of the lines
\\ ' aa® + 2hzy + by + 200 + 2fy +e=0

98, The line
meets the lines

. ‘ riakes equal intercepts on the azes : show thad

a+b=2h.

gx+fy=0

ax® + 2hay + by + 202 + 3fy + ¢ =0

at 4, B; show that
20, The equation

4B it bigected at the origin.

ax® + 2hay + ayf + 2gn + 2fy 1 0=0



REVISION EXERCISES 105

represents two distinet Jines; show that the origin lies on the
hisector of one of the angles between these lines, if

g=f*
. 100, Show that the line which is terminated by the lines
aw3+2kxy_+by2+2gx+2fy+c:0 )
and which is bizected at the point (,, ) bas equation

{amy + hyy + 9} (@ -2y +{Raey + by, + )y -9, =0. Oy

101. The axcs are Totated through the acute angle whose tangent (™)
isd; find the new coordinates of the points (1, 2), (5, - 5) ( —4, 2}:\ .

102, Transform the equation I
wy=ct . - Qg
the axes being rotated through 45° N4
- 103. Transform the equation ) ,:\\:
zy -2ty -B6=0 N\
the origin heing moved to the point { —1,2) and the azes then
rotated through 45°. A\ N
104. On changing the origin the ling ™™
2z-3y +150"
. 2x-Aph6=0;
show that tho new origin must lic on the line
: %ow -3y —5=0."
105. On mtating.hﬁ&*a.xas through an angle 8, the line

NS 2miy-3=0
hecomes the lifie™ - :

becomes the line

\Y z2+2y—-3=0;

show ‘L‘ha&ka}ﬁ f=—3%, . .

108x Iransform the equation
~O 2y 4 2 —dy -3 =0
\tb¢ origin being changed to the poinb (-1, 2) and the axes then
Iutated through an angle 8. . :

107, Transform the equation
: 92 — 24y + 1637 — Lo — 23y +36=0
the origin being changed to the point (1, 1) and the axes then rotated
through the acute sngle whose fangent is £. :

N\
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108. When the axes ars rotated through an angle § the equation

ar? 4 2hay + byt =0
becomes .
@ +hy?=0;
show that ' "
2
tan 26 = [},—.—l) - ‘<\
109. When the axes are rotated through an angle 0 the equation
aa® + Shay 4 byt =0 o

K
. )
ot + 2oy + b,y =0 ;

becomes

%
%
s

A
a,+b,=a+b, ab -hi=ab- K /
. ."\
110. Show that when the origin is chang {he'equation
ax® + 2hay + byt + 29+ =0
is transformed into an equation of thg{{)ﬁm
ax? + 2hay + by + Lok 2f 1y +-0, =0.

1

show tha.f;_

N
2N
&
e
N
, N
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¢.& &.}
b\
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PART II--THE CIRCLE

' CHAPTER IX N\

THE CIRCLE \:\
§ 43, The equation of the circle whose centre 16 the origin and, \u}
whose radius 15 a 18 ’ a\s
@+t =a. K::\

Y

O
L\
) FiG. 34.

I £
Let P (Fig. sgy\"p;ény point {z, ) oo the circle.

Then x"i"} OPF=a®+y%;
) S rt=ot

Thiag(}mation is satisfied at any point on the circle and at ne
Ot}l@:ﬁ’oint and is therefore the equation of the eircle.

\J .
<>Note 1. The polar equation of the ¢ircle is r=a.

Note 2. In the case of obligue axes inclined at angle o,
OF? =2 + 3%+ 2y €03 &,
1. a4yt 4 2y cos @=a%,
which is therefore the equation of the eircle.

4
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EBrample. Find the equation of the cirele which has its centre
at the origin and which passes through the point (z,, 1,) '

The equa,tién is 2+ =af
where oty = -
*, the equation is a2+ y“— ccl + yl" \

\
\

§44 T?xe equation of the mcle whose centre 13 the pmm‘fk ®

and whose radins iz a 15
< "‘.

E-A) +(y - k)*—a“ ¥
A\

Flu. 87,

+ &)
. \\&
Let ¢ {Elg‘ 37} be the pomt (h, k), and let P

point onf f];e cirele.

(z, ¥} be any

7

: CP (2~ kP4 (y - P,
()" @R +(y—kpP=a?,
\%luch 1t therefore the equatien of the circle,
»\::\, " Notel. This equation can be written
:L‘3+y‘2—2k€c—2ky+(ﬁ2+k’—-a2}=0 H
hence the general equation of the second degree, viz.
ax3+2kxy+by‘+2gz+2fy+c=0,
cannot represent a vircle unlesa @ =4 and k=0,
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Note 2. The polar equation of the circle may be obtained thus :
Let P(r, 0) (Fig. 38} be any point; on the circle with contre C(p, «}

and radius a.

O
P : “}‘
¥ 9. } Wl\ v
Then a?=L'P? v
_ =y3 +.p’—2rp coa (8 -»—{»),\';
Le. 2 —2rp cos ( —o)=a® —p?, ’~~:\ v

which is therefore the equation of the circle ",
Note 3. In the case of oblique axes ’mo’hned at angle e,
OF* (Rig. 37)=(x ~ A +{y ~ N2 (x — k) y - k) cos o,
ie. (x— A +{y —-}c)2+2(m§}j’r)é,!— k) cos w=a?,
which is therefore the equation Of the circle.
§45. The equation | |, \,\ '
BPIP+25+2yHe=0 oorrreriarerinn. (i)
represents a circle, chnre { —g, —f) and radius Jg# + 2 —c.
Equation (i) :(:’e];}l"be written
C D g P
Le. the didavice of the point (z, y) from the fixed point (—g, —f)
is COna;@Jt and =2 £f2—¢; '
_ @\ 'the point (z, y) lies on a circle, centre (—g, ~f) and
Qﬁﬁﬁﬂ NP +fF ¢, i.e. cquation (i) represents this circle.
Hote 1. The equation
A4 Ay +2Gz +2Fy + =0

F

- C
a¥+7=%

an be written x’+y’+2§x+2
&
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and hence represents a circle, centre ( i g ) and radius

VW’ Le. ZV’G‘%—F’:E

Noie 2. Tf, in equation (i), e=0, the circle passes through the
origin ; if f=0, the circls has its eentre on the x-axis, and if g=4,
the centre is on the y-axis. \

Example 1. Find the centre and the length of the mdws x:f‘c?w
etrele O

@492 + 4o -6y — 3 0. A\
The centre ig the point ( ~2, 3) ;

length of radius =227 { — 3F( > 3) 4,

Ezample 2. Find the centre and the Ie@tk of the radius of the
etrole
922 4 992 — 122 +.6\
The centre is the point {§, .7: J}‘, Le. (1_;, ;};);
length of radius = %J(" 6+ (3R -9(-4H=1.

Ezample 3. Find the' equatwn of the circle passing thfougk the
points (~1, 3), (2, 20(1, 4). '
The equationy 13,\
N\ m“‘+y2+2gm+2fy+c =0:

where () T8 =28+ e=0.oeerroeeren. Q) -

PN\ $+d+dg14f10=0 o] (i) -
a.nd\“ 1413 4+20+8f +¢=0. ...vvverrrenen, (i)
\ From (5) and (i) 69— 2f—2-0,

,“5‘. 3g-f-1=0. .o i)
~O° Ffom (if) and (iii), % —4F—9=0. v (v).
\/ - From (iv} and (w), g=-3f=-3,

-, from (i), e=4,;

and the required equation is
oyt -by+4=0,
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Example 4. Find the equation of the circle whose centre is on - .
the w-axis and which passes through the points (0, 3), (4, 1).

The equation is 2+ + gz +e=0

“where 9+e=0,
and " 16+1+8g+e=0,

ie. where ¢=-9, g=~1 . ,«\
', the equation is :n2+§ 9 9=0. ) \E\ “

L 3
,s,‘

" §$48. The circle which has as diameter the join of tha g)bmts
A(xy, ), B, y,) has equation , \’\

(@ —2y) (@ —25) + (¥ — 1) (4 — Y2 =’0\\,

Y
sT—<x&
N\ \\ Fra. 89.
Let P (Fig.',39;f,5£;é any point {z, ¥) on the cirele.
Then the gfadient of Ap=Y=%
\g\q’ env o _ m 51
_¥-¥
ﬂ-ﬂd“ \: ” BP _LE = 3:2’
"\
e AP BP;

A

Le. (o) (3~ ) + (y =4}y = 9) =0,
whick is therefore the equation of the cirele.
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Ezample. Find the intercept made on the p-azis by the circle
which has as diameter the join of the points (0, —1), (2, 3).
~ 'The circle has equation '
2(z-2)+{y+1){y - 3)=0,

ie, 2?4yt -2z - 2y — 3 =0, :
Where y=0, T2 -3=0, A
Le. - . ; z=-1, 3. , \ D
»'. the length of the intercept on the z-axis =4. "y
EXERCISES L,

~\
1, Find tke equation of the cirelo - W
(i} with the erigin as centre and of radive 2,
(ii) with the point (2, - 3} as centgahd of radins 3,
(iii} with the point { —1, 2) as céaftre’and of radius at,
{iv) with the origin as centre &nd "passing through the point
(v} with the point ( — 1,2j ’a;i“centre and passing through the - :
point { 2, 0), L
(vi) with the points {£3), (2, —1) as ends of a diameter.
2, Find the centre gad length of radius of the eircle :
B @ +y=8oN"  (iv) g 12 gy g1 =0,
(g) 232 +2y8 23, (v) 822 + 8% — 122 + 20y — 1 =0
i) (= L%y +212=5, (7) (2 +1)(z—8) +(y - 2)(y - 4)=0.
_ 3. Provethat the points (5, ~ 14), ( - 10, 11}, {2v/13, 13) lie on a
cirele witithe origin as centre ; find the equation of the circle,
4 Thooircle oyt 4992 490y 4+ o

pasges through the points (2, 1), (0, 8), (1, 2); find g, fand o,

AN\ 8. Find the equation of the cirele passing through the points
WL0-6, 5), (-3, -4}, (2,1}; find the centre au;z%i lengt% of rading of

™\ “the circle.
_~

\

X

8. Prove that the points (2, 0), (-1, 3, (—2,0), (1, - 1) lie on
a circle ; determine its equation and the caordinates of ifs cenire.

7. 4, B are the points (-2, —3L (6, 1)1 € in the mid-point of
'AB and D divides AR internally in the ratio 3:1 , find thepcoordi.

points are eoncyclic with the
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8 A, B, €, D are the points {—2, —4), (1, 5), {(6,0), {3,1};
show that the circumradiua of AARC ig equal in length fo the
join of the mid-points of AD and BC,

9. Find the pointg at which the line

: z-Ty+25=0
cuts the circle
224y =85,
10. Find the points at which the line K¢ ¢
2ty —4=0 2N
cufs the circle W
84yt +dx — 2y - 20=0. TN
11, Find the longth of the chord : £O
3x-y+5=0 :\
of the eircle ’
2?4yt = N
12, Find the length of the chord \ 4
4o -3y —5=08)
of the circle « \J
22 +y? + 30—y - W0=0.
13. Show that the chord . N

| %3y 8=0
gabtends a right angle at the «entre of the circle
_ 922 + QA< 182 + 6y ~ 170 =0,

14. Show that the s{;@‘a'
of the cirele . ()
_ NG B rlaoy=0
is greater thay\éhe chord

i“\ & . . x=2y. .
15. %ﬁhe equation of the circle having the origin as centre and

passing, through P(4, ~7); find the length of the chord PQ with
g{’gﬁiﬁnt 2. _
#\16. Show that P(1, 1) lies on the eircle
\'4 : xt gt 4+ 6y —12=0;

find the coordinates of the other extremity of the diameter throngh F.

1?7. Bhow that the ecirecle
a4y -2272y-3=0
{risects the line joining the points { —4, —1), (6, 2)

x—y+3=0
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% '26. Find the equations of the circles naue: through the points
(& -2), (=3, ~1) and having rading 5. S UATOUE i
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18. Show that the line joining the points (-9, 3), 3, -1} is

divided internally and externally in. the Tatic 3 : 1 by the circle

2+ 3% —12% — Gy =0.
19. Determine the Tatioa in which the circle
2Byt -8 —y=0

/N

- divides the join of the points (-1, ~2), (3, 6}

20. Show that the locus of the mid-points of lines drawn frong the
origin to the eircle R
243+ 202 + 2fy + 46=0 O

ot
2

Py rgr+fy+e=0, \)

ia the circle

&

21. A point moves so that the square of its Qf{séﬁce from the .
point ( - 3, 2) varies as ite distance from the Hnev )

Sx—dy+2=0; RN

show that the locus is & eircle, and find @:éluaﬁon given that the
point (3, 4) lies on the locns, N

22. 4, B are the points (~2,1),((12); P is a variable point
such that o\
SAR=IRP ;

show that P moves on o cirgle and determine thé coordinates of the
points at which the circle‘euts 4 5.

3. Find the equation™of the circle passing throngh the points -
{~4,1), (3,0) and having its centre on the y—gxis. ¢ i

24. Find thelequition of the circle passing throush the points
(0, 1), {4, 3 &Q(fi&?ing its centre on the tine & g P

O™ 42~ by ~5=0.

\¥ )
25. %ni the equation of the circle passing through the points
{-1.3),)(8, 5) and having ita centre on the Ijng 8 F

AN %42y - 6=0,

27. 4, B, C are the points (3,8), (-4, -2, (3, ~1): find the
points whioh are concyolio with 2, 5, ¢ and ahic o o s s

] ¢ —~3y+2=0,
28. Find the points of intersection of the circles
] I:c’+y*+4w—2y-—.5=0, Ty 2 - ¥ =0,
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29. Find the points of intersection of the circles
22yt -3y -10=0, 227422z 2y -15=0.
80. Show that the circles
2+t 2y -3=0, 2+37-06x-4yt+3=0,
a2+ +2r -6y -16=0
have a point in ecommeon.

31. Bhow that the circles . .
22 -3y=0, 2+pPt+tr-y-6=0 ’;’\""
intersect on the x- and y-axes. ) .." ™y
32. Show that the centre of each of the circles . ‘."\ ¢
222+ 22 3z ~ 4y +1=0, 162%+164%— 32 “1=0
lies on the other. ’,\\',

33. Show that the centres of the circles. '\ &
a® iyt 20 —By+9=0, Za? +2y$:i-’3:¢’+'y—-9=0
are the ends of & diameter of the circle 3 e
da? +dof + T — 1\_[‘9—

84, The circle - N
2%yt 52 7y+6 0

meets the x-axis at 4, B an ‘ﬁhe y-axis at 0, I; show analytmally.

that 04(0B=00C.0D=8,
where O is the origin. \\

85, The circle N
\"’“':c:”—!-ya -4z -y -12=0

cats the - a,m{at A4, B and the y-axis at ¢, D; show analytically

that 04 .08=0C . 0D,
where o\m\we origin,

36, 3.?1‘0\?9 that the lines
- :"\’f; %=Ty—-56=0, ... {i) z—y—5=0, ...... (i)
\\ Y EBy-T=0..fil) &+ 3y5=0 (V)
are the sides, taken in order, of a cyclic quadrilateral,
87. Bhow that the lines
32 —day + 2 =0

mtersect the lnes . .
— 20y + 22+ 6y - 15 =0

In coneyelic points.
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88, Show that the equation
(i) 2%+t 4+ 292 +2fy=0

represents a circle passing through the origin,

- (M) aPyt+2w=0 |
represents a circle passing through the origin and baving its centre 4
on the r-axis.

What form has the equation of a circle passing through the origip\~
and having its centre on the y-axis ? .'\\..;.

Investigate the locus of the equation O

3 . xz+y2+29$__a2___0. "’:‘&.

39, Find the equation of the circle passing throngh mobﬂgm and
making intercepts ¢ and b on the x- and y-axes msgfz\é{wely.

40. A circle with its centro on the y-axis passes'\ ough the origin
and the point {a, b} ; find its equation. \

3

\>

% v 4
7 ’{'
A
.;‘w’
L)
4
\
\\
AN
L A Y
&3
£ 3 “‘
N\
7 .
m;\
¢ .'\&t
L)
Py d
> N4
L)
9.\l
n\{‘,



CHAPTER X

TANGENTS AND NORMALS oS
§ 47, Definition of Tangent and Nommﬁ ¢ :"

Let P, ¢ be two points on a curve and let P rema,m\ﬁxed
while @ moves along the eurve towards P ; the Lide(to which
the secant PQ tends as @ tends to P is called the ta.ngent o
the curve at P. The straight line through 2 a,h}’perpcndlcu-
lar to the tangent at P is called the uorma}t})fhe curve at P,

§48 The equation of the tangent to ;he éwcle

e+t = ep
at the point P{ ml, 1) *;;
If § (xy, 4,) be a second pgmt on the circle, the equation of
the line PQ is ts —
_ \yyl%w(x b
but ol L yP=at = +yds
A 5l yh-yd= =@t 2P
'\ i Yo—th Tt
\w o Xy - 31 Yot
", thé aquati f PO is e s VR
R @q on of PQis y-1h= et ( 1)

'"\ Let Q now tend to P ; the equa.tlon of the line to which P
\tendg 18
y-th= *—(w—xl),-
Le. o2y + 3 =2+
Xy Yy =
- which is therefore the equation of the tangent at P.
117
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.“\..”j" Where (i) and (ii) intersect,

N\
) 3
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Note 1. It follows that the tangent to the circle
Az 4+ Ayt ==0?
at the point (2,, y,) has equation
Az, + Agy, = a2,
HNote 2. The foregoing method of deriving the equation of a{
tangent may be applied to curves other than the cirele ; in the
particular case;of the circle, the reader may readily obtain(the’

equation of the tangent by finding the equation of the straiglt Tine
perpendicular o a radius at its extremity, \/

Nole 3. The reader familiar with the calenlus may dérive the
equation of the tangent thus ;

@ +yt=at; o
. W _q. ’
. 2x+2y dE-—O H /
-y R
. RTINS
- the tangent at (x,, y,) has egqai;io '
Y = /
. :.?59351 n
ie gy =n® yf,
ie. N+ iy =ad.
:m}\ 1 .J?h
Ezample 1. Detormine the points at which the ¢ ngent at the
point (1, 2) tosthe'circle :

a?+y2=5
cuts the civele
PN

: Py=10. oo,
@}:é’quation of the tangent is
O\ T4+2=5. .errron R R

(5 -2y + 2 =10,

le. - ¥ -4y +3=0,
Le. _ y=1or 3,
and ., ; z=3 or -1,

. the points of intersection are (3, 1), (-1, 3). \
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Ezample 2. Show that a tangent from the posnt (3, 3) to the
circle
4a? + 445 =b
iouches the civcle af the point (-3, 1).
The point { -4, 1) lies on the cirele, for 4(- 1)% +4(1)*=5,
and the tangent at the point (-}, 1) has equation

-2z +4y =5,
ie. 2 —4y+5=0; A\
and 2(3y-4(3)+5=0; D

o\
.. the tangent at ( — 1, 1) passes through (3, £)- \

§49. The equation of the normal to the circle ()

B R I o
at the point P(z, y,)- O
The tangent at P has 51;aai"en —g—l H
RN 1
~ 1.
e th 3 ’)’:"‘v Iy !
& normal ) y

S &
', the normal h@".éx}quation Y—19= %1 (& -y),
\ N/ 1

A\ ¥4,
. v
Note. In théparticular case of the cirelo, the equation of the
normal may e readily obtained by finding the equation of the
radiug Wh;.%e‘extcremity is the point (wy, ¥:h
W\

ie.

§5\d.'z’; The condition that the line
O y =i +0 tervneeeressreeeranenesenidl)

1y touch the circle _ . 3
2%yt =t JSUPUTOROURUPORRPPRRRRPR 1}

Where (i) and (il) meet,
: 2B+ (mz+ P =d’

te. © (1 + m2)2% 4 2o + (B = @) =0n connsrnnsecs- ()
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o
When the péints of meeting are coincident, equation (iif) has

equal roots,

and -, w1+ mE) {2 —a),

ie. E=a?(14+m?), .

ie. e=tav1+mt, Q

which is the requlred condition. O\
Note. Tt follows that the lines OO

y=mz tavl +m? (»’f"'-

are tangents to the circls {ii) for all values of m.

. Emmple. Find the equations of the tangents-fa, ;ae circle
99 =25,

which are parallel to the line R4

dz+3y+50N
The gradient of the, tangents
. the equations of the tangents are

y= -4k IJ1 (- 3F,

ie. 122+ 9y - 250 and 1%+ 9y + 250,

2\
§61. The eqr{ qf the tangent to the circle

@+ 42+ 2% + 2fy + ¢ =0
af the pomt P(xl, 7).
If Q(x.g\ %) be a second point on the circle, the equation of
the ]m& PQ is
.\’\\ Y- —'___ (:1'.‘ xl})

X \but ER BT +2gx1+2fy1+c 0 =&+ Ya? + 2, + Uy +¢ 3
9 A L xl’i+(y= ~9°)+ 202y - 2,) + 2 (y, — 4,) =0 ;

2= Y1) (e + 41 +2f) = ‘(3’2 — 1) (&g +a; +29) ;
. the equa.t:on of PQis

!

_ Tt 1+29(

== Bty +2f

~);
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.. the equation of the tangent at Pis C
__2mty), .

. ¥Y-unh-= 2{y +f)( ,x‘l}s

ie. axy +yyy T2 Iy =2+ Y T 92+ o
L. 2ty + gy +g (@ + @) +f (g +g) +e=2" + 3,7 + 292, + Uy +e,
ie. ax, +oh gl ) +fly+y)+e=0. :

Note 1. T4 follows that the equation of the t.a,ugeni:r at the point
{r 1) on the circle  ga2 4424 202 +2Fy+ C=0
is Az, + Ayy, +Gle+u)+ Fly+3,) +0=0. N

XNofe 2. The reader familiar with the calculus may derwe( the
equation of the tangent thus: A\

x4yt 13z + 2fy+o=0;

2:c+2y§5+29+2f =0; D

dy x+g

'E='§}7~.

Le. Tty + YWYy +9’1‘+f3.}“ 2%+ 2 F g% Y
ie, m1+yg1+g(x+x1}+f(y+‘y1 +c—x1=+,;13+2gx1+2fy1+c,
le. wr +yy +o(z+u Fa)+e=0.
] 1 it 1)"\&9/ ) . %1g,
. Note 3. The tangeritat (=, ¥1) has gradient — - gt S

NS/ ' y +f,
the ormal ,, - » » xi g’
;he*normal at {xl, #,) has equation

{\ ¥-4%_ yi"'f
~:, T-2 Ht+y

'"\E:camng 1. Find the equation of the tangent to the etrcle
' # gt +4z—8y-5=0
ol the point (2, 7).
The required equation is
. 2o+ Ty + 2o +2) - 4(y+7)-5=0,
b 4o+ 3y — 29=0.
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Emmp!e 2. Show that the line

. +y+2=0 ... (i)
8 o tangent to the circle
' :c2+y2+6$+2y+5 =0 i, (ii)
“Where {1) angd (ii) meet O\
224 (20— 2P+ 62+ 2( — 20— 2) -+ 5 =0, O\
te. @ +2e+1=0, (7
and th1s equation has equal roots ; therefore lme‘(l) is a
tangent
\

Ezample 3. Find the equation of the cwek which passes
through the point (1, 0) and touches the Em@\\.,

at the goint {2, - 1),
~ Let the equation of the clrcla be
22 yp -,I;;ng+2fy+c=0.
Since {1, 0) lies on the ~b.‘frcle, .
Q 1489 4+6=0. cornrervrrson.onl)
The equatlor\@fhe tangent at (2, — 1) ia
Oy rgle+ ) +fy—1) +e—0,
Cie :;;}~’ G+2F+(f- 1y + (2 ~F+0) =0. ooerrerr i)
.;:{from_(i) and (iif),

"N which, from (i), 17

SoFf=38, g=1, o= -3,
and the required equation is o

432+ 23+ 6y - 3=0,
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§52. The equation of the chord of contact of tangents from the
point P(xy, ;) to the circle
4 yt=q
Y

R

NG
Fre. 40.

Let the tangents from P (Fig. 40} touch the ?irele at @ and B,
If @ is the point (=,, ¥,), PQ hag the eqlratlon

_ _ Ty + Yo —qﬁ,;’
and P lies on this line, oW
R . AR yﬁ;gé a?,
Le. Q lies on the line R
Py + Y =0t

Similarly R lies on ﬁh}} lme, which is thereforeythe line QF,
Le. the equation of &he chord of contact is
NS am +yye—dt
XNole. In Q\same way it is proved that the equation of the
chord of c&{t@nt of tangents from the point (i, g} to the circle
\ 243 + 2z + 2fy +0=0

BN wm g te(ota) 4y +9) o=0.
\}'\E?u"ample Find the equation of the tungenis from the erigin to
6-cirele :
#2492+ 290 + Ufy +e=0.
The chord of contact of tangents from the origin n has equa-
tion
gr+fy+e=0;
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", the equation of the tangents is
2
2 442+ (293 + 2fy) (—g%f?”) +c(—-9""+fy) —0,
Le. , (@ +9) =gz +fy)*

§53. The equation of the tangents from the point P xl, y,) ta
the circle )
&+ gyt =a?. O
We give two methods of ﬁnchng the tangent\s,‘ as both
methods are instruetive. ¢

1st Method. Change the origin to P and theEequation of the

circle becomes O
(z+2,)? H{y+y,)*=a?,

Le. o +y® + 2,2+ 2y + (0] *\Fyl *—a%) =0.

Referred to the new axes, the»tangents from P (see §52,
Example) have thercfore the eQuatlon

Azt a?) (35 + %) = (22 + yy)2

Referred to the orlgmal axes the equation iz therefore
: (22 +97- aﬂ)l{‘f}\— et +{y —y)% = {mle—2) + o ly -9

e (2,2 + g2 "*KN(“’”"‘?:’E az)‘i‘(% + 92 —a?) — 2z, + 1y, -7}

:" ={(xx; +yy, — a®) — (22 + - ot
ie. ~(32+y1 —a*)(2* + % — 0®) = () + gy, - a*P.
zgdwexkad. Join P (Fig. 41) to any point @ (z, ).

Fig, 41,



§59] TANGENTS AND NORMALS 125
The point dividing P in the ratio & : 1 lies on the eircle if

kx+xN\g | fhy+y 2
(k+1 +(k+1) =

e df (2447 a2+ 2 (amy gy — a4+ (22 g, -6 =0. ()
If PQ cuts the cirele at A and B, the two values of  given
by eqdation (i) are the values of the rafios P4 : AQ and

PB:BQ. Tow if Q lies on either of the tangents from P to \ ™
the cizcle, these two values of & must be equal and \

ool
L 8.

(= +4® - a?)(a? ‘1“_?;' - a®) = (32, +yy, - “2)2:

# {"
which is thercfore the equation of the tangents. \

Note. Using either of the foregoing methods, the\(eader should
prove that the equation of the tangents from the? b (zy, ¥y} o
the circle AN :

2yt + 202+ 2fy4c= 0 A\ \/
B {4yt + 22, + 2y + o) (@R + + 2greb2fy +o)
= {2ty +olr t,zg)%f (51 + ) + o

N \S

Example.  Find the equatidns of the tangents from the point
(=3, —4) to the cirdle K4 ,\

2 +\y‘a dz— 2y -5=0.
The equation of; 'bhe palr of tangents is
(9+16+12\+~8 B)(x®+9% ~dx -2y —5)

. §3‘ ={-8z-ty-2z-3)- (G- 9 -5,
e, 40{&* +y -4z -2y —5)=( bz -by+5y,

,%ff"),s(xzﬂ 4o 9y 5) =5 (a4 Jay + o — 2~ 2y + 1),
Ng! 32% — 10zy + 347 — 92 — by — 45 =0

1. (3z—y +5)(x' -3y -9)=0;

*. the equations of the tangents are

Jx-y+5=0, z-3y-9=0"
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ExercISES

- 1. Find the equations of the tangenta to the following circlea af
the points indicated :

(i) 2*+4° =25, (-3, 4),

(i) 8a?+8y% =5, (}, —}), A
() def 4 dyR=25, (-2, — gy,

{iv) 2%+ + 4z +6y=0, (0, 0), o

(v) &+ — 62 -2y~ 3=0, (5, 4), A

(vl) (z-1P+(y+2P =5, (3, -3}, \

(vii) 2% +2¢% Bz +dgy +1=0, (1, -2},

2. Find the equations of the normals to the djrgles’of Fx. 1 at
the points indicated. S\

3. Bhow that cach of the following linesdsaangent to the circle
indicated, and finid the coordinates of the point of contact :

(i) Su—4y=25,  22+,2L057
(i) 5z +y=0, 2 L= 10x - 2y =0,
(i) 2z +y-10=0, o3 y? - dw -2y =0,
(iv) e +2y ~12=0, | 2"F1? —6x —dy +8=0,
(v) 8z —Ty+22=0,0822 + 3y — 22 — 5y -7 =0.

4. Tind the equation Qf:‘qﬁb circle with centre {1, 2) and touching
the line Sz -3y +12=0.

5. The line 22 +3y —5=0 :
is a tangent %o areircle with centre (3, 4); find the intorcept which
the circle makéa‘en the y-axis.

6. Show that the tangents to fthe circle

Pyt +8r -2y 4 5=0
at thovgeints P(—1,2), @ -2, —1) meet at the arigin O ; show
'ﬂ"lefi\'PaQ is a right angle, and prove analytically that the bisector
\éﬁPaQ Passes through the centre of the circle.
\ 7. Show that the tangent to the circle
b Z+y? 62+ 2y + 5=0
at the point (1, 0} touches the cirela
. bt + 5yt —4,
8. Show that the tangent to the circle ‘
2 +yt=13 '
at the point { -2, 3) touches the circls
2 +4% - 10242y - 26 =0,

*
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9, Show that the atraight line joining the centres of the circles
Ty —dy -12=0, 2+ -dx+8y-6=0
tonches the circle _ '
D02 + Qg B~ dy +5=0.
10, Show that the circles
2t +yi=13, a'+yt-12xr-8y+39=0
touch at the point (3, 2).
1L, 8how that the circles
o8+ 4%+ Baw + day - 3a®=0, =*+y®—Baw —Gay+Ta?=0 N )
touch, and determine the point of contact. AN ’
12. Show that the circles - ’\ N
a2+ 8r+14=0, a?+y®—dx-8y-30=00\"

intersect at the point ( ~3, —1) and that the mdm@f either circle
through thiz point is a tangent to the other cn:c]e‘ .

X

13. Bhow that the circles P\
6 -11=0, 2?+yfc A _1=0
Intersect at the point (1, 2) and that thmr ‘tangents s this point are
perpendicular to cach other. g
14. Show that the tangents to the clrcles
e 6ax+6ay+1602\L0 2%+ y® ~ 2ax 4 6ay + 8a2 =0

zthelther of their points 0£ ih’aersectlcm are perpendicular to each
ET,
15, The circle K )
Vst —dx -Gy +a=0

t.ouahes the xa.ga ’ ﬁnd « and the coordinates of the point of con-

NV
16 Tn eack’of the following exs,mples, the given line touches the
given CJIO ; find %,
A m 20 -y+k=0, 22+yt="5,
"\ {fi) 2z —-ky-13=0, 2*+3*=13,
\/ (i) kz+3y—5=0, 202+2y?=5,
(iv) y=kx, 24+y2-4z+2y=0,
(v} 2z —ky - 3=0, a?+yt+dz—4y-5=0,
{vi) x+3y+ k=0, 22%42° +4x+8y+5=0,
(vii) # — ky —Ta=0, 2°+4?+daz +day+3at=0,
(vili) 22~y + k=0, 2*+y*+6az+day-+8a*=0,
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17, Show that the line '
le+my+n=0 _
(x—-RP+(y - EP=rt,
i (L + ko +n P =12 (B + m2), _
18. A4, B are the points at which the lines O

Y= +ta A ¢
cut any tangent to the cirele K \“}
_ B ytmg; O
show that 4B eubtends a right angle at the origin. R "&:
19. Show that the equation ,\".\1 '

ot 4y - 2ax =0 Q

Tepresents a civcle touching the y-axis at t]\:(? origin, and thai the
equation i /

. touches tha circle

2%y ~2az - 2ayﬁf\;2\='0
represents a circle touching the x- ghdy-axes,
20, Tind the-equations of the,f;m;g'énts to the circle
' x’+y“.f:§x:8y+2=0,
which make on the axes in’é%i‘éapts equal in magnitude and sign.
21. The line A 22-3y-9—=0
tiouches the circlesg;‘g :
LRy —a=0, 22+ -8r - 8y+b=0;
- find 2 and ba _
22, ThéRafigent to the circle -
. \ 222 =25
at/thé-point (4, 3) meets the circle
L\ 242 =50

& . )
&3 86 Pand @ ; show that the tangents to the second circle at P and @
7% are perpendicular to each other, ’

}

9, 23. The tangent at the point { -2, 1) on the circle
2 riP=5
meets the circle - .

2t +yf -6z 12y + 35 =0

at P and @ ; show that the tangents to the second circle at P and ¢
are perpendicular to each other,
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© 24, Pind the cquations of the tangents to the circle
' o at 4yt =25,
which are parallel to the Iine
' do— 8y -2=0,
25. Find the eguations of the tangents to the cirele’
' 22+ 12 - Bz + 10y 420 =0,

which are parallel to the line
. 25+ +8=0.
26. Show that the Iine

2%+ 372 — 4 ~ by + 4 =0,

and determine the equa,tmn of the other tangent havini the saIme
gradient,

27, Find the equations of the ta.ngenbs to the cl:rc}q\
#? +y? -6 +4dy +8=0, \‘
which are perpendicular to the line N
2z —y-F=0

28, Find the equation of the eircle Whleh passea through the point

{2, 8) and touches the line
. b the point (2, — 3). 2z -3y _‘1'3’:0

28, Find the equations of § ¢ ‘vircles which touch the z-axis ab
the point {4, 0) and make ax roept of 6 on the y-axis.

80. Tind the equutloub\bf the circles which tcmch the line

, =3
a6 the point (3, 0y d: which make an intercept of 6 on the line
y+4=0. )
31 Show tkad;\the hnes <
' AN\ — Bz — 242 =0

are tan&en'h from the origin to the circle
AN 2?4yt -2z — By +5=0.
”\32’ /Tangents are drawn from the given pointa to the given circles ;
- \ﬁ'?d the equations of the chords of contact and the coordinates of
e points of contact :
(i} (~1,5), 22+g?=13
(ii) (1,2), a+y*—dz+6y=0,
(iif) {1, —2), 2°+y%+42+10y+24=0,
{(iv) (=3,1). 427+4y2+4x+2y-5=0.

dr—8y-14=0 ' \ |
is a tangent to the circle N
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' 33. TanZents are drawn from the points (2, 9), (3, 7). (5, 3) to
the circle
2ty -2~ dy ~4=0;

show that the chords of contact are concurrent.
4. Write down the equation of the chord of contact of langents

from the pomt {1, 7) to the circle o~
ot +yt=25;
hence, or otherwise, find the equations of the tangents. e\

35, Write down the equation of the chord of contact of {tangonts
from tho point (- 3, —2) to the circle

224yt —dr -6y +83=0; N
henee, or otherwise, find the equations of the tzm.gpufé.

O’.
S )

38. Find the equation of the tangents from tiie ofibdn to the cirele:

(i) 2+ —dr+6y+4=0, \\.,
{if) w® + 12 — 20 +day + 442 =0,
(i} a?+y2 - 2ax sec B — Zay coseg, fHa? (tan? § + cosec? §)=0.
87. Tind the equation of the tangenta from the given point to the
given cirele ;
(1) (=5, By ’z5+y"—-o
(i} (2, 433 x9+y”+x 3y=0,
(8} (3, 2% a2 +y2 + 42 +6y +8=0.
38. Show that tl}f\"ﬁangcnts from the peint (4, 3) to the circle
i\ e —4r_dya6=0
touch the circlb\\ Y
4%+ 84 2y — 15=0,

al{geni:a are drawn from the origin and the point (g, f) to

Lhe cu'c
x\ 4200 1+ Uy ok
ow that. the chords of contact are parallel and. that the distance
& reen them is
\ ) : r?
O 2P
\ 37 where # s tho radiug of the circle,

40. Bhow that the tangents from the point (g, f) to the circle
P4yt L2001 2fy - o =0
are perpendicnlar to each other if

c=giyfr.



CHAPTER XI N\
POLES AND POLARS

§ 54, Definition of Polar and Pole. ' . C

The polar of a point P with respect to a circle is the lgtis’
of the point of intcersection of tangents drawn at the eX{Temi-
ties of a variable chord passing through P.

The point P is called the pole of the locus.

£\ ¢
¢\

W

©
O

. 7o\
85. The polar of the point P(x,, th résdect to the cirele
§ e polar of the point P(w,, 1) wi i{s{p&c o

R 2+ =a? i"s"}
is the straight line ax, +yy, =ah\ o

{'\{' FIa. 42.

Let,’ggg ~Fig. 49), a chord of the circle, pass through P, and
Ieﬁ'ﬁg‘tangents at 4 and B intersect at @ {x,, 2},

»E‘hgn AB has eguation
/. _ By + Ylfa =07 ;
~ Plies on this line, >

_ _ S Tyt Y =0
1. @ lies on the line v

ml + yy]_ = a'23

“Wwhich is therefore the polar of 2.

131
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Note 1. P need not lie outside the cirele ; it may lis inside or on
the circle,
Note2. The polar has gradient - ? and is therefore perpendientar
k]
to the line joining F to the centre of the circle.

Note 3. Using the method of this paragraph, the reader shauld ~
prove that the polar of the point (,, 4} with respect to the cirele &'
. ! 1"+y3+2gx+2fy+:,:0 ,\:\’ '
@ty reletm) Hflytuve=0. O
Note 4. When P lies outside the circle, the chord of dantact of
tangents from P is the polar of P, &7

has equation

m"\ (4
§56. If the polar of P passes through Q, thépolar of ) passes
 through P, AN '
" Censider the circle v
o+t Rl

and let P, @ be the points (,, g{}_}; {fi:z, ig)-
Then the polar of P has eqitation

_ & g = @,

" and @ liés on this line, “%— "

T,

N BBy Yoty =P,
“1e. P lies on thedine '
\ }\\ Ty + Yoy = G5,

which is t]ggzgplar of Q.

¢ 3 .
Note. (Points such that the polar of either with respect to » circle
passes/throngh: the other are called conjugats points, and lines snch
- thatreifler passes through the pole of the other are ealled conjugate
lin\{qwith respect to the cirele, S

."\':‘:; “Ezample L. Find the equation of the polar of the point (2, -5}
NN with respeet to the cirele
\ T 4e? 1 4y% 4 202 — 12y +9 =0,
The polar has equation
82— 20y +10(z+2) — 6 (y ~ 5) + 9 —0,
Le. - 183 - 265459 =0,
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Ezample 2. Show that the lines
S z+Ty—11=0 .o, {i)
and Sz+y-2=0 ... (ii}
are canjugale with respect lo the cirele
22492 — Gz — 6y -+5=0.

Let the pole of (i} be P(x;, %) ; then the polar of P has A\

equation ~\
2y + Yy~ 3{E +3) - By +3) +5=0, O
Le. (1= 3z + (y,— By — (32, + 3y, — B} =0, &“‘
- L -8 -3 3z, 43y -5 £O
fmd s from (i}, Bl ek ¥ s \\\
Le. Tz, -y, — 18 =0, \\
and 8z, ~ 8y, - 28=10, ) x{,\"
whence #=2, H=- 1, )

Pl the point {2, —4), and, smqe »
3(2) + (- 4) <220,
P hea on (i), and therefore (i) am:l\,(ﬁ) are conjugate lines.

§87. If the polar of P w{tk respeci W a circle, centre C and
tadiug a, meels the md’w@\"tzﬁ’auqk Pat Q.

\\GP 0@ =at.

¥ra. 43.
Lct the circle have eqnatmn
TP =d?,
and let P (Fig, 43) be the point (xy, ).
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Fhen the polar of P has equation
@y + Yy =a®;

but CP =t ry®; ¢
S0P CQ=a? A
¢\,
HNote 1. Points P and Q lying on a line through the centre 6/of
a circle of rading ¢ and such that CP. (Q=a? arc calledinverse
points with respect to the circle. N

» - }

Note 2. The polar of a point P with respect to &/ ¢ircle, centro O,

- may be defined as the line perpendicular to C'P.and\passing through
the point inverse to P, ' v

Tt is Teft to the reader to derive from thiz definition the equation

of the polar of P (x;, y,} with respect to the'eircle =%+ 3% =a.

§68. If AB, a chord of & curele; Qp’q’;&s through a point P und
titersects the polar of P at Q, (A'B,.PQ) ¢ harmonic,
VRS

Fla, 44

O Let P, @ (Fig. 44) be the points (x,, y,), (x,, g,), and let the
circle have equation :

, | Piypeat.
The point dividing P@ in the ratio & : 1 has coordinates

bty +x, kya"‘;?f_z
E+1° k41’
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and lies on the cirele if _

(kg + 20 + (byy + 9 P =2 (b + 1),
ve, If (@, - ya® — a"WE + 2(my2y + iyyy — 05K + (2 + 9% - 0¥) =0,

and, since § lies on the polar of P, the coefficient of % in this A
equation iz zero, and therefore the two values of k are equal in
magnitude and opposite in sign, Le. 4, B divide P} internally ,{ \
and externally in the same ratio ; N

. (P, AB) is harmonic ; N
. (4.8, PQ) is harmenic. '\\

Note. 1If AB is a variablo chord through P, the Igeds ‘of ¢ tho
Harmonie conjugate of P with respect to 4 and B l\fhe polar of I,

\\

EXERCISES 2\

1. Find the cquatlon of the polar of ea.ch of the following points
W1th respect to the given circles: N
(i) (~1,8), a*+yi w22y +1=0,
i) (—2, —4), 2244 8o +4y+9=0,
(iii) (3, -2), Bafr3y- —6x + 4y +4=0,
i) (g x”#—ﬁ T-2gx+ 2y + =20,

(_QENL) 2 b gReat,
2. Find the poies of the following lines with reapect to the given

circles
(13\42:-“ 5, #+yt="5,
\{n) 8z +20y +25=0, 4a®+4y4°=25,
- \(m) 3z +4y+2=0, 2®+y¥-6x—2y-5=0,
»\‘ :' (iv) dw 43y —7=0, «*+3*+8x-T7=0,
4 (v) 243y —1=0, 22+%~da—12y+2=0.

\ 4. 8how that the points (3,4) and (9, 12) are conjugate with

Iespect to the circle
' 22 +y - 4x -3=0.

4. Show that the points {2 4} and {—5, 3) are cou]unrate with
Tespect to the circle
‘s xt+yt—bx -3y +1=0.
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5. Show that the polar of each of the points (1,2), (7, H, -
(-35, 30 w1th respeet t0 the circle ’

B+t =35
Passes through the other two given points.
6. The sides of a triangle kave equations
*#+y=8, x+3y=4, Br—y=4;
show that each aide is tho polar of the opposite vertex with ;e\spadt

'

to the cirele PRy ~
7. Bhow that the lines Cy M
v~y -25=0, To-4y-25=0 ™
are conjugate with reapoct to tho circle m< (o,
+y*=25,

8. Show that the lines \
By +2=0, x— 23{:—1‘9 0
are conjugate with respect to the clrcler\
byt —qw 23; i=0.
8. The polar of the point (a‘ b) mth regpect to the circle
:vz-i-y*'-kéx 2y +1=20
. passes through' the pomta‘( 6 ~1)%,(-3,2); find e and &
10. The polar of the' po:mt {7, f} with respect to the circle
\m2+y +2gx4-2fy +e=0
passes t.hrough‘t@e origin ; show that
N Frfite=0.

11. ShoWw that, for all valuss of &, the polar of the point (24, {~4)
with re{peat to the circle-

o ' Wy —da -8y +1=0
s through the point {3, 1.
12. Prove thai the polar of the point (e, - 2a) with respect to the

‘cirele 492+ 2ace + daay + 4ot =0
touches the circle Y

42 + 497 + Baz + 16ay + 1922 =), . .
13. The chord of contact of tangents from the point P to the

" cirgle

a4yt 2 — 8=0
passes through the point (2, 3): find the locus of 2.
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I4. Prove ihat the polars of the points (—1,2), (7, -7) with
respect to the cirele
2224 2y - B+ 4y —1=0

intersect on the line x—8y+5=0.
15. The points (2, ), (%, ¥s) lie on 1he line
Y=mr+ec; .
prove that their polars with respect to the circle
a® +y2 =a? ‘\
intersect at the point ( - @, aj) - &’
e’ ¢ <™

16, Determine the point of intersection of thé pola,rs' of‘théi’}eint' :
{1, 3) with respect to the circles R\

322+ 32 =5, P+ +de-by+8=0.
17, 'The equation of two chords of the circle - o\

N

$
2+ 27 =5 Qe
fs L (4 +2y - B)da -2y - 5)FON
show that the tangents in pairs from the éxtremities of the chords

intersect on the line =2, J\

18. Prove that the poles of the !kl:(;vé"v : _
y+2=0, 2u+7Ty+§=0, 2z-0y—24=0
¥ith respect to the circle :m’\»\ .
: _ ot Ay 4w+ By +4=0
are collinear, and find the\equa,tion of the linc on which they lie.

18, Show that, the yolars of the points (2,0), {7, ~3), {~38, 3)
with respect to tHe,eirelo

DT mrimpcoy-4=0
are concu:‘p({;;;‘ and find the point of concrarence.
20, 'Fhe, cyuation of two chords 04, OB of the circle
AN 2+ 3P + 105 =0
'i's\; o 2% —ay — Gy =0 ;
"d the pole of 4B with respect to the circle.
%L Find the polee of the lines

_ 6at + 12y + 642 =0
. ¥ith respect, 10 the eircle '
. a? o - 2r — By - 5=0.
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22. F, ¢} are the points (3, 4), (5, 12); PR, QS are perpendiculary
to the polars of @ and P respectively, with respect to the circle
wyt=5;
show that OF : OQ=PR ; @8, where O is the origin.
23. P, Q are any two points ; PR is the perpendicular from P to
the polar of @ with respect to any circle, and 08 is the perpendiculdr

from @ to the polar of P with respect to the same circle ; prove
that OF : 0Q=PR : (8, where 0 i3 the centre of the circle, Ko N

24, A line through P{ -4, 3) has cquation NS
x+3y__5:0 "}' w
snd interseets the circle RS
B yt=5

&/
at 4, B; the polar of P intersects the given Iiﬁg\at ¢ show that
Pd=4340Q. .

25. The line through P(1, m), pa,ra,llelxtottﬁc x-axis, interseets the
circle &° '
. . 2 +y2 :azx\
at 4, B; the polar of P intersects phé given line at § ; show thab
AP =B m2 P4z,
28. Prove that the polapgfithe origin with respect to the circle
BEP +25 -6y — 6=0
touches the circle 2
LN s sy,
27, The pol{'\éf.ﬁhe origin with regpect to the circle
\ 24yt 4 2g 4+ 2fy e =0
_ touches thd circle fy
< P tyt=at;
shovxrtkbat c2=a?(f2 1 g%,
\28, “Prove that the poles of the liney
N\ ax® 4 2oy + by? =
\, With respect to the circle ]
P +yt+ x4 2y 4o =0
gz 4+ fy +.6=0.
28, Prove that the poles of the lines
@l — PP +20(z ~ p){y ~ ) + b{y — g)? =0
with respect to the circle g2 Yyl=a®
lie on the Iine I +qy=ad,

lie on the line
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80, The tangent at the point (2, — 1) to the circle

%%+ 42+ 3z — Gy~ 15=0
meets the line _ .
@+ Ty +30=0
at§; find the coordinates of §, prove that the polar of § is parallel
to the given line and determine the equation of the other tangent
from .

8l. The points {«, f), (%, y) are inverse with respect to the circle

i - y2 = aﬂ .
. E : )
ghow that 2&:}32’ y= +ﬁﬁ2 "N

32. Show that the points (1, -2), (2, —4) are inverse W{thiuspect
1o the circle
22yt =10.
83. The points (e, B). {, &) are inverse with r&epe.ét\fo the circle
Ty + 22+ 2fy +e =03,

Ehowtht C!‘]'g ﬁ—"_f 9.24_}‘2“0;0
¢ v+ y+f (x+9)”+{ﬁfl“

84. P, © are inverse points with rgsimst to the circle
a:2 + y2 =10;
2% 4 3{2 \4:r 2y= 0;
show that the locus of Qm equation
O oy y—5=0.

P lics on the circle

Y
8. P, @ are LQ;\Te;se points with respect to the circle
2 +yt=1;

P liez on t&e\cﬁ-cle
N
find thalocus of Q.
A
"“%&;P , @ aze inverse points with Tespect to the circle

é a?4yi=d;
P liez on the Tine

22+t 422+ 2y=0;

z~2y+1=0;
show that the locus of @ is the circle
a2 Lyt +da —8y=0.

N

£\ ¢
NN

’,.\\ o
\§
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37. P is any point on the line
* coa u:-}-\?; Bin &=y ;

€} is the inverse of P with respect to the circle whase contre iy the
origin and whose radius iz p ; show that the locus of @ ie the circle

#*+g=plx cos & +y sin a).

N\
8. P, ¢ are inverse points with respect to the cirele
22 =3; ' .'\\‘
P lies on the line P\ N
3 -y+1=0; : « W
. find the locus of @. ,\n:; ¢
38. P is any peint on the cirele. &(}

x2+y¢—2x-6y+9:0';\{;}
find the locus of the inverse of P with res \o}o the circle
) o . m’+y’—6x—-4y+,9§?
4. P is any point on the circle &;;
4P + 25 RSPy e=0:
show that the _locué of the invﬁ?:?é of P with respoct to the circle
.:}éi_;_-yz —g?

iz the cirele RN )
e(zb o + 208 (g + fiy) + a2 =0,



CHAPTER XII -

POWER. RADICAL AXIS. COAXAL CIRCLES.
ORTHOGONAL CIRCLES

%
i

§59. Defindtion of Power. O

The power of a point P with respect to & circle is Pe \,I‘-’B
where 4 and B are the points at which any ling thrpugh P
meets the cirele; PA . PBis considered positive\br negative
according as P is without or within the eircle/ )"

Note. TIf P is on the circle, its power is zergy, fo;r\ one of the pomts
4, B coincides with P. O

/
Y N

§$60. The power of P(a:l, yy) with ;mpect to the circle
w2+ g +2ga:-i-2{g‘+c 0 crvmemrrmeee i)
i a2 +y,° '!"29'3;1+2f?!1+c

)
/“\ “, - -
0 X
\’ Fro. 45,

Let PAB (E‘]g 45) be inclined at’ angle 6 to OX; then the
tqnation of PAB 1s
g W s G r, '
cos@ sinf
141
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and this line meets the circle (i) where

{2y +7r008 G2+ (y, +rsin 0)2 + 2g(y + 7 cos )
+2f(y, +7sin 0) + ¢ =0,
iLe. where ]
242 () +g cos 0+, 1 f sin 6)

o +y,2 + 202, +2fyy +6) =0, e, i)
¢\
The values of 7 given by this equation are the algehtaic

meagures of the lines 4 and PB, and will have o'pp,o?sit-e signs
if P lies between 4 and B .and the same sign if it does not;
therefore the product of the roots of (11}, viz,.f\'\

%* +1° + 2g, + 2y R
is positive or negative according as}?\i}és without or within
the circle, and therefore the powerofF is

2yl 25{351:* 9 i, +c.

Note 1. We have proved, j;néi‘ﬁenta,ﬂy, that if P iz any point in
the plane of a circle and ling®PAR are drawn o meet the circle at
A and B, A\ '

P4 ;TB:a constant,
for the expression obtained for PA . PR i independent of 6, the

inclination of PABNOTE follows that, when P is outside the circle,
P4 . PB=the( quire on the tangent from P,

Nole 2. Hhe power of P is sometimes defined as the square on
the tangenp from P.
\

Notg3) The significanes of the constant ¢ in equation (i) is now
eVid{a{{ ; © is the power of the origin with respect to the circle.

:%Naf,e 4. The power of the point {z, ¥ with respect to the cirole

AP+ Ay 4 20x -3 Fy 1+ 0=
. 1
) 3 (Az®+ dy2 + 20z, +2Fy, +O),
Nole 5, The expression for P4 . PR can- also be obtained by

using the relation
P4 .PB= :[:(POS-—T‘Z)

where r is the radius of the eircle and € is its centre.

Wi
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Ezample. Show that the powers of the point (1, 2) with respect

fo the circles )
Py +dn—6y-3=0, ....nndl)

and 2+ 22 -8~ Ty—-5=0.........ccocciinn, ()
are equal, .
Power with respect to {{)=1+4+4-12-3=-6.
., (i)=}(2+8-8-14-5)= ~6. O\
§61. Definition of Radical Auis. -0
The radical axis of two circles is the locus of points w<h dse
powers with respect to the cireles are equal. \ &
§ 62, The radical auwis of. the circles N%
. x2+y2+2gm+2ﬂ;+c='Q;;\}«f ............. (i)
and 22412+ 27+ 2y =0, (i)

1§ the straight line « \J
2(g - g ) +2(f ~fydp- e, =0.
Let P(x;, ;) be any point on the Yadical axis of (i) and (i) ;
then N\
2% 4 g2 + 292, + 2y FOS 2 Ayt + 20,0+ B b,
1e. 2(g —gl)zvf},.b{f ~fre-a=0,
Le. P lies on the straight line
2l +2f~fily + om0,
which ig thc;efé're:the radical axis.
Note 1. g[‘he gradient of the radical axis is __g:_g1, and the

» 1 L
gradiené f the line of centres is'; b ; therefore the radical axis is

L o), 1
Pfil'\P?p'@_llcular to the line of eentres.
#\\Vofe 2, Tf the circles (i) and (i) intersect, then at the poinis of
Miersection )
. 2?4 9%+ g + 2y +o=at + 42+ 22+ 2fiy + o
i (g — g A2 =fy 6= =0 wernrerrnnennnlii)

Thig is the equation of a straight line, satisfied by the coordinates of
the points of intersection of the circles and therefore represents the
“ommon chord ; the common chord is the radieal axis in this casge.
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Note 3. If the circles do not intersect in real peints, equation (iii)
may be considered as the common chord, for the equation is satisfied
by the imaginary coordinates which satisfy bath (i) and (ii). 'The

- radical axis of two circles may therefore be dofined 4 the line pass-

ing through the points common to the circles,

Note 4. The radical axes of three ircles taken in Pairs are con.,
carvent, for, if two of the radical axes intersect at P, the powers of
P with respect to all three circles are. equal, and therefore P ]1'%‘ oh
the third radical axis. - P is calied the radical centre of the circles,
11 the centres of the three circles are collinear, the three radical axes
are parallel and the radical centrs iz at infinity, <\ :

Fzample. Show that the difference of the pawer.sfof any point
with respect to two circles varies as the distance &f the point from
their radical axis, : \/

Let the circles be _ RN o
. P12 202+ 200, oo (i)
and B+ 42900+ ARG =0, oo (i}

and let the point be P(z,, ). ™
The difference of the powers, * _
=2+ ;% + 2w, + 2f; yfr"‘“é“ (2% +32% + 2052, + 2f o, +63)
=2(9"‘9’1}$1“f‘2(f..—.};1)y1+5—91: : :
which varies as theldistance of the point £ from the line
3
\;&g ~ 91 +2f - f)y +o -y =0,

which iz theradical axis of (i) and {ii).

§ 63, ‘Bitfinition of Coazal Cipelel,
A\ﬂ}xﬁem of circles every two of which have the same
radical axis is called 2 cogxal system.

1

Note. Since the radical axis of two cireles is perpendicular to the

53 Tne of centres, the ceutres of the circles of & coaxal system must be

collinear, _
§64. The equation
PP W te=0, ... {i)

1where g can be given uny value, repregents o system of coaxal
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Consider any two cireles of the system, say

P+ 4200 +e=0. . .....iiiinn (i1}

and PP+ 20+ e=0, o (i}

The radical axis of (i) and (i) is the line x =0, i.e. the y-axis ;
- therefore the equation (i) represents a” coaxal system, the
commen radical axis being the y-axis.

Nole. The z-axis is the line of centres. - AN

- §65. To determine the conditions that the equatwn \‘
m3+y2+2ga:+c 0 e AN (1)

p Y

should represent a () tangential, (b) © n@sectwg, {c} nom-
infersecting system of circles. .

The circles (1) meet the y-axis Whe.ge: .
ey
. if ¢=0, the circles (i} touch, the y-axis at the origin,
xf ¢ i3 —ive, the’ cm{les (i} cut the y—a.XJs at the pointa
0, £/ - c),
and 1f ¢is +ive, the (urcles {i} do not cut the y-axis at real

points.
Thereforg bhe equa,tlon (i) represents a tangential, intersect-

lng or nonﬂl}ersecmng gystem of circles -according as ¢ is zero,

negatu%\or positive,

No?,e The equation ,
W 2Ry 122 +0=0 coni {i)
\ Yepresenta 8 circle of mdtus Ngt—c; therefore if ¢ is positive and
= £~e we have two circles,

2%+ ez +e=0

of zero radius, These point civeles at (F Ve, 0) are called the limiting
Pmﬂtﬂ of the non-intersecting system represented by (i

v
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Ezxample. Show that the length of the tangent from anry point on
the radical axis to any circle of a non-tntersecting coazal system
is equal to the distance of the point from either Limiting point.

Let the system have equation

' P+ 2z te=0; ., (i)
then the limiting pofnts are (F+/¢, 0), and the radical axis is

the y-axis. \ N

Take any point P(0, #,) on the radical axis. .\

The distance of P from either limiting point ¢\

~Jyrre L 0
. =the length of the tangents from P 1o (i).

§86. If two circles have equations PN
. . 2+t +2gm+2fy‘-kc 0, e a
and o+ +2glx+2f1y+cl-—0 .................. (ii}

the equation

oyt +2gx+2fy+c+k{{v +y2+2q,w+2fly+c1) 0, ..(ii})
where k can be given ang mlue represends a system of circles
eoaxal with (i} and (it
For any given va:lue of £, equamon {ill) represents a circle,
for the coeffici nta-of «® and 3% are equal and there is no term
in zy. A]so,.ei}m.tlon (in) s satisfied by the valucs of  and
y which satisfy both (i) and (i), and thercfore represents a

" girele asﬁm through the points of intersection, real or
{r g g P

1mag\n ¥, of (1) and (ii), i.e. represents a ecircle coaxal with
and (ii}. Therefore, when % can be given any value, (iil)

. '.kepresents a system of cireles coaxal with (i) and (ii).

Emm}’?'e Find the equation of the circle coaxal with the vircles
Pyt -3z +dy-1=0
and 22+ 24 +Br -6y +3=0,
and passing through the point (1, 2).
The equation is

:c2+y2—3:c+4y—1+k{23:2+2y3+5x—6y+3)=0;
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where I+4-3+8-1+%{2+8+5-12+3)=0,

L&, where . ke -3
.. the equation is

2a? + 4% — 3+ 4y — 1) ~ 3(2a® + 2y + 52 — 6y + 3) =0,

ie. da? + 495+ 21— 26y + 11 =0. N\
§6%. T'he equation . RO N
&+t + 29w+ 2fy+o+ k(Ade+ By +0)=0, ......ne. @y
where k con be given a-n.y value, represents a system of “cgaial
cireles, the radical axis being the line _ s,
AT+ By +0=0. orevririsd ... (i)

For any given value of £, equation (i) representg'n etrcle, for
the coefficients of #2 and 7* are equal and thefe is Lo term in
zy.  Also, equation (i) is satisfied by thﬁ’}qlues of # and ¥
which satisfy both (2} and the equatipﬁ:; X : -

. 22+t +2gx+2fg.’—fé=0, ST )14
and therefore represents a cﬁcle,:ﬁaiésiﬁg through the points of
intersection, real or imaginaty, of (i) and (iii). Therefore,
when % can be given angivalue, (i) represents a systom of
coaxal circles, the radidglyaxis being (ii}.

Ezample.  The pire
: .\”~;~’§z2+yﬁ+4x~6y+3=0
is one of o co{x@é system having as radical axis the line

N\ 2z-4y+1=0;.
find f'ﬁg%ﬁl'e of the system whick touches the line
N Z43Y—2=0. s ) -

o Bhe circle has equation of the form
) 2ot de— By + 8+ k(20— 4y +1) =00 .o (i}
Where (i1} meets (i), : .
(2-8y)® £ o2+ 4(2 — 3y) — by + 3+ k(22 -3y — 4y +1) =0,
Le. 104 — 10(3 + Ky +5(3 + ) =0,
ie. 293 +ky+(B+k)=0.



-
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*. {1} is a tangent to (ii) if

B+ER-2(2+ k) =0,

ile.if - CB+B(1l+h)=
Le. if k=-1or -3.
Substituting these values In (), we get the equations
_ PP+ -2y +2=0 . ﬁg}
and 2 +y® -2+ 6y=0. .............2::\...(Iv}

{iif) represents a’ pomt circle and therefore tlu; reqmred _
equation is (iv).

§ 88. Definition of Orthogonal Circles. .- "’f:\

Two circles are said to eut orthogonally, ot te be orth ogonal,
when the tangents to the eiveles at a\?qn t of intersection are
parpendicular t¢ each other,

‘o

Hote. - 1f the tangents at one ‘poirrt of intersection are perpen-
dicular, those at the other muqt a.léo be perpendicular.

§ 69, If the circles J;::“v

Y+ 22+ 2y 4e=0 cooiirreen a -
and ﬂ@*y + 2038+ 2 F =0 eeeererier s (i)
are ortkogo?wi\ . _ g, + 2, —e +e,.

. ::\'uo
\Y
| & e @
o )
4 \s.'

Tre. 46,

Let 4, B (Fig. 46) be the centres of circles (i) and (11) inter-
secting at P. - :



.
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If the circles are orthogonal, AP and BP are tangents to (i (i}
and {1) re%pectlvely :
: A
;. APB=nght angle ;
;. ABP=AP?+ PBH®;
g g PP =g et gt ey
Le. 290, + 2ffy=c+cy.
Exgmple. Show that any circle passing through the hmat’mg\
points of a coaxal system 15 orthogonal to every circle of the sy&tem

.\\

Let the system have equation \\
:c2+y2+29;c+c—0; RS ) Y {i)

then the limiting points are {F Je, 0).
Any circle through these points has equatl\h\f the form

R A (i1}
_and (i) and (if) satisfy the condition i:qr_m'thogonal circles.

EXERcIsizé ' _
L. Show that the point (2, - 3) has equal powers with respect to

the circles
2 +g&<- Sz~ +12=0
and rf'\+2y’ +a-~16y—4=0,
2. Show that the poirtt { — 1, 2) has equal powers with Tespeet to

the circles

,\"f 22 438+ 4 — By +10=0
and 0\’ P Bt 4 3yt 45+ By —20=0.

h&"ﬁhat the powers of the pomt. { -2, 1) with respect to the

Byt dy—19=0
and Bt -lde-12y-1=0.
™ f3“111:31.1 in magnitnde and oppoaute in sign.

m
A% c‘]l Find the powers of the point (-~ ~2,1) with respect to the
ein 23 .

cmlea

?+yt+de-1=0
and 222 4 %% — 2z ~ 3y =0 ;

show that the given point Hies within the first circle a.ud without the
second,
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5. Datermine whether the pomt (2, 3) lies inside, on, or outside
the circles
2Ryt 20— 4y =0,

eyt — 2 -2y _8=(),
224yt — B =3y + 6220,
8. Tind the length of the tangents from the point { — 3, 2) to thal "\

circle :
, x2+y“~5x—2y+].—0 e N
"% A point P is such that its pewer with respect to the gitgle ’
Pryr+dr-3y-1=0 AN

¢
exceeds ity power with respect to the circls (N

26242y~ Br 45y —4=0 N
by 12; show that P lies on the line v
e 2&‘0\“

8. A variable point P is such that ItB\POWer with respect to the
circls

N

Py -daf 4y + 3=0
is thoe its power with respoct tc?the cirele
207 £ B y? rE-y-8=0;

show that the locus of P igna circle and find the coordinates of itd
centre and the length of ite radius.

9. The ta,ngantg,frqm & point P fo the circlo
Y 2ryttde—2y=0

* are inclined {b one another at the angle whose tangent is 4, and P
lies on the lme:

2+y+1 =0;
find th,P\comdma.tes of P,

I,O‘\Fmd the radical axes of the following paira of circles :
OV D) By -2 40, 2regtoziy_ 1220,

N (H) " +4% -2 -y —2=0, 32132 4z 120,
35’\ - () 24yt 4 3w 43y +2=0, 22425 6z -3y+5=0;
N/ show that circles (i) intemsect, circles (i) touch and circles (iii) do
not meet, .

11. Find the length of the common chord of the circles
. T -2-9=0
and P4y 4 3r 4y - 6=0.
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12. Find the radical centre of the circles
ryirr-y-2=0, x?iyf- 3a:¥3y+2=0,
and 2a% 4 29% - O — By + 7 =0,
and show that it les on each of the circles.
13. Show that the circles )
22 4yP=5, afiyt—dr-1=0

and oB 4yt —de -2y +3=0 . O\
. " 4
have & common poind. . '\
14. Show thal the circles =~ A ™
2ty +dr+8y—-9=0, 2*+p?-Gr+y+7=0 “.( ™y
and 222 + 2% - Bx + By —5=0 \ 7

. are concurrent,
15. Find the eqnation of the circle passing tChmugh the points
{~4,2), {-3, —1) and having its centre on the i
Sx-y-1=0; & -
show that the chord common to this circle zmd the circle
2y = 24y - ~45p
is & diameter of the latter. ‘. . ]
16. Show that one of the cireleg
4yt 22 -6y +2= oR .w*+y’+3<t by +6=0
lies wholly within the other.
17. Prove that the clrelé& .
a4 gt 6;(—-16 =0, #+y?-3y—19=0
and ' A%Jrzf 2 1dpsy-31=0
are coaxal, and st.a.te the equation of the radical axis.
18, Find the' ciord.ma.tes of the centres and the lengths of the
radii of the,ﬁ:cies
& 22+ yt - 2pa =0
When 3?\_4:1 42, £3; draw the circles.
1‘9~.I‘md the coordinates of the eentres and the lengths of the
. 5883 of the circles
} 2+t + 2gr+e=0
when =0, 11, 42 and o= —~4: draw the circles.
20. Find the coordinates of the centres and the lengtha of the
Tadii of the circles
22+t +2gz+o=0
Wheng— 49 191 .3 4dandc=4; draw the circles,



™

_ touches the circle

152 ELEMENTS OF ANALYTICAL GEOMETRY (5

21. Find the equation of the circle which passes through the
point { - 3, 2} and which iz coaxal with the circles

3?1 +3y2 12Ty -6=0, 2*+y?—y4+2=0.
22, Find the equation of the circle which has as diameter the
chord common $o the circles .
gyt -2 4+2-3=0, 5452 -x+Ty—12=0.
_ 23. Show that the line _ )
# 4 — 2y + 3=0 O\
222 4 29 — 6z +2y — 5 =0, O
and determine the point of contact ; find also the equation of the .
circle which fouches the given line at the same pombvand which
passes through the peint (I, 2). m’\i
24. Show that the equation . A\
e{r-1)+yly -2)=k(2 +452)

reprezents for all values of k a circle Bg?mar; through the points
A{1,0) and B{0, 2); hence dotermine-t equations of the cireles

passing through 4 and B and touchihg\the line, z=5.

25. Two circles' 8, 8, pass through the points common to the
civcles - &Y

2y 20 - 16 =00t 4y 4+ o — By +8 =0 ; ,
8, passos through the poin);"(.‘-}, 1) and 8, pssses through the centre
of §; find the equations of 9, and. 8,, and show that 9; has as

~ diameter the commonshdrd of the given cirecles.

26. Show that, sz 13 any point on the radical axis of Lwo circles,
the polars of Prith respect to the circles meet on the radicsl axis.

27. Show that the polar of & fixed point P with respect Lo any
circle of a/goaxal system passes through a fixed point ¢ and that
the radighlaxis bisects PQ. -

88.’%5% that the circles
\ 242 - 3p 4y + 220, P42 —dy2=0

"irﬁersect orthogonally,

AN 20 A B, C, D, B are the points ( ~4, 3), (2, 5), (6, 2), (6, ~2h

(2,0); find the equations of {i) the circle on A B as diameter, (ii) the
circle CDE, and prove that these cireles are orthoganal.

80. Find the equation of the circle which touches the line

: © Sw—y-6=0
at the peint (2, 0) and pasges $hrough $he point (0, - 2), and of the
cirele which hag the points (-2, 5), {1, 4) at the extremities of &
diameter ; prove that the circles are orthogonal.
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3L A circle passes through the point (h, &) and outs orthogonally
the circle
. 22 4 4+ 2z + 2y +e=0;
show that ita centre lies on the line '
2h+gix+2(k+fly=p+k ~c.
3%, Prove analytically that, if a circle 8 cuts orthogonally the N
circles §) and 8, the centre of § lies on the radical axis of §; and §,.

83. Find the equation of the eircle which is orthogonal to the A\

circles ) N\
Ryt +22 -2y +1=0, 2*+3°+4r—4y+3=0 g W
and whose centre lies on the line : N
Jr-y-2=0, »"\\
cir%llts Find the equation of the circle which is orthogénal to the

€yt Bu—By-+6=0, 4at+4yt 28543920
and whose centre lies on the line v
3w+dy+1=0. PAS
3. P iv o variable point on the line R I
' 24y —1=0:3"
and § is its inverse with respeot to the eircle
2 Lyl=d g
show that the locus of ¢ has guation '
_ a8 A ye S B — 4y =0,
and determine the cquation-of the circle whick is orthogonal to this
and the given circle and\whose cenfire Hes on the Iine
..::.‘ rty+l=0. - )
.38, Find the jagfiation of the circle which cuts orthogonally the
cireleg ' N ¥ : i
O A ryt=5, a4yt be+1=0,
,\\w' 22+t —dz - dy+T7=0. .
37, Show that the circle which is orthogonal to the eircles
C N Py idraby-5=0, of+yt+8z+y-20=0
ahd/ C ozt Gr+2y—14=0
, \is'orthogona.l to the circle
' 2% 442 ~ B + L6y +-30=0. _
t‘ira?' Find the equation of the circle which is orthogonal to the
AT es
a2yt B -0y +5=0, wf+y?-Tz-y=0
*nd which passes through the point { — 3, 0).
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38. Show that each circle of the system
. 2Lty —oc=0
is orthogonal to each circle of the system
. B+ hrte=0;
hence determine the equations of the cireles which are orthogonal

-to the cirele o I\
22+ + 10 +1=0 \
and which touch the line O\
dx -y -T7=0. \
40. Find the equation of the circle passing t.h_rougi{@e point
{3, 1) and erthogonal to the circles <‘\

b
2® +y? - 8r+4=0, mﬂ+y3—6x+4<®

»

N\
{/ N\
L ¥
§
..e N\ E;X )
)
N\
<
<D
W
O
o °
&
\&,
O
N\
D



REVISION EXERCISE?’

7

D. Ox Cmarrers 1X-X \>

1, Find the centres and length of the radii of the circles '\ N
(i) a®+y* -2 4+4y+1=0, () ={x- ‘%)+y(_;+" *II
i) 2w2 2% — 6 — 10y —1=0,

\.
{iv} :1,2+y —u? \~‘
' - o+ 8+ 6-
:2uc0362qj(xcos 2904-3,'31:1—25]\54005—2_—?3}.
2, The cirele ) A\

w4yt —dw — 4y — 5«0 w4
Eeits OX_ 0Y in 4,, B, and 0X’, 07"} m .5{3, B, respectively ; show
a
{1 th131-—"4—"‘9.32: ‘(%1) A1B1 |} 458,
3. Show that the circles
+y? -2~ 6y — 1;;?‘0 2ty - B +2y —T=0
. ma.ke, equa,l intercepts oi{ 4: .axis.
"4, The circles \
2t y? +thc+!2fy+c 0, 4yt +202+2fy+e,=0

make equal mtg{o wpts on the z-axis ; show that

& g -gi=c -6
5 EnNe length of the chord
\ a—y+ 1=0
of tl@mrcle
/“\‘/ .'3:3--}—?,!s 2:8+2y-3=0.
\/ 8. Find the length of the chord
z-244+1=0
of the eircle y
) 407 4 dgg? — 18 + 12y ~ 47 =0,
¥. Find the mid-point of the common chord of the circles
#Eigp Ay —6=0, a*+yt+dw-2y-20=0
’ 155

N

\;

£
N3

N
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8 Find the length of the common chord of the circles
24yt +2r-1ly=0, «*+y*-105+5y=0.
9. Show that the triangles with vertices
(i) (4! 1)! (39 4}9 ( _4s _3)3
(H) (-1, —4) (2, -3), (3, -2}
have the same ciretimeirele. .

10, Show that the points (0, 0), {4, 2}, (3, 4), (14, 4}) lie‘en a
circle, and find the intercepts which the circle makes on the ¥/onid
y-axes. - ®

" 11, Tke line N
. 2x-y+6=0 K¢ ’
meets the circlo A\
2432 -2y -9=0
at 4, B find the equation of the cirele oz{AB as diameter,
12. The line 7,

A

) Ty =y
iz a chord of the circle PANY;

a2+t 4 4y Sy + 8 =2 ;

" show that the circle having #his'chord as dismeter passes through

the cenbre of the given o G

13. Show that the eqliition of the circle which has as diameter
the chord cemmon tethe circles

'i»s?s?-i—y*—axzo, 24yt —by =0

K (@482t + %) = ab(be +ay).
14, Dofermiime the oquation of the cirele which has as diameter
the ligg(Jbining the origin to tho point (a, 5) and find the lengths of
the iitarcepts 04, OB which the circle makes ou the - and §-4%63;
infPghe equations of the circles on 04 and OB as diamvters and

is

_ ahyw that they intersect on the line
) "\ ax——-by.

al Y
S

:‘.\: <
w\‘ W

\:

15. Ioterpret the polar equations
(D) r=2acos B, (ii} r=2acos(§ —a)
18. The equation '
. Y=
represents, for different values of m, & system of chords of the ofrel
By~ dr Sy =0 ;
show that the mid-points of the chords lie on the circle
2t g 2w 4y =0,
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17, The line
! m—y~1:0
iv & ehord of the circle
2+ - 14,1:+2y+2i =0;
find the ratlo in which the chord is divided by the circle
a2 +y? - -2y +21=0.
18. Sbow bhat the chord of the circle
2=l
kaving the point (2, y,) a9 its mid-point, has equation

. s 2 £
a2y i, =Y+ e « N

19. Through the point (2, 4) on the circle N
dat 4 da? — 243 — Ty =0 ?
two shords of lenglh 5 are drawn find their equatlorm‘”\\

20, Tha circle : +yr=12
bag & chord whose cyuation is '\\"
Ze¥o1; \ N
a b ANV

show that the chord is equal in length ta, t‘he' radius if
Br2{a® +57) 46!25’
#, The line passing throngh t;ae t}entres of the circles
z-+y“+2gx+2fy 0, Yt +y2 + 22+ 2f 1y =0
meets the - and y-axes A, B respectively ; shew that the
cirele on A7} as diame t(,rjlaa eguation
(090~ £ o) — gy - NG5 T T =0,
22. Show that t.k.re";:qus,tmn
Wz +by e +{br —ay +d)¥=e
Tepresents g eqr:le of which the lines
NY axtbyte=0, br-ay-+d=0
- are Per@dlcnlar diameters,
23. E‘B is a2 diameter of the circle
) \ . 2®+yt—da-5=0
\\and (,}) ‘& diameter of the circle
. 2%+ 4% — Gy +5=0,
15 perpendicular to AR ; show that D is the orthocentre of A ABC.
24, Bhow that the tangent st the point {xy, ¥} on the circle
his eqaats (e R (y =t
equation (. py(e, - A)+(y — R}y, — B)=at.
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5. Show that the line
{# —a cos 8} (x; ~a cos B} +(y —a sin O)(y, —« sin 0) =42
touches the circle :
@ +y® — 2ax cos 6 — 2ay sin 8 =0,
when (,, ¥,) i8 a point on the circle.
25, The line '
: da+ky-1=0
touches the circle O\
afyt — B — 2y 4+4=0; N

find . O

27. Show that the tangent at the point {2, -1} to:th‘Q' circle
eyt b -2y +5=0 7>
touches the circle . A\
xt by + 0+ 22y + B0
28. Show that the tangents to the cirgle )
2+ + 6542 %3‘=0 .
at the points (0, 1), ( -1, —4) arddniglined at 45° to the chord o
contact. NY
28, Show that the lines :'& -
. 207 + Bagy 2yt - T - 14y =0
are tangenta to the circlglj:“

W2 y2 - Bx 48y 420 =0
30. The line /4

/

\ y=mz
touches the 1@&3’
#®+y% 4+ 293+ 2y +e=0;

R {6~ im® —2fgm + (¢ —g?) =0,
x3{ A B and €D, chords of the cirele

§~\1. 24 yt=5,
\ ‘\\have equations

prove that

N/

+y+l=0, 2—y-1=0;
A the tangents at 4 and B meet at P, and the tangents at ¢ and I
~ mech at § ; show that PQ js the line

\ / . . y+5=0.
82. Find the equation of the diagonals of the parallelogram whicl

hus as sides the tangents to the circle

_ T pyt=5

.t the pointe of intersection of the circle and the lines
. 222 ~ Bary 4 292 =0.

al
&
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"33, The tangont at the point (=,, 3,) to the eirele
@®+ 4% + 2+ 2fy +e=0
touches the circle
=2+ yB =g2 ;
prove that
(g +fon + 0 =P {(gP 4 f7 -
34. Find the equations of the chords of the circle
2t 4% 2 — 4y — 20 =0, O\
which have length 4v5 and gradient }. ¢ \
85, The point {4, —1) 13 the mid-point of a chord of the crrc],a
w2yt bz~ 2y~ 15=0;
find the length of the chord and show that the tangant} at its
extremitied ravet at the point {8, —9).
36. Find the equations of the tangents to the CIEQQ
a2ty —Br+2y-8=0, \\
w]nch are perpendicular to the line
Jz+dy+1=0,

snd show that the diameter joiming ‘ohe pmnt.s of contact touches
the circle

A\ W

22 Ly7 - 2:c+~10y+1 =0.

87, Find the eguation of the citele passing through the points
A(-3,1), B(1, —5) and 0{2\[l The tangents at 4 and B make
a1l Intercept DE on the taheent at €'; find the length of DE and
show that DE subtendis.right-angle ab the centre of the circle.

38. Tind the equafions of the tangents to the circles o
22493 Lla— 2y =0, 2*+y*-8z-dy+10=0
ab their point‘ga,if‘.i‘nteraection.
29, Sh%?ﬁ&‘t the circle
O\ 2% + 2y + 22 — 5y —2=0
fﬂuclwg.t-he cirele
.‘.\'u' 22+t —dx — 8y +9=0,
’"acld"ﬁnd the equation of the tangent st the point of contact.
40. Bhow that each of the circles .
242 +dy —1=0, a?+y?+6e+y+8=0,
a% -+t —dx —dy —37=0

touches the other two ; determine the points of contact and tho
Point of coneurrence of the tangents at these pointe. :
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41, Show that the circles
: Pyt +29x 1y re=0, a4yi—at
touch each other if
(@ +oft=da? (gt ).
43, Prove that the circles

_ C 2yt dr -Gy - 1220, Pyt —3Jy-4=9 ON
.have internal contact, A
43. Prove that the circles : < \)
208 4+ 242 4+ 35 — gy - 1 =00, 2t 4 2y — B + Ty + 3<40)
have external contact. "

2%
4 ‘:

84. Prove that the circles _ AN
(E-RP - kP=et (z-k)P+(y AIT=a?
touch externally or internally according as ’
(A2 )2+ (k- k)2 =(a £ )%
45. Prove that the ciccles '\ ;,\
D+ 205+ 2y +e=0, PEP 202+ 2y e, =0
touch externaily or internally a.qg:ém:[ing a8
\ . 2(991:"2% Err)=c+e
when r, r, are the radi. X &Nt

48, Find the equatiéniof the circle pagsing through the poind
(3, 2) and touching tHe line

N de-3y-11=0
&% the point { il

47. Find)the ‘equation of the circle of minimum radius, passing
through the point (1, 3) and touching the circle .
Y3

AW 222428 Op 2y 4 K=,

48/ Wind the equations of the circles which pass through the
\Ko“i}}fs {—1, 4}, (1, 2} and which touch the kne
A

32:—9‘—3:0.

48. Find the equation of the circle which passes through the
poiats {0, 2), (1, 5) and has its centre on the line

&+by-15=0;

show that the point (2, 6) lies on the eircle, find the equation of the
tangent at this point, show that the tangent touches the circlo .

42t + 4o — 125 - 20y + 9 =0
and determine the point of contact with this circle,
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§0. A circle touches the y-axis and makes intercept @ on the
p-axis ; show that its centre lies on the curve
4{2% - yt) =at,
" §1. A circle pasees through the point (3, 1) and fouches the line
z-3y-5=0;
show that ite centre lies on the curve
: (3% +y=25(2% + 2y — 3).
52, A cirele touches the line

y - 2$ .
and makes intercept 2u on the g-axie; show that the ocus of ‘e
cenfre has equation D
2+ day —yt + b =0. "

53, Find the equations of the cireles which pass throughthe poing

{4, 3), touch the y-axis and have their contres on the line
 3z=2y. K¢, \d

54, Find the equation of the circle passing'tiirough the poinis

A(-5,04, B(1, 0), '(2, 1), and show that theNine .
' do-3y—-65=0.8." .

it & tangent to it ; determine the equation of the other circle which
touches thiz line and which passes thraiigh 4 and B,

5. Find the equations of the cireles touching the line
- ‘y 2 .

&t the point (3, 2) and ma)gl'ﬁg\an intercept of 8 on the y-axis.

6. Find the equatiorﬁ\& the circles which pass through the point
- {-1,5) and tonch theMines
@52y +13=0, 2r+y+ 6=0.

57. Show thaf. the fine

] e x—2y+4=0
Ba commen. tangent to the circles
N Bt iByr=16, 2?+yt+2u+2y-3=0;

find E@Lgh.'oother common tangent.
' "'\53"' Find the cquations of the common tangents to the circles
/ a4yt -2y —4=0, #*+y-6z-11=0.
59. Find the equation of the pair of transverse common tangents
the circleg
#Fgt=h, 24yt — 24w — 12y + 160=0.
60. Find the equations of the four coramon tangents to the circles
Ba? 4+ 542 + 10z + 10y + 6=0, 5at + 5y +30x + 30y +74=0.

F
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61, Common tangonts are drawn to the circles
_ (3= B (Y = FP =62 oo (i}
and - (w=h P+ (y -2 =a?;
show that the chord of (i) joining the points of contact of diveet
tangents has equation

(hy —R)(z —B) + (ks — k) (y — k) =a{z~m) QO
and that the chord joining the points of contact of trapsverse
tangents is ¢\

: (by =By —R)+(ky —B)(y — R} =afadm). (NN °
62. Find the equations of the pairs of tangents from, the origin to
the following eircles : P
(i) stz -2y +a=0, LV
(i) {o~E){z-3)+{y -D{H-[=0,
(iii) 32¥+ 32 - b + 2y + 1 Q0
83. Find the equations of the tangenia\fmm the following points
to the given cireles ; NN
{1y (3, ~ 1y, a? +?‘2 =5
(i) (8, -1}, x?;uyﬁ 13
{if) (-3, —ﬁ*jz baf 2 4 By =0
(iv) (1, <438 PP +y? +da+6y +8=0;
(v} (3,05 "' +y*+2x - dy +1=0.
64. Find the eq ation of tho Jine which hisects the tangents from
the point ( — {)) to the circle
\\ T a4yt —Br—10y-+16=0.
65. Shof that the line
Q5 @~29+5=0
pa.sa&g through the point P{ -1, 2) and touches the circle
P\ a4y —de —2y=0;
\ieﬁermme the eruation of the other tangent from P,

%" 86. Show that the points P(a cos 6, a sin 6), Q(z cos p, a 8ing)
7\"* lie on the circle

af+of=ql,
and that the equation of the chord PO is
f+g win f+o G—@
zco&-—z—-i-y T=ﬂ'r008—§—’

deduce that the tangent at the point P has equation
% cod §+ysin §=qa,
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- §7. Chords of the circle

2 +y + 29z +2fy+e=0
‘pags through the point {ay, #;}; prove that the mid-pointa of the .
chords lie on the crrele

(z -z Mz +gt+{y -y (y +f)=0

E. Ox Cmaprers XI-XII

68, Find the polars of the points (1, 2), (4, -1}, (3, -4} wrtJ{
respect to the circle

wBiry-rty=0,
and show that the polar of each point passes through the obher ﬁmo

given points. .\\
68, Show that, for all values of %, the pointa (I —2], {3,2) are
conjugate with respect to Lhe circle \

202422+ 2z + hy —1=0,7

%0, The points (-1, 2), (~2, 3) are mn],ug\te with respect 1o a
varisble circle passing thmuﬂh the omgm ahow that the centre of
the circle les on the fine

3x~Dby+ 8—‘0.
¥1. Find the locus of the centre, of a, circle which pa,saes through
the point (1, 2} and with reapect'tva which the points { -2, 1), (3, —-2)

are conjugate.

2. The polar of each ofithe points (8, —3), (-3, ~12L (-1, -2)
with respect to a eipc leigﬁggses through the other two peints ; find
the equation of the

78. ’lhe polars ofythe origin with respect to the cireles

Ay + 29w +e=0, x*+y*+2fy+e=0
Tneet at P » % that the line joining P to the origin passes through:
the Pomt‘.’\ ntersection of the circles.

74, Rind the inverse of the point (1, — 2} with respect to the circle

N\ 222+ 22 =4.
N 75 Find the inverse of the point (1, 1) with respect to the circle
...\: 7 x’+y2+6x+2y 15 =0.
N\ %. The inverse of P(, ¥} with respect to the circle
22 +yt=4

lies on the oircle
Bty -z ry=0;

show that _
Sx—y—4=0.

L2
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V. Pisa varmble pomt on the circle
w+y?—2x43y=0;
show that the inverse of P with respect to the circle
- oy =2
has locus
2x -3y ~2=0.
78. P Hies on the circle .
D+t tn—y=0; - ~\.
find the locus of the inverse of P with respect to the eirele. \
24 y? =8, « W
78. P lies on the liné AN
: Jr-2y+1=0; PN\
show that the inverse of P with respect to the\t;i.rl}le\'
2yt =3 \4
2+ 0z — 6y=9;:\\"
- (¢
80. P fies on the line N
2z -3y ¥2 -’0 *
find t.he locus of the invorse of P :mth respect to the circle
' ‘?3"-1—3}’ =L
81. A point moves on_ ’bhe circle
&y — B - -3y +6=0;
show that its mvers{mth respect to the cirele

\‘\{w 2yt -2 -2y +1=0

lies on the circle

has locus
% ) 3wty —~5=0.
82, Emd/the points whose powers with respect to the circlea
:j\”' 4 yt=3,
\O ’ 2Byt —x=0,
p 4yt + 30+ 2 - 6=0
Q .\a.re m the ratio 1: 23,
~\ :\, ) 83. Find the point whose powers with reapect to the circles
N/ 2t 4yt b,
. " 24yt —Tx =0,
Cat gt 2z -6y +2=0,

322+ 347 - 11y =0
areand:3:2:1. 3?!2. Y
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84, The power of P with respect to the cirele
o z?+y%=3
is three times its power with respect fo the circle
2 ryt-2e—-1=0;
show fhat the Jocus of P is a circle passing through the origin,

85. Find the equation of the eircle which pasees through the
points (1, 0), (2, 1) the length of the tangent to which from the point
{4, —1) is 2u5. O\

86. ¥ind the equation of the circle which passes through phé.\
points (1, 2), (1, -1} with respeet Lo which the power of the poinb
{2 4) i 10. )

87. Find the equation of the common chord of the circléq'\

21y — 122 — 6y —80==0, a®+y®— 6 +32y 00,
and show that the circle having the common ch({rd as diameter
touches the w-axis at the origin. AN

88. 4, I, € are the pr;ints {z, B), (B, c), (U’,?b); show that the
coinmon chord of the circles on A0, BC asdigmeters hag equation

x(e —b) +y (b —c) T b 2Y=0.

89, Find the equation of the éircl&éé'&xal with the cireles
@244 — Bz — By +10 =0, % 2+ 3z — 9y +10=0
and passing through the point, (5;4).

80. Find the eguation ,oﬂthe circle passing through the point
{2.4) and the points of jdtcrsection of the line _

-3y +6=0

N\

7 Bt dr-2y=0.
9L Show ﬂs{w %the circle coaxal with the circles
: PP - Ty +10=0, a2*+yf—dw—2y-5=0
and p a?g\hg through the origin touches the Jine
R\ iz +7y —54=0;
'Zzlﬁté':'mﬁne the point of contact,

\ 3 92, Show that the equation
a? +y? 20 -2ay - 8=0 .
Iepresents, for different values of @, o system of Circles pacsing
through two fixed points 4, B on the a-axis, and find the equation
S}i t'}f?‘t circle of the system the tangents to which at 4, B meet on
¢ line

and the cirele

+2y+6=0. -
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93. Find the equation of the circle passing throngh the otigin and
the points of contact of tangents from the origin to the circle
224y 292+ 2fy +¢=0,
84, Find the power of the point (3, 2) with respect to the circle
] 235 4+ 247 - B + 5y — 2 =0,
and henee find the equation of the circle which has centre (3, 2) and\,
which outs the given cirele orthogonally.
5. Find the cquation of the circle with centre ( -1, 3) and,ey\ttiﬂg
orthogonally the circle AN
3%+ 8y% ~ Q- dy —1=0, W .
96. Find the equwation of the circle passing throGgh the point
{3, 2) and cutting orthogonally the circles AD
2y -T2 -3y +12=0, %4yt - zobige 30,
97. The point which divides in the ratic AN he line joining the
points (zy, i} and (z, y) lies on the circle N

Flw, y)=a? 1474 2 + 2 =0 5
show that "\fy

REP (2, )+ 2le(am + gy + 97 HEPT Ty + o)+ Pz, 3)=0,
and doduce that the equation ohy
(i) the tangent at o Roifi,ﬁ (T, 9,0 8
xxy Y+ g_x“i:zlo;fml +o==0,
{ii) the tangentga‘mﬁi a point (z,, &) is
Fz, ?!)F(%’ ) =(2; Ty +ga +ay +fy el
{iit} the olé\r!df a point (x, y,) is
T P + g2 @y + fy Fy Ho=0.
98. Qneot the lines
O o ~duy + 3+ de — 12=0
2ty —dr - 2y=0

Eﬁl’;ﬁi, B, the other at ¢, D; find the equation of the line pairs
C, B and BC, AD, ’

99, The lines
LisdA@+By+0,=0, Ly=Ada+ By +Cp=0
cut the circle S=af 4y 4+ 29 1+ Uy + 6 =0

at the pointa 4, B and 0, D respectivel ; show that thé equation
of the lines AC',,BD is of the fO!'l’II:_ d 1

8 — kI, I, =0,

mq&@ﬁé cirele

where L is g constant.
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104, The line
PgAx+ By+0=0
meety the circle
N=at 4y 42z +2fy+ec=0
at 4, B show that the equation of the tangents at 4, B is of the
form '

8 -kP:=0,
where k iz a constant, snd deduce the equation of the tangents from A
the point (&, #,) to the circle, : ¢
101. Prove that the lines . \ &
Bt 4 Day -yt + 50 +y+2=0 N
intersect the lines ’\} ‘

4zt + Bay — 6y —3x + 5y —-1=0 \\V

in four points which lie on a cirele, and find the @ﬂ, on of the
circle.

102, The lines X
ax® -+ 2hay +by? +29x+2fg-‘1—

cuti the lines

g+ 2y + by + 2 ;1:‘2}1‘9'+01=0

in four coneyelic points ; show that :.:‘:z

ca=b _ﬁ;”gl

i

103, The sides, taken m(hrder, of a oyeclic quadrilateral have

equations
&Ew +& y+c1—0.
,\ aym + by + e =0,
>
' oM agtby+e=0,
and N aatbyte=0;
show that “’
& — Byby) (@ahy - dgby) = (agts — Brby) {2y + “abﬂ
A&
\\
>3

X
N



PART III.—CONIC SECTIONS

CHAPTER XIII

CONIC SECTIONS. STANDARD EQUATIONS

§70. Definition of Conic Sections. N

The locus of a point which movesin a plane so-thap its dis-
tance from a fixed point in the plane besrs a congtdnd ratio to
its distance {rom a fixed straight line in the pkl}e is called a
eonic section.

The fixed point is called the focus, the ﬁxe}lme the directrix
and the constant ratio the eccentricity &) the curve.

A conic section is called a parahola ellipse or hyperbola
-aceording as the ecoentrlmty 1& et}pal fo, lesy than or greater
than unity,

Note, The intersection ofa, p]s,ne and a right circulsr cone may

be a parabola, ellipse or ryperbola according to the position of the

Plane; hence these usq’es are called conic sections or, briefly,
conics, \

§71. 4 conig ﬁé‘epresenfed by an equation of the second degree.
If the focﬁk iS the point {z,, y,), the directrix the line
N\

\./ ax+by+6=0
‘and, ‘rhe eceentricity e, the equation of the conie is
NS (an -+ By +e)F
N\ R i S—— L
\3“’ (@ ~2)?+ (y —y* =" ET B

Which is an equation of the second degree.

Note. By suitable choice of focus and directtix, the equations of
tiics can be written in simple forms; these standard equations are
eatablished in §§ 72, 74, 76.
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Example. Find the equation of the ellipse with focus (2, -1),
directriz © - y + 1 =0 and eccentricity we.
The equation is

1 (z—y+112
($—2)2+(y+1)2=§ T,
ie. 322+ 2oy + 392 - 182+ 10y + 19=0. O
: EXEROTISES <O
Fird the equations of the parabolas with the followmg}?oci and
dircetrices : AN
L{-1,1}, =m+y-1=0. 2.(2, 1}, 2::-1—,2;—'—1 (.
3. {0, 00, =-2y+2=0, A A —1),\:8 =0

5. (1,0), z=0.

Fmd the equations of the ellipses vuth\lae following foei, direc-
trices and eccentricities ;

6.(1,2), z+y+l=0, & 7\{0 _1), &+ 2y~ 1=0, 33,
8.(0,0), 2x4+2y+1=0, %.¢ N, {1,1), a+2y=0, 2.
10. (-1,0) =+2=0, 3.4\ "

Find the equations of the hyperbola,s with the following fod,
directrices and eccentncmcs. .

1L {-1,1), =- y+‘1ﬁo 201241, 2), 3x-dy+1=0, &
18. (0,0), w+yidh=0, 2 14 (1,1), x4+ 2y=0, 4.
15. (1, 0%, z#9=0, 2.

£72, Stm;?lwd equation of the parabole.

<" Y
oS .\ D
& M
O Pw,y)
s X
DJ‘

e, 47.
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Let the focus S (Fig. 47) be the point {4, 0), and Jet the
© direetrix DD’ be the line,

r+a=0.
Let P(z, 4} be any point on the curve; draw PM perpen-
dicnlar to DIV,
 Then PS=PM ; A
| PSE=PME; :..’\"\\“.f
(@R =(o+al, Ay
- le. ' it =4az. N 3

This is the standard equation of the parabola.. \:"\\\‘

$78. Form of the parabolz, 4* 4am, where a. mposadwe

If the point (x, %) lies on the curve, ¥ 40:17\1317:9 point (z, ~)
also les on it ; thercfore the curve is symmetrmai about the
r-axis, e

For real values of ¥, 3® and themforb @ must be positive but
can have any value however gwga’s‘ therefore no part of the

s

D /N
v\
A
AN
A\
x:\s.' 0 S x
"\‘.
L )
’\\w v
R\
x..\\z'
J r

O s

curve Hes on the left of the y-axis, but the eurve extends to
infinity on the right of the y-axis.

The origin, midway between the focus and the directriz, is a
Pomt on the curve, and if in the equation, y*—4az, we make &
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zero, we get y¥ =0 ; therefore the y-axis meets the curve in fwo
coincident points at the origin and is therefore the tangent af
the origin. '
- When z=a, y=12a; therefore LI/ (Fig. 48), the double
ordinate through the focus, has length 4g. ~

Note 1. In any parabola the line which passes throngh thesfoelis
and is perpendicular to the directrix is called the axis of the parhbia,
and the point of mtersection of the curve and its axis 3¢ salled the
vertex. The chord which passes through the focus q,nd‘is perpen-
dicular fo the axis is valled the latus rectum. In the parahols,
y*=4az, therefore, the axis iz the #-axis, the vertes/ s the origin and

* the latus rectum has length 4a, while the y-axjgég\tﬁe tangent at the
vertex. : 4

Note 2. Since a conic is represented\bYy an equation of the

. second degree, any straight lne wiliaveds a conic in two points, -
. real or imaginary. A line is a tamgant to a coniv if it meets the
conic in two coincident points. £N\Y

Note 3. The equation, y’;-:’éi.?zx, where ¢ is ﬁegative, represel}fﬂ'
a parahols, whose axis is thelg-axis and whose vertex is the origit,
the curve lying wholly tothe left of the y-axis.

FEzample 1. S{stw that the equation,

\‘w’ Y¥—zr+dy+5=0,

represents u, parabola ; find the awis, vertex and divectrix.

Th:e«:eqﬁ;tion can be Writteﬁ',
R e+ r=a-1.

Ao%"Cha-nging the origin to the point (1, —2), this equation
4 ¥ becomes

O ' iz,
\ 4 and therefare Tepresents & parabola with the new z-axis as axis,

the new origin as vertex and latus rectum of unit; length. "
Reterred to the original axes, the parabola hag axis,

¥+2=0,
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vertex; (1, —2) and directrix, ' ’
z=1-
© Le. _' 4x=3.
Ezample 2. Find the equalion of the parabola with focus
(1,1) and vertex {—1, 1).

Distance between: focus and directrix =2;

*. distance betweon vertex and directrix =2 > \

.. equation of dircctrix isx= -3 ;

.. equation of parabola is AS s\ '
(z—1P+(y-1P=(+38
ie, y-so-zy-1=0. {0

EXERCISES hd
Find the lengths of the latera recta, cnf,the parabolas ;
1. y2=8a. o\ (J 22 =2(x+1).
B (y+2+4(z+3)=0. AN 4 y-6rtdy=0

Find the equations of tHe parabolas with the following ‘wertices.
and directrices ; \\

5 (1, 2), w+1=0) © 6.2, 1), w+3=0.

Find the equatiolts of the parabolas with the following foei and
verﬁicea: (N

_3\:}), (-1, -1 8 (21, (1L,1)
9. (a\% (1, 2
Fmd‘the vertices and directrices of the parabolas :
\"ﬁti. ¥ — 4z —dy—0. 1L g+ 82— dy—4=0.
Find the foci and directrices of the parabolas :
12 42w — 2y —a=0, 18 g3n4x+2y-3=0.
My 82— 2y +17=0. 15 (y-kp=da(e—h)

16, 2~ 6x 4y +17-0 N
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Sketch the parabolas :

17, z%=dy. 18, %= —4y,

19, (y -k =d(z—A). 20. (v A =4(y k)

§74. Standard equation of the dllipse. A
¥ Q

. D £

- <N
- Pr'x,y) M :.~\\ o
. - & N
(n.'s
- & '.n

¢ \y&:}\z *
. \ ,
. x.\\., D

¥
_ Fiodds,/
Let S (Fig. 49) be the faguy “and DIV the directrix. Draw
82 perpendicular to DI\ Yet 4, 4’ divide SZ internally and
externally m the ra1{ie:'g‘f’1 where € is the eccentricity ; then
4, 4" are points on the ellipse. Take O the mid-point of 44’
ag origin, 0Z ag,gs{%is and OY, perpendicular to 0%, as y-axis; |
then A\ g

\ A'B=ed'Z,
and :..ﬂ”,‘ - Sd=edZ;
A S AA=e(A'Z+A2)— 2% 02,
:@T\" 208=e(A'Z~ AZ)e. 4'A ;
AN letting Od ~,
N 0Z=% and 0S—ge.
AN €
Q 2 Let P{z, y) be any poiat ori the ellipse ; deaw PM perpen-
4 dicular to DIY, o
Thea PSE=¢ Py .

R A (I
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ie. (L - 2 ma*(1 -,
. @ ¥
Le. &_?‘Ta.2 (1 — 62) =1,
which, if we write 8 =a2{1 — %), becomes

a? of

#E &

. P \
the standard equation of the ellipse. . ~>
: N
§75. Form of the ellipse, §+§=1. . v

If the point (z, ¥} lies on the curve, the points\(z, —y) and
{-=, %) also lic on it ; therefore the curve is.sﬁ:aﬁletrical about
both the z- and y-axes. )

X 3
NY

For real values of ¢, g}l ; the];gf’(;fé‘ no part of the curve

lies cutside the lines = +a. 3%

When z=1.g, 52=0 therefore the lines ¢ = +a (Fig. 50) are

tangents to the ellipse zd{Q:e points ( +a, 0).
»‘Y

T

=

. 50

Bimilarly the curve does not lie outside the lines y= +b and
these lines are tangents to the curve at the points {0, ).
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Notel. The chord 44" passing through the focus and perpen-
dicular to the directrix 1) is called the major axis; O the mid-point
of 44" is called the centre, and BB’ the chord through the centre and
perpendicular to 4A4° is called the minor axis. The chord LI
through the focus and perpendicular to the major axis is called the
latus rectum, :

T g0 ¢
In the ellipso, .c%’_'—%‘*:l’ the centre is the origin, the major axiy

N s
lies along the z-axis and has length 2q, the minor axis lics along.the
y-axis and has length 28, while the Jatus rectum has lengthy™
2,0 2 . ,‘:f; )y
26\/1—5‘_‘3, ie. 2 o )
a? )

N\
Note 2. The ellipse is symmetrical about itg jeentre, and the
centre may be defined as the point such thit all chords passing .
through it are biseoted ab that point. PN

Note 3. From the symmetry of the pu}vé'it follows that the point
8'( ~ae, 0) is & second focus and thah the line D, D,’ whose oquation

. i 2= % is & second divectrix, \The reader should estabiish the
] 2 pe “ N
equation, %"'%ﬁ =1, taking §%and D,D,’ as focus and direcirix.
Erample 1. .F@'ﬂ%sz centre, foci and directrices of the ellipse,
Oy -2

X \ 5 5 =1.
Changing} the origin to the point (-1, 2) the equation
becom{sﬁ:
A& :f:.gf_l . "
N\ 976

A A" . the centre is the new drigin, the length of the major semi-
) " axis is 3 and the eccentricity is e, whera
\ 4 . . 5 = 9 {1 —_ 82),

2.
le. e=Z:

", relative to the new axes the foci are the points { 1.2, 0)
and the directrices are the lines .z s -2

El
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", relative to the original axes, _
the centre is the point (-1,2),
the foci are the points (1, 2), (-3, 2),

and the directrices are the lines z=3, 2= - 1%

Ezample 2. Find the equation of the ellipse with the pont
(1, 2) as centre, the line 4 =29 as directriz and eccentricity £. ,
Distance from centre to directrix =6} ; . O
", length of major semi-axis =#x ﬁi =5; N

*. square . 1 minor semi-axis =25(1~ mg,‘."

". Tequired equation is

132 _ 92 7
@12 -
25 -9 N
which may be written ¥
9a2 + 252 — 182 — 10034,3;:116 =0.
_ Exmcmﬁs
ﬁ‘lnd the eccentricities of th{\eﬂlpﬂeﬁ
LT \SQ w-”" y* 3. 3x®+4gy2=12
. g":-:-—l. \ z-=1 e
- Find the 1engtha of the latera. recta of the ellipses :
q, _.J__..z_l\ / 5. _+§-—2=1 . 8..33‘11‘2.!]23
Find thé{mﬁ of the ellipses :
" \ i - y* 1.
N 5'”‘ il B 16 + 7
VY payea, 10. 207 - Ty =14
Find the centres of the ellipses :
(= - 1)2 {x+2)= (y—1¥_
1, g -2p=1. 12. +og =1

13, -’f2+2y"—8y+6:0. 1. 2x’+3y“"4x+12y+13=0~
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(@417 (-1

15. Find the foci of the ellipse, g 5 = 1.
- -16. Find the foci and directrices of the ellipse
(e+2 (y-1p_,

9 it ) N

17, Find the centre and the extremities of the major axiy of the
ellipse I\
ot (y+3)_ O
25+ 9 =1, ) \,’s.’s

Find the centres, axes and eccentricities of thﬁ\éilipses :

132 22 v
18, (”23) +(y16’ =1. 19. (o) 4§y 1=

20. Find tho centre, axes and the Bﬁx‘emmes of the major axis of
the ellipse AV

@I 2 _
_ oSNt L
Find the centres, eceeﬁfi'icities, foci and directrices of the ellipses:

(x+1)" (y %’* (z+1P  (2y-3p
T35 TJ,‘E : Rt

23.5:&:3—!-9 §30:: - 3by + 36 =0,

Iind Ehe equations of the ellipses from the following data :
24\'Ma,;|or axis=6, minor axis=4, major axis y=2, minor axi

=3
“ L
\§ 6. Foci (-1, 1), (3, 1), cocentricity L.

*
‘o

AN 2. Extromities of major axis (1, 1), (3, 1), soventrisity JV2.

=1.

;\ v Sketch the ellipses :
¥ (x-3) (y-2)°
7. 9+4 =1. an. —-g_+._ 1 =1,
gy (BT +1)P (y-1)

B =t 80. 42%4 9y - 162 — 20=0.
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§ 76, Standord equation of the hyperbola. '

Y

>
.
P
. &

> 4

A o .ZIA\ S

Fra. 51.
. AN
Let S (Fig. 51) be the focus and DD’ the diréetrix. Draw SZ
perpendicular to DI, Let 4, A° div_ide"sz internally and
externally in the ratio e:1 where ¢ ig the sceentricity ; then
4, A’ are points on the hyperbola.. Fake O the mid-point of
A4" as origin, OF as z-axis and}QT “perpendicular to OZ as
y-axis ; then N\

S=ed'Z,

and .‘wx\f[S =eZd;
;. AAZe(A'Z-ZA) =% .0Z,
and ) ;g(g\=e(A’Z+ZA}¥e A4

.1s letting O@f\ga:
:'\”: 07 =g and 08 =ae.

£

¢
Let: f%f'y) be any point on the hyperbola ; draw PM per-

E

penditallar to DI,

f“ﬁfen PSE=e?PM?;
\\ " _ s
g (x—ae)z—i-ya:ez(m—é) .
ie. (% — )22 g2 =a(e? — 1),
ie, 2 yz 1’

@ 1)
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which, if we write §?=a?(¢2 - 1), becomes

Cag
_ @ B .
~ the standard equation of the hyperbola.
§77. Form of the hyperbola, aﬂ .;: 1 O\

N\ ¥
If the point (z, y) lics on the curve, the points (e, \w\y) and
(—=, yralsolie onit; therefore the curve is symn(otmcal abourt
both the z- and y-axes,

Trg, 52,

Fé}*reaJ valnes of y, 3}: < 1 therefore no part of the curve
Q}es between the lines 2= -La, but the curve extends to infinity

,\ in both dircctions outside these lines. :
P \i"\, N When #=4a, 4:=0; therefore the lines z= +a (Fig. 32)
\/ are tangents to the hyperbola at the points {+e, O}

The equation of the hyperbola can be written,

y=i&wv1—§; eomsesrenrreeens 1)
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therefore, as » tends to infinity, the equation tends to the

equation, 3
. Y= I(_I [
. b
therefore the lines 4= i{—z x are agyrptotes to the curve.

Considering equation (i) we see that;, when z Is large and

oA
. e \
hence the hyperbola approaches its asymptotes ag indicated in
F]’g‘ 02, . “'s N

XNote 1. The equations of the asymptotes have been obts'{.riefi by
taking an asymptote t0 be a line to which the curve fetds as one -
courdinate tends to infinity. An asymptote may be'defined as 2
tangent to the curve ab infinity, and the equations of the asymptotes
may be obtained from this definition by expre the condition

either positive or megative, y is numerically less than + %

2 2 -
that the equations y=mz+¢ and :-5—2—‘1!— =1%should, when solved
ar BN

simultaneously, have two infinite roots. 3\

Note 2. The chord AA’ passing thxOugh the focus and perpen-
dicular to the dircetrix DD’ is calledithe transverse axis ; O the mid-
point of A’ is called the centre, andBE’ the line of length 2b, which
is biscoted at @ and which is pexpendicular to A’A, is called 1fh° con-
jugate axis. It is to be obderved that the conjugate axis is not o
chord of the hyperbola. ,The chord L’L through the focus and per-o
pendicular to the transkee axis is called the latus rectum.

]

In the hyperbola, §~— % =1, tho centre is the origin, the transverse
axis lics along j:h;a\ %.axis and has length 24, the conjugate axis lies
along the y-ufis¥nd has length 2b, while the latus rectum has length

N\ — -
L 3 F2% 2 . a5
A : 25\/‘%-1, ie. ==
'N?){,;i'g. From the symmetry of the curve, it follows that the
M §( - ze, 0) is & second foous and that the line DDy, whose

%
\ fquation s o= -2 , iz a second directrix. The veader should
) € 3
establish the equation, i—y—z.—_l, taking § and DD as focus
and directrix, a* b
Note 4, 'The hyperbéla, is symmetrical abont ite centre, and the

tentre may be defined as for the ellipse (see § 75, Note 2}
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Example. Find the centre, eccentricity, fooz,, directrices and
asymplotes of the hyperbola,
922 — 16y — 182 4 32y — 151 =0,

The equation can be written

e ~2z41) ~16{y° 2y + 1) =144, P
; - (y-lp A
- 16 g <l L2
.. the centre is the point 1,1), W
N\

and the eccentricity is e, where 9= 16(e? —1), L.e exh:
. the distance from the centre to either foé{zs 15 4(5), ie. B,
and therefore the foci are the points (6, 4N 4, 1).
Also the distance from the centre to\either direstrix is 4£--4,
1e 18 ’

. the directrices are the Lmeg\, Br=21, 5+ 11=0.
The asymptotes are the ]me% N

-1 2 -1
(- ) y—1)2 —0,
o 1ﬁ~ 9
Le. 3{:6 B4y -1)=0,
e 33&+4y 7=0, 3r—4y+1=0.
. \\ \ '
P Exrroises
Fing ﬂlé eceentrlcltles of the hyperbolas :
2 o P .
;"\'\16 ¥-1 A 8. 820 —y*=2.
{\ Find the lengths of the Iatora recta of the hyperholas :
Ay 3 gt 2
4 Find the foci of the hyperbolas:
A ) 8 2 ¥ _
2 9 .7

8. #E-8yr=2, 10. 922 - 16y2=36.



CONIC SECTIONS., STANDARD EQUATIONS 183
Find the centres of the hyperbolas :
@1y (g-20

1L =y 3 12, {z-1)2-3(y +4*=1
18. 2 -2y +4x+2=0. 14, 2® - 2y° — 4o — dy =0,
Find the asymptotes of the byperbolas :
15 -4 =1 16. dat—gr=1. 17, 22-9y*=3.
Find the centres and eccentricities of the hyperbolas :
fm+l1p -2 ' 1P ¥,
18, = o —5—_1._ _ 19, — 7~-1. \ \
20, (z+1)2 - 222, 91 Gt — 4y — 102205\
Find the directrices of the hyperbolas : y
@ L Vo 2. 2 (-2
5k it e
13 O\Y
4, E-S}l _{?]“5'2)2:1- 25. ﬂ:‘%—yﬁ +2zx=1
boFind the centres, sccentricitics, {ai-fﬁr;d directrices of the hypet-
I : RN ' _
@+l (y-2r o AL 2z-1F (By-2° .
28. “9— ——7 -—]-{”‘t\ 27 4 7

28 Bz -2 412r +2x\ =0,

29. ¥ind the confre, eceentricity, foci, directrices and asymptofes
of the hyperbolq,'\' il .

O a2 _rlr
~0 16 9 _

30. The\transverse axis of & hyperhola has Jength 6 and is parallel
tobthgxxxi:;XiS; the conjugate axis has length 4; the centre 13 the
pointg2, 3); find the equation of the curve.

o~ :}1- Find the equation of the hyperbola with foci (8, 2), (~3. 2}
nd eccentrieity 2. - :

32, Find the equation of the hyperhola with eccentricity 2, focus
{1, 2} and corfesponding direetriz, =+ 2=0.

83, Find the equation of the hyperbola with gentre { — 1, 3), focus
(2, 3) and eccentricity .
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84, Find the equation of the hyperbola with foci (-3, =1,
(2, —1), the tranaverse axis being of unit length.

25, An hyperbola has foci {6, 2), ( —4, 2} and eccontricity $; find
the equations of the curve and its asymptotes.

Sketch the hyperholss

2w 1P fy+1p_
8 g-T=L s QO
88, atlgyi=1. 89, 2t -4y -2 30, , B
40, 1622 -9y +3%5 + 36y ~ 164 =0 \
% 4
AN’
Sk
4
N
(N
R g
N
N
\3{



CHAPTER XIV A
THE PARJ\BOLA | \

§$%8. The coordinates of any point on the parabola, 92 ﬁqx
expressed in ferms of a single parameler.

If we substitute 2af for ¥ in the equation \":} v

y*=4ax, \;
we have. c=af?; therefore the point (a?, 2 :lies on the para-
bola for any value of £, and may be refe,tred to briefly as the

pomtf « N\
A\

Brample 1. The poin tis ong) Bzdrematy of a focai chord of
the parabola, y2 —dax ;  prove tkatvtko other extremily 18 the point
1
—y» and hence show t}zqg\{he Iocus of the mzd—pomts of focal
chords iy the })ambold\'\\;
;’\ yﬂ Sa(z—a).
Am tine fhmbgh the focus has equation of the form

O
£\“ y=mlx—a);
if t-hig h}e meets the parabola at the point ¢,
‘”J’ 2a£=m(at2 —a),
»\§° ——-m=0.

"4
The peoduct of the roots of this equation is —1; therefore,
it the point ¢ is one cxtremity of the chord, the other cxtremlty

s the point — %
185
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At the mid-peint of the chord, therefore,

@
Qr=ai+ ﬁz,
. 2 1
Le. Ew:tg +
O\
d ' =2ai 2a
an _ Zy= 2N ¢ t\,'
1 'S
Le. | g—’{=t-—---; y W
. a@ 4 A\
: o1 N\
a,nd .. (?:*i +EZ'—2, :M\\\. .
2:1; \ N’
= 9 N\
@ ) x:’\\" )
i.e. the equation of the locus of theaid-points of focal chords is
the parabola Y

e ,=‘2a(:.-3 —a),

- Bzample 2. A cirele mZt;v the parabola, o =4ax, at the poinis
by by B 85 ShoW that ey + 5 +1,= 0.

Let the circle ha¥®.equation

OB 42+ 234 2y +e=0.
The circlgz\ﬁ\c ts the parahola at the point ¢, where
N Pty 2gat +dLfat+c=0;

the fc:g;%’ this equation has roots ¢, £,, ,, ¢,, and therefore, as the
coeffitiont of # in the cquation is zero,

\\\~ t o+ ty b+ 8, =0,
~ \,' ExErcises
\/ 1. Find the gradient of the chord joining the points f, £ on the

parabola, ¥ =4az.

@ The chords PQ, PR of the parabola, y2=-4qx, are oqually -
"~ clined o the axis ; PQ passes throngh the foeus : show that P and
the mid-point of QR are equidigtant from the axis.
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8. The point # is one extremity of » focal chord of the parabola,
y?=dax ; show that the length of the chord is

/o 1)2
43 I\tT i) .
4, M is the mid-point of a focal chord A B of a parabola ; prove
that the distance of M from the directrix is half the length of AB.

5. P, ), B are points on the parabola, y*=dax; PQ passes
through the focus, and PR is perpendicular to the axis: show that,
a5 P moves along the given parabola, the mid-point of @R moves
along the parabola

yi=2n{zx+a). £

6. P iz a chord of the parabola, y*=4ax, sach that the o mate
of P is twice that of Q ; show that the mid-point of P@.lis'en the
parabola

5y2 = 18gz. ’ p \\ :
%. Show that the mid-points of lines drawn from the focus to the
parabolz, 4*=4az, lie on the parabola A/

wr=a(2x-a) _\ )

8. Tines arc drawn from the point {—2a, 0} to the parahola,
#*=4qz; show that their mid-points Jieson the parabols

yi=2g(xPa).

9. P is o variable point od\the parabola, y*=4az, with focus §
and vertex 4 ; @ is the midspoint of SP and R is the mid-point of
A4Q; show that the lopud'ob R is a parabola and find its vertex and
th_e length of its latus ragtum,

10. P is a variablé point on the parabola, y*=4ax, with focns §
and vertex 4 ; ghow that the locus of the centroid of A A8P.is a para-
hola gnd find.ghe’coordinates of i vertex and focus.

11, P Qy%ho’rd of the parabola y*=4az, subtends a right-angle at
the vertex,; " show that the mid-point of P lies on the parabola
N y2=2a(zr — 4a).

\a}g PQ iz & foeal chord of the parabola, y?=dazx; PR, QR are
tallel to the 2- and y-axes respectively ; show that the locus of B
has equation
ayt=4a,
18, A cirele cuts the parabola, y*=4az, at 4, B, €, D1 ; show that
the chords 4B, O are equally inclined to the axis.

R
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14. The caordinates of a variable point on a curve are given hy the

equations
x=at—- b2, y=et;
show that the curve is a pavabela, and find the vertex and the lengih
of the latus rectum,
15. The line &\
Iz tmy +n=0,
meets the parabola, y*=dax, at the points ¢, £, ; show that’»\ \\
P
. Et = —2»;'3’, t@F%, AN
i . ' 4 ‘V§
and that the points coincide if &(}\
' am=lIn, 2O
»
§79. Chord and Tangent. NV

Y

‘2s
3

pn
KAV
. g\' 70 X
WO
AN/
)
$ \ygf .
o\(‘l Fia, 58.

\§ Let 4 (z,, %), Blw,, y,) (Fig, 53) be two poiuts on the para-
A 3% bola, 2 =daz; then -

Q« Lyt ta(my -y
.. the gradient of 4B, which 72~ 2= %
Rk
e
Bty




$79] THE PARABOLA 189
", the equation of 4B is

y-t_ de
T=%; htls
i.e. y(y1+y;) =4aT+ Yl v, (i)
Now lef the point B tend to the point 4 ; the equation (i) N\
tends to the equation O
: 2yyy =daz+y.5 e \
le. to 2y, =daz + dax?, y ,[}‘ >
ie. to gy =2ale+x), ... R ('11\) ’

‘,,/\
' 4

which is therefore the equation of the tanﬂent”at 4. O
Using equation (i), we find that the chord 301nm§tlhe points
b and {, bas equation
2, 20hh ~‘§
htt it O

Ne

y=

and, using equation (i1}, that the tange:qﬁ at the point ¢ has
equation &N

™3

y=jah

' N\
Note 1. Equation (i) Beestabllshed in the following way :
Consider the equation c{\

{%ng)(y Yo) =H2—AAT; s Ly

this equation iz I;nea,;_- and therefore represents a straight line; it is
s&tlsﬁed by the b?ybrdma.tes of A4 and of B and therefore represents

the chord A\(

Note 2,3 \T’Ee reader familiar with the calculus may derive the
equa,t;@@f the tangent thus:

\»\),, yr=dax;
dy
L=
. 4y Za
.- d_x_y 3

L%y
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. the tangent at (z,, ) has equation

Y-y _2a

c-2 oy’
ie. #h =20z + 4,2 — 2a2,,
ie. Y =2a(x +x,).

N

Note 3. The reader should observe that, as In the casc Jof ‘e

circle, the equation of the tangent at a point (&, 1} on afeonie is

obtained by substituting, in the equation of the curye, vz
glx+2) and ;{y ry,) for 22, ¥% x and ¥ respectively. W

Note 4. From the equation of the tangent at, 4ho i)?nint ¢ on the
parzhola, we see sthat £ is the cotangent of tke’sa-ng]e_which the

tangent at the point makes with the s-axis.\™\

Ezample 1. Find the mid-point of thpchord,

" - 2wty 440
of the parabola, o =4x. N\J

If the extremities of the ’gjv'e_;i chord are the points (z, 1)
(T3 ¥a), the equations RN N \

YY) =42+ gy,

and N~ 2y=4z-8
represent the %a?ie line ; therefore
. \\ Yrty=—2.

The ozdinate of the required mid-point is therefore -1, and,
from ke given equation of the chord, we have that the absciss
. é : .
1? :z’\ N/
\\Emmple 2. The tangent o & parabola at @ point P meets the
N\ ewis at 5 prove that the tangent ot the vertez bisects PT.

&

NS Let P be the point (z,, y,) and let the parabola have equation

W =dax.
Then the equation of the tangent at P is

yh=2a(z+z);
Soat T T=—x;
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.. at the mid-point of PT
#=0,

and therefore the tangent af the vertex bisects PT.

Example 3. Show that Plxy, y,) 15 external to the parabola,

#=daz, if y2—-4azr,>>0, and deduce that there are hwo veal O
tangents from any external point to the parabola. Koy
Take § any point on the parabola, and let the equation of £
PQ 'b e X ", N/
N
g:__ﬁlzy_“y]-:f ,‘t’~
cosf  sind o\

Where P{) meets the parabola

(i1, +7 sin 3)2;—4(4&(%1 +rcos § ,,‘2\\"

ie.  #2¢in2f 4 9r(y, sin 8- 2a cos 8) + (¥ Htaz,)=0.

This equation has one real root, viz. Qhe hffngth of PQ ; there-
fore the other oot is real, and, if 4,%=ax,>>0, the roots have
the same sign and neither root ig}}?érf), i.e. P is external to the
parabola, N

The tangent at the poin€ has equation

L )

£ \/

\ \\ y=?+at,
and pasges throu\gh Zhe point {2, %), if
% ”\‘2\‘“ :1:1 "

\EM; nh= '{"r 3
LN\
Le, lﬂ‘.\ af? -yt + @ =0,

*mﬁ equation gives two real and distinet values of £, if
' y? - daz; >0,

. 1o, if the point (zy, y;) is external fo the parabola.
There are therefore two real tangents from any external
point. '
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§80. The line

mx-i-?
y= m

touches the parabola, y =dax, for all values of m.
Comparing the equations,

O\
y=mx+ec
. a oA\
and y=y+at, ~ e

\

\ o, 1.
we see that the former represents the tangent atgthe point - if

c=a (%) “\\

Note. Thiz value which » must hagain order that the line,
¥=mz+e, may touch the parsbola can’ t}e determined directly by
solying simultaneously the equa.tiop.s\:nf the line and curve, and

. expressing the condition for equal, rqotxa.

v@éﬁ'ﬁoxsxﬂs :
Find the equations‘of.tﬁé't%ngenta to the following parabolas ab
the points indicated : “~3°
1 y*=daz, E‘}éﬂl- 2 yi=z, (4 -2).
3y =d{z 1)) (5, 4), '
Show that the following tines are tangents to the given parabolss,

- and detersithe the points of contact :

4.:z§(§y+9=o, yl=wp 5, z+2y+4=0, yi=dm
BE-2y-1=0, y=s(z-3),
\J. MPisthe ordinate of P, a point on the parahola, y*=4ax : the

+

{Mdngent at P meets the axis at T 5 prove that the vertex of the para-

23 " bola i the mid-point of 5.

:..\‘ %

8. The tangent at P, a point on the parabola, 32 =4az, meets the
axis at 7' ; show that 8P =87 where § iy the focus.

9. P is any point on & parabola. with vertex 4 and focus §; the
tangentyat P and 4 meet a5 Z ; prove that S22 — 94 + 3P,

10. Show that the line joining the origin to any point P on the
Parabola, 3% =4ax, has gradient twice that of the tangent as F.
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11. P is a variable point on a parabola whose foeus 18 &; the
perpendicular from 8 to tho tangent at P meets this tangent at Z;
find the locus of Z. » ‘ i

12, PT is the tangent at P{z,, 1), & point on the parabola, y* =4az;
P¥ is parallel to the axis, and 8 is the fosus ; prove that PS and PN

. ~
are equally inclined to PT and that tan SPT == :I:i—a.
1
13. The tangent at a point on a-parshola, with focus, &, meets
the Iatus rectum at A and the directrix at B ; prove that A8 =BS.

N

¢\

'\
14, The tangent at a variable point on the parabola y®=daz,\.

meets the axis and the tangent at the vertex at @ and B respecbit:.{:lgf‘;
show that the locus of the mid-point of QR is the parabola /)

7

24 +az =0, AN\

15. PQ is » variable focal chord of a parabola; 7PUs$he tangent
at P, and 7' is parallel to the axis ; show that the. ]cha of the mid-
point of PT is the directrix. '\ #

16. PT iz the tangent st P, & variable, pom‘b on the parabola,
##=dax; T livs on the directrix; show that/the locus of the mid-
point of PT has equation AN
o (2 + a) = Fovr o).

17. Prove that the line joining'the points (aA%, 2¢A), (ap®, 2ap) of
the parabola y? — daz =0 passés‘tiwough the focus of the parabola, if
Ae+1 =1, ~

Show that the radical gsis'of the circles described on any two focal

chords of a parabola as\diameters passes through the vertex of the
parabola. N ~ (Camb. HE.C)

18. Find the; sc};ialﬁ’on of the cherd joining the points P{ap®, 2ap)
and Q(aq?, 23¢i\on the parabola y°=dax.
1f the chard PQ subtends a right sngle at the point (a7, 227} on

the Gllnf{\’prbve that
\ (T+pT +9) +4=0;

@nﬂ’dgduce that if the circle on P as diameter cuts the parabola

#again at I and K, then the chords P@, HK are equally inclined to
the axis of the parabola. - (Jt. Matric. Bd. H.8.L.)

m_ Show that the tangents at the pointa 2, and £, on the parabola,
Y'=4nuz, interacot at the point

Aahty  afitb)

N
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20. P@, PR, two tangents to a parabola, are mutually perpen

dicular ; show that P lies on the direstrix,

21. The tangents at the extrewmities of a focal chord of a parahola
meet ab P; show that the join of P to the focus is perpendicular to

the chord.
2. Prove that the fangents st the extremities of g focal chord of
& parabola are mutuaily perpendicular, Q"

33, P, ¢ are two variable points ¢, 2 on the parabol, y%:thz':
TP, 1Q are tangents ; show that the locus of 7 has equationy
g

2yt =Oaax. \

2. P, ¢} are two'variable points £, &, on the pafiibola, yE=dax;
TP, TQ are tangents ; show that, if t+ 36, =0,/the* lotns of 7 has
equation N s

) 2y +ax =0 \J
25. P, ¢ are the points 1, {, on the paa-s-\b(ﬂ&, yerdax ; TP, T are

© tangents ; show that the avea of A?{’Q\is';—-(tg -6y

28, P, @ are points on the.pérax.bola,,_ ye=dax; TP, TG are

]tjangents; the area of ATPQ is %27 ; show that 7" lies on the pars
oliy N
: : P =da(zta), :

7. 4, B are the points 7, 7, on the parahola, y*=dar; 74, T8
are tangents ; the tangent at the point ¢ meets T4, TBat C, D;
show that A

SN AC: TO=t b 1t—1
and deduce thab _
‘\ : AC:PC=TD: BED, .

28. Lhe fangents to o parabola from any point 7 are cut by the
tangent®t any point P, in the points Q and K. The paralle} throngh -
T g&he axis of the parshala cuts QR in P/, Prove that the points -
B\'“ P’ are equidistant from the middle point of R,

} (Oxf. H.8.C)

_.'s'\ 20. The product of the ordinstes of P, ), two variable points on
RN theE parabola, y*=dax, is congtant ; ghow that the locus of the point
() ofintersection of tangents at P, Q is a line parallel to the directriz.

\m ) 30. P, Q are any two points on a parabola ; PT', QT are tangents;
. M is the mid-peint of PQ; prove that the parahola bisects 7M.
31. PQ, a chord of the parabola, ¥ =4az, meets the axis at £;

the tangonts at P and @ meot at T ; prove that R and 7 have equal
and opposite abaciasse, ' :
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32. P4, PB are tangents to a parabola with foous 87 show that
the inelination of P4 to the axis is equal to that of PB to PS.

83. P is any point on & parabola ; the chord PQ passes through
the foeus &, and the chord PR is perpendicular to the axis; TQ, TR
are tangents ; show that 87" is perpendieular to the axis,

24, The chord P of the parahola, y?=4ur, passes through the
point (&, 0); show that the tangents at P and @ meet on the line,
w+h=0.

35, P iz a variable point on the line, y=mwx; tangents PQ, PR .
are drawn to the parabols, y*=4ae ; show that the locus of the mid-,

. . . [ A T
point of the chord QR is a parabola with vertex ( o ;})’ “~

38. £ iz a variable polat on the parakola -
¥ +dax=0; N\
the tangents from P to the parabola, #2 = dazx, meeb the:&‘tﬁer at QB
show that the Ioeus of the mid-point of the ChOl‘d.%?;lB the parabels
3yt =4daz.: W\

87 PQ is a foeal chord of the parabolay y*<4ax; PR, QR are
patallol to the tangents at Q and P respechivgly ; show that the loous
of B is the parabola oY
yi=a(x438).

88, The chord PQ of the pasihola, y®=4ax, passes through the
If}xed point { —a, by; TP, TQare'tangents ; show that T lies on the

ne ¢ \J

\\Qyz 2a{x - a).

39, Find the equation of the tangent to'the parabols, y*=4ax,
which iz parallel b@}he line :

'0\.. 3a‘:—2y=1.
40, Fiy ﬁ]ig"équations of the tangents to the parabola, y* =daz,
which arg’ v inclined to the axis and directriz.

4. Find the equation of the tangent to the parabola y*=4ax at
SheTibint (a2, 2at). ' o
-Obtain the equation of the tangent to this parabola which is
\ﬂarallel to the line 2z + 5 =0, and find the coordinates of the point of
tontact. : {Comb. H.8.C.)

42, Show that the Jine

Teosa+yBina=p

Ve o
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touches the parabola, y?=dax, if

_ p= —aaip a tan .

43, Bhow that the chord

EL
of the parabola, y*=4ax, has length e
. . \
ﬂ?ﬁa(a—mc)(l-l—mz), ',\t\
o\
and deduce that the line D
) yzm+% '“fu.’s
touches the parabola. &V
NN\
44, Find the values of m if the line \
y= m+_x \,

passes through the point (-2, - 13 .lienoe determine the equations
of the tangents from the point ( 2,7~ 1) to the parabola

N 2_(&_4:3:

‘

§81. Normal to the p&mbola ¥ =4aw.
The tangent at»{;cl, 3,) has equation, gy, =2a(z +2,);

. the m{@} at (23, ¥,) has equation, g—y; = — - ‘; (- m).

The tamgent at the point ¢ has equation, J—' +at;
t,he normal at the point ¢ has equation

\:\, y—2at= —t(x~ at?),
e o+ =2af + aff,
N Eeample 1. The normal to the parabola, o —daz, at the point

I, meets the curve again at P show that P is the potnt

2
~; -t
The normal has equation
y+iz=2a +aib,
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and passes through the point ¢ if
2o, +aity® = 2at + a?,

ie, if At —t;) +{E -4, =0,
ie. i (t—t){2+ 2 +1)=0,
ie. if t,=t or _—?-:;
2 . . o r.
. Pis the point —= —t . ;\}

Emmpl’e 9. Show that three normals can be drawn from’ t)w
point (21, —30) to the parabola, y2 =4z ; find their egua&sdﬂs
The normal at the point ¢ has equatmn

y+io=2+ 5, r\d
and passes through the point (21, —30), 1f \
: -30+21i= 2z+t3
Le. if $#-1914+30= 0,.~.
ie if - -2 +2- 15)w0~
- lLe. if N 22, 8, -5, -

. the normals at three- p‘mﬂts pass through {21, —30), and
the equations of the n maﬁs are

y+20=120 y+30=33, y— b= — 138,
1. 24y ]25&, 3x+y-33=0, 5z —y—135=0.
x:\" :
O EXERCISES

Fing tke normals to the following paraholss, at the points indi-
> tated N

o N
'\L'J‘hw {1, 1. 9. gi=dx, (1, -2)
8. y'=z-1, (5,2)

Show that the following_ Iines are norma]s to the given pa.ra.bn[as
and find the coordinates of the feet of these normals :

4 2 -y—8=0, =z 5. 2z+y-12=0, yz:éw-
6 204y 120, y2=2z-6.
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7. Bhow that the line joining the points (1, 2), (9, — 6) on the
_ parabola
=4z

_ 18 normal to the parabola at the former point.

8. The tangent and normal at a point on a parabola meet the
axis at T and @ respectivoly ; prove that 7'9=.8¢ where & is 4hes
. focus. :

9. P is a variable point on_a parabola, 3 the foot of thé peFhen.
dicular from P fo the axis and & the intersection of the dxis and the
normal at P; prove that M is constant. \+

10. PN is the normal at P, a variable point ”g}: the parabola,
#=4azx; the Iine which passes through the foéus and which is
paratiol to tho tangent at P meets PN at N show that the locus
of N is the parabola

yﬂza(x—azs\\,‘

1. M is the mid-peint of P, adfdeal chord of the parabola,
¥*=4axr; the line through M and parallel to the axis meets the
normal at P at the point V ; show that the Jocus of V is the parabols

yi=malr - 3a).

12. P, Q, B are points girthe parabols, 32 —4ag, such that PG is
perpendicular 4o the axig,and P is the normal at P ; the tangents
at ) and B meet a6 7' show that the foot of the ordinate of T lies
on PR, A :

18, P, @ are,tﬁex\ points £, £, on the parabola, y2 =daz ; the normals
at P, Q meei\on’the parabola ; show that
\ h=2.

14 ‘li ©, It aro points in the parahola, #?=dax; PR, QR are ?he
nognials at P, Q ; show that the centroid of A PQR lies on the axis.

5. P, Q are points ou the parabola, y2 = dax, such that the normals
%ﬂ-t P, Q intersect on the parabola ; show that the mid-point of @

& Mies on the parabola
R\ : ¥*=2a(zx+2a).
\ D 16. The normal at P, & point on the parabols, y*=4ax, meets the
\ ), vlurve again at @ ; the axis divides the chord P¢ in the ratio 1:3;

show that P is an extremity of the latus rectum.

17, The normal at P, a point on the parahala, y2=4az, meets the -
cirve again at £ ; the axis divides the chord FQ in the ratio k:1;

show that the abscissa of P 33 2

1-%
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18, Find the equation of the normal to the parabola y?=4az at the

point Plapt, 2ap). .
If this normal cuts the parabols agein at the point €, prove that

the lines joining the origin to P and § are at right angles, if p2=2.
. {Camb. H.5.C.}

19. Normals are drawn to the parabols, y2—4az, at the points
4, £ ; show that tho point of intersection of the normals is

faltf+ht. + &5+ 2), — a_tltﬂ{tl +4:)}

¢

0. P,  are the points £, ? on the parabols, y*=4ax; prove that |

* the novmals at P, § intersect on the parabola.

21, PQ is a variable focal chord of the parabola, y2=<dad; the
normals at P, ) meet ab N 3 show that the locus of ¥ igthe parabola

_yg=“(£_-3‘?)' x'\\:

22, Find, in its simplest form, the equation of the normal to the

parabola y? —=4ax at the polnt {af?, 2at). PN
P@ iz a chord of & parabols drawn in a fized\direction. Prove that
the Jocus of the point of intersection of theinbrmals at P and @ is a
straight line, which i itself & normal 40, the parabols.
N (Oxf. and Camb, H.B.C.)

28. PQ, s variable chord of the patahola, 1 =4az, subtends & right

angle at the vertex ; the tangénts'at P, @ intersect at 7', the normals
at N, while M is the mid-paint of P@ ; find the loci of T, ¥ and X.

84, PQ, 5 variable, cﬁ@}d' of the parabols, y*=daz, smbtgnds a
right angle at the vertex; 7P, 7¢ are tangents; NP, N¢ are
notmals ; show thad'thie locus of the mid-point of 7V i the parahola

\ 2y =28 (% — u). ' :
%, M i t}?e:inid-point of the chord PQ of the parabola, y* =4a2;
P¥, QN axpdiormals at P, Q, and MN is bisected by the axis ; show
that the tangents at P, @ interseot on the line, z=c.

. 26, Find the oquations of the three lines which pass through the
\Pgmt (94, 62) and which are normsl to the parabola, y*=422.

27. Show that two of the three normals from the point (ba, 2¢) fo
the parabola, y?=4az, coincide.

28. Find the equations of the two distinct normals from the point

: (lla r:;,)
1’1 to the parabola, 3 =4e.

N

A\

N\
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29. Prove that three real normals cannot be drawn from a point
(%, 0) on the axis of the parahola y2=4ax to the curve vnless b ~%,
Find the area of the triangle whose vertices are the feet of the thres

normals from the point (34, 0). {Lond. H.E.C)
30. SBhow thaf there are three real and distinct normals from the
point (x, y) to the parabola, y2=daz, if I\

i 2Tay® < d{x - 2a)*. A .
3L. The normals from the point (2, ¥} to the parabola, y”‘z}ax,
meet. the curve at the points (zy, #,). (2, ¥2)y (%0 ¥a) 5 shgwichat
Bttt =0, mtata,=2(-2a))
32 PA, PB, PC.are normals at 4, B, ¢ on the pipsholy, y2=daw;
show that the circle ABC passes through the origin.”

§ 82. Chord of contact of tangents Srom P(z, 3;) to the para-
- bola, 42 = 4az, K1)

W

Ny

: Fie, 54.
AN Let the tangents from P (Fig. 54) touch the parabols at ¢
“NY and B, '
I @ is the point (z,, 4,), PQ bas equation
: Yy.=2a(x+x,) ;
P lies on this line, thercfore
o= 2a(x, +2,)
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i.c. (} Hes on the line _ '
=2 +a).
Similarly B lies on this line; which is ‘therefore the line @R,
i the equation of $he chord of contact is
Y =20z +2,).

2§33. Tangents from the point Plzy, ) to the parabola,
y=dnz,

oy (“The. 65,

Join P (Fig. 35) to, a}} point @ {z, ¥}. The point dividing
PQ in the ratio & ;~1;1i%5 on the parahbola if
X

AN (kﬂ ﬁl)ﬂ s (fm: + :::1)
\;"\.* E+1 B+l /7

e if (2 dan)k? +2 (yy, - 207 + 2k + (g,® — 202) =0 o)

y{i@”wts the parabola at 4 and B, the two values of % given

{:he‘l'llation {i) are the values of the ratios P4 : AQand PB: BQ.

Now if ) lics on either of the tangents from P to'the parabola,

these two values of k must be equal and therefore

(2 — daw,) (it —dax) =y — 208+
%hich is therefore the equation of the tangents.

& N

£ "\, ¢
I\

\
W

N\
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Example. Find the equation, of the pair of tangents fmm the
potnt {—1, 2) to the parabola

4t =2z,
The required equation is
6(y2—-22)=(2y ~z —1)2 o\
=(2y—m+1}2, ’,\‘\\
Le. 22 —dzy - 22 + 102 + 4y + 1 =0. \\\
« N\
§ 84. Definition of pole and polar. R ,\‘

The polar of a peint P with respect to 3 oqmc is the locus of
the point of intersection of tangents dsawn’at the extremities
of a variable chord passing through R,V

The point P is called the pole o{trh locua,

- §85. The polar of P (xl, yj‘) itk respect o the pambola,
P =4dax, i3 the slraughi Jme ¥

yyl 2a(x +@}.

=)
(xl ’}-: )
¥FIg. 58.

‘Let AB (Fig.56),a chord of the parabola, pass through P, and
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let the tangents st 4 and B intersect at Q{zy, yo) ; then ABhas

equation : .
¢ ypp=20(p+2y);

P lies on this line, therefore

] ] . il = 2¢ (.’51 + "”2)3 O\
ie. @ lies on the line . A .
yy, = 2a e +x,), \'\"\

|
N

N A

which is therefore the polar of P.

: A
§86. If the polar of P passes through Q, the polar of Qﬁp&sseé
through P. o \:"\\\'
Lot P, Q be the points (zy, %) (%2 Y- )

Then the polar of P hag equation ~

7
Y =20 (@ +3); | )

and () lies on this line, therefore
. _ 3’25’1=2“{x2\‘5:%}’
ie. P lies on the line A\
Y4y =200 73),
which is ¢he polar of §. O

£ )

Note. Points such Phas the polar of sither with respect toa conic
passes throngh the gther are called conjugate points, and lines such
t}lat- either paﬁs&ﬂ,"t&t'c;ugh the pole of the other are called conjugate
lines with respett 6 the conic. ' :

I .
Ezample, VShow that the lines

QO Yo 2T+, onnerieesenmininnerereie )
{"\‘?“; Sy=24 1, coerenereennnse s (ii)
\"\!FE' conjugale with respect o the parabols

yt=4ax.
Let the pole of {i) be P{ay, 4); then the polar of P has
equation '
_ i =2{z+ 2}
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and.therefore, from {i),

". P is the point (2, 1).
This point lies en (if}, therefore (i) and (ii) are conjugate linesy™,

§8'? If AB, a chord of a parabola, passes through o po%m\P
and intersects the polar of P at Q), (4B, PQ) is harmomg

N ,' [’-‘V-y}'z)

FIG. 57,

Let P, @ (Fi {q be the points {x, 1), (@, 4o} and let the
Lt

parabola have ation
2 =dax.
The pom}t dwldmg P@in the ratio & : 1 les on the parabola if
\ (J?sz-i-yl g (kx2+a:1)
\‘.t E+1 k +1 i '

\P i (g — 40z + 2y, - 203, + 7o)k + (3 - dany) =0,
and, since @ lies on the polar of P, the coefficient of % in this
equation is zero, and therefore the two values of & which satisfy
the cquation arc equal in magnitude and opposite in sigh
ie. 4, B divide PQ internally and externally in the same ratio;

" (PQ, AB) is harmonic ; I
" {4B, Pf) is harmonic.
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Note,. 1f 4B &= a v&rlable chord through P, the locus of @ the .
harmonic conjugate of P with respect to 4 and B is the polar of P.

ExXERCISES

Find the equations of the chords of contact of tangents from the
given poinis to the following parabolas
Li-2, 01, y== 2. (3, 2), y3+4:c:0.
3. (0,1), y=z-1.

Find the coordinates of the points, the chords of contactof tangents )
from which to the following paraboles are the lines given: & ™

2, =2z, Zy=u. -8, yt=dx, 2x- ?xyi—{_ifl.
8 2=2(x-1), =-2y-3=0. \/ =
%, Show that the chord of contact of tangents from the point

(-8, &} to the parabola, y*=4aw, has Jength 52,

8. P is the point (2, 3); P, PR are tal}gé:nt to the parabola
yr=dx;
state the eguation of the chord QF, and daduce the equations of the
tangents from P,
9. Show that the tangent at thapomﬁ {1, —2) on the parabola
A y3—4..~:
passes through the point, L—\Z, 1), and determine t.he equation of the
other t&n&e]lt from thiy point.
10. Find the equa,tl % of the tangents from the point { -3, I) to
the parabola
A/ ¥ =2
1. P, oy Wi}omﬁs on the parabola, y?=4az; TP, T ate tan-
gents andreyit’ the tangent at the vertex at 4, B ; show that the line
Jmmng\\ﬁﬁe focus to the mid-point of AR is perpendmular to PQ.

Flﬂd the polars of the following points with respect 10 the given

‘[Qra.bolas
;~12.( 3, 4), y*=4z. 18. (2,11, ¥=2

14. (1, -2), y*=2x+3.

bo{‘md the poles of the following lines with respect to the given parea-
o s

15, 22~ 3y +2=0, y =4z 18, S -2y ~6=0, y'=3z.
17, 3x+4y=0, 2y2=3{z-1)
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Show that the following pairs of points are cobjugate with rcspect
to the given parabolas :

18. (2, 1), (2,2), ==z 19, (3, =1), {=3,0, :1;2:-_19:.
20, (-1, -2), (5, -1) #=2(x-1.
Show that the following pairs of lincs are con]uga.te with respees,

to the given parabolas ; N
2 x-y+1=0, 2x-3y+4=0, y* -da. )
28, 32 -2y+3=0, ==1, ¥*=3x ‘ :\)

L ¥

2. x-2y-5=0, x+Iy-T7=0, »:=2x-3).

24. PQ is a focal chord of 2 parabola ; show é&hx,t the pole of PQ
lies on the directrix.

. 25. P, ¢ are points on the parabola, y2=dug, such that the normals
at P and ¢ intersect on the parabola ; sh\q that the pole of P lies
on the Iine

:::2;:;‘

28. A chord of the parahola, gﬁ “4az, hes gradient m ; show that
its pole lies on the line &N .

7. A point les on the hne
26— 3y + 8 0; '
show that i \po’lar with respect to the parabola, yé=da, passes
through the %mt {4, 3). .
8. Shbw ‘that the poles of the lines

QO 2-y+4a=0, z~-y+3a=0,

$

!ﬂt& mspect to the pa.ra.bo]a y*=4ax, lie on the line
) j':". 29, P, @ are points on the parabola, 32 =dax, such that the nor
O mals at P, ¢ meet on the curve; show that the locus of the pole of
\ }. PG with respect to the circle, 2%+ 3° = g2, hag equation
Zx+a=0.

30. Tangenta are drawn to the parabola, yi=dar; find the
equation of the locus of their poles with respect to the cirole,

2t yt=gl,

~y—a=0.



5 98-59] THE PARAROLA 207

31, Normals are drawn to the parabola, y*=4ax ; find the locus
of their poles with respect fo the eircle, 2%+ y2=a®

TUse the reciprocal property established in § 86 to prove the follow-
ing theorems for the parabola :

82. The pole of any line P@ is the point of intersection of the
polars of P and Q.

83. If a number of points are collinear, their polars are concurrent.
84. ¥f tangents are drawn from a variable point on o fixed stralght & \ _
line, the chords of contact are concurrent. 4

85. Tf 4, B, ¢/ are points such that BO, C4 are the polars of.A, B
the line AB is the polar of O,

~\
§88. The chord of the pambola o =4dazx, whos¢wmid-point is
{2, 1 1) has equation \\:
Yy, — 202 =7, 2ma \ v
Where the line v
il Y Ak ) W ORI ¢
o D smﬁl r (1)

mects the given parabola - \)
{oyyy +7 8D 9‘}2—465 x +7 cos 8,
ie. rzqmzﬂ-i»Qr(gkm\G 2a cos 8) +4,° — daz; =0,

and the roots of t}}x} equat]on are equal in magnitude and
opposite in SIgn ]:E >
P\ ylsmﬂ —2g cos B= 0

e om:(\) the required chord has equation

oo/

.‘s'\ Yy -9~ 2“(93 ml) =0,
Q8 yy —~ 200 =y, - 2y
l"\; " . .
N\ §89. Diameters of the parabola, y* =4az.

The chord of the parabola, whose mid-point is (%, %) has
equation

2a
—ypym— (B2}
¥-h 9’1( U
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., if the gradient of the chord is m,
2¢
M=—:
e
_2a,
h= m’ A
.". the mid-points of all chords of gradient m lie on the liné
% g )
== N\
. mo- L N/
A line bisecting each of & system of parallel g’lié].‘ds is called a

- A
diameter. &\
Note. Diameters of a parabola are pardllel¥o the axis.

Ezample 1. Show that the tang@ni’%;tke extremity of @ die-
meter of a parabola is parallel to-the chords which the diameler

lngects. O
Let the equation of the fiardbola be
L :'.: ?2 = 4:&:1:»

and let the diame!ger iéfvc equation

'\ 2a
o) y=22

ie.

m

P

7
\

The e;:tre\uity of this dizmeter is the point ?1?—1_, and the

tangen\tr«'at:this point has equation

& » - a
(N y=ma:+a,

. . :"\ v/ -
'@ﬁd therefore has gradient m, i.e. the tangent is parallel to the
‘ chords which the diameter bisects. '
NN -
A\ Brample 2. Show that the equation of a parabola veferred to
N\ any diameter and the tangent at its extremily as axes is
#=daz,

where o is the distance of the focus from the extremity of the

diameter,
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Let the parabola (Fig. 58) referred to rectangu.lar axes 0X,

0Y have equation, 4% =4az, and focus 8.

YA ':f Q
c’ .
"I ,;}I
__3_‘;___'_, ......... o o
P ¢ .
\
ol s 5 N
7,
\:“\\\.
‘X
o i
Fia, 58. \~

Let the tangent with gradient tan & tpuch the curve at P’ ;.
then P js the point (@ cot?8, 26 cof 3‘)-

Take any point §(z, y) on t]rewcurve, let its coordinates:
referred to the diameter and tngens through P be £, .

Then »‘\@ = cot?0 + £+ cos 6,
and \‘\\} y=2acot G+ysind;
but ¢ } Yt =dax ;

S 4a? cot?ﬂ?&-}&“caq cos f+ 7 sinf

\*?\“ =dg? coteﬂ_ +4af +4an cos 6,
N
i e \\ =t n23 £,
,~\> w,Now 8P2 —g?(cot?d— 1) I+4a,2 cot?f
=a2(1 + cot*fy?
aﬂ

nt=4af, where the length of SP=a. .
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ExErcisEs

Find the equations of the chords of the following parabolas, which
have the given points ag mid-points :

L gt=dx, (2, -1), 2 2y8=3x, (2, -1),

3 y=3(x+1), (1,1 Q)
Find the mid-points of the following chorduof ihe givenp'a{i'ajkolaa:
4. 26-9-2=0, y=dq 5. v +8y-1=0, gilxas

e
N

6. 2-y~1=0, yi=s(z-1). )
7. Show that the chord : O\
. T-—y-20=0 ’m'\\
of the parabola, #:=4ax, bizpsts the chord'
22~y - 5@:9\\:
Find the mid-points of the fo]]oﬁp’\g chords of the parabol,
yzzmx . ] N\ . X 3
8. lr+my=1. % 9 Zeos oty sin a=p,

L A
Find the equations of the diameters of the following paraholas,
which bisect chords parallelto the given lines :

10, y*=dar, 2r-d—=0. 11, ¥ =2z, 3Jx+dy+2:=0,
12. ¥=3(x - Die% 2y -1 =0,

Find the gradients of tho chords of the following parabolas, which
are bisected by the given diameters »

18, y*=dag, y+da=0. 14 y=w, y+2=0.
16, 28 =2 -8, 4y-1=-0.

Wﬁhe'dowu the equations of tho tangents to tho following para-
olgy’at the extremities of the given diamoters :

'\‘\\"13. ¥r=dax,  y—2a=0, Y7 yP=x, 2y41=0.
\ ;’; 18, »*=2{z-3), y+3=0. .
) 19. Show that the tangents at the extremitics of any chord of a
\, ) parabola intersoct on the diameter which bisects the chord.

20. M is the mid-point of & chord of the parabola, yt--4aw ; show
that the chord is parallel to the polar of 3,

21, M is the mid-point of a chord PQ of & parabola ; 4P, T'Q are
tangents ; show that the parabola bisects 770,
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22, Tind the coordinates of the mid-point of the chord

y=mz+c,
of the parahola, y* =4air, and deduce that the locus of the mid-points
of chords of gradient m is the diameter

2 _Za £\
=g <

23. PQ, a variable chord of the parahola, y*=4ax, passes through ()
the fized point (z; ,,}; show that the locus of the mid-point of PQ \ k%
bas equation N \/

¥ — Qax =y, — 2a%,. ,\~‘
24, BC, » chord of the parabola, 42 =4ax, subtends a right Anple
at the extremity of the diameter which bisects it ; ahQ{x:&hE.t the
loens of the pole of BC has equation : \\V
—daptia=0. D

25. M is the mid- pomt of AB, a variable chcg'gof the parabola,
¥=dax; C is the extremity of the diametenblironigh M ; A5 passes
: through a fixed point (%, y); show that the 16us of the mid- -point
of CM has equation o ,

e\
)
¢. &N/
\\ .
N\
" *
t“, N
NS/
O
Qv
.n.\\
NN



CHAPTER XV R
e,
THE ELLIPSE \t\ )

§90. In this chapter, & number of theoremjs...&:-’ﬁéeming the

- ellipsé are stated without proof. The reader honld establish

these theorems, using the methods by whiththe corresponding

theorems concerning the parabola werg ‘established. To assish

the reader in this, references to the gérbesponding proofs for the
parabola are given in all such cagen,

§91. Parametric repfese{mitzo;a:
The point {a cos 8, b 51'6) lies on the ellipse

"_:‘ :u.l.Z ?fﬂ_l

B

for any valueoqf'?: : '
If we wxite for tan g, we have that the point

L >
s

P\ (al_—__t:: 6_26_)
N 1+ 1+

{

lie§ 6n°the ellipse for any value of 2.

N NP (Rig. 59), the ordinate of 5 point P {¢ cos @, b sin §) on
"\x’{“ the ellipse, is produced to @, so that

Y. NO o
W NPTY
the coordinates of Q are a cos 8, asin 0, i.e, Q is & point on the
cirele :
' P ryt=g?

212
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This cirele is called the auxitiary circle, and # the vectorial -
angle of @ is called the eccentric angle of the point P.

Y
Q(aws&, ﬂ':r’sl?)
Pares 8, bsinf)
: O
? [N O
0 4 z\:“
AN 3
D
RO
N
Tia. 59 }\
Example 1. Show that the dwmﬂces ef tﬁe point B from the
focl of the ellipse ' s.\.
o ¥ ™
= T+ o 3T
are a{l 4. cos 8). “’\

Let P be the point 3\3\7]16 focus (ae, 0}, 8’ the focus ( ae, 0),
where ¢ is the eccenm;clty

Then \SPB (@ cos B — ) + b7 sin*@

A =g? costl — 2a% cos §+ale + B sin*f

Nos i
\'\\ —a? cos™0 — 2a% cos 0 +a? — ¥+ B sin®f
AN — a2 costl — 2ae cos O +a®— b? cos?d
~O |
N/ " —aPe® coutd — 2a% cos 0+ af .

=g2{l —ecos ) ;
‘. SP=qa(l-ecos ).
Similarly 7P =a(1 +e cos ).
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Example 2. P is a variable pornt & on the ellipse

2 .

Q is the point 0+a; show that the area of the triangle with
verlices P, € and the ovigin is independent of 8. (N
Area of triangle—4{a cos § . b sin (B+a)-acos(f+aq), M\in 0

=1abgin a, : < W
and is therefore independent of 8, ~\ Dot
ExERCISES D

1. Bhow that the gradient of the chord joih“iﬁg the points 4, ¢ on
the eilipse -

B LY
. al ' k2 '..\ W
. B B \S
3 —--cot —L., N\
' a 2 o N
2. M is the rinid-point of.f.”Q,“a, variable chord of the ellipse
fz’ Yo

S T :
with centre € ; sha¥that the product of the gradients of O} and
Pgis consta,nt.xm\

3, 44, !g{}‘f&e the major and minor axes of an cllipse Wl't'}}
ventre ;9P i any point on the ellipse ; PM perpendicular to 44’
meets A AL a6 3 ; show that MP2: A’M | MA—COBz: C 42

4 1Kin the previous exercise m is the foob of the perpendicular
from %o the minor axis, show that mP?: B, . mB =('A® : (B

(V5. Show that the points 8, ¢ on the eflipse

N 2 oyt
N a1
S~ :“\.ﬁ " with eccentricity e, are the extremitios of a foeal chord if
\ ) 8, ¢ e-1 e+1
tangtan f=_13 o .oy
6. The chord joining the variable points g, ¢ on the ellipse
. . ' Tt oyt
a@te=l
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subtends a right angle at the point (@, 0}; show that
B I
7. Pis & varieble point on the ellipse
. . xs y?.
- atHE
with focus § ; show that the loens of the mid-peint of SP is an ellipse,

. with centre midway between the origin and S.
8. Show that the point ) : h \
- ' - N
(a GOSM cog é Qs, bShMMM) 9.\ R
_ 2 2 T2 2/ {0
is the mid-point of the ¢hord joining the points 6§, ¢ on the, ellipse
2y )
Al O
8. Two variable points 6, ¢ on the ellipse, \
2P

at B XN
aro such that # + ¢ is constant ; show $hat the locus of the mid-point
of the chord joining the points is a'straight Ine passing through the
origin,  r
10. Two variable points &,\;\m the ellipse

3
4 . y%
N Gt
ate sach bhat § — dvis‘eonstant ; show that the loous of the mid-point
of the chord joinmg'the points is an ellipse.
1L Pg g@bﬁé points §, 26 on the ellipse

A\ ® .
z\‘ a2t
show $Hat the locus of the mid-point of the chord PQ has equation
o..\' “/ . zg yg 4&& 4y2 )_ﬂ:
W o e

12. Show that the point whose coordinates are given by the
equations _
1-¢#  2W
.'n.‘::[l.r_;‘—‘, y——-l_H,,
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Ties on the ellipse

at gt
atp=ls
show that the gradient of the chord joining the pointe #,, £, i
b 1-1t,
E - ?1":;:"‘;' s"\
18. If a circle cuts the ellipse <O
E O
. 2 b& " (N}S
at the points 8, @,, 8,, 0,, show that ,\\
. 31 -+ Bg + 83 -+ 8‘ _—_2?3'-'?,\:::‘}

where » izintegral. I:Use the method of example 2, § 78, noting that

. & -1 2t

the point & on the ellipse is the ~p‘xo1nt (a, ;Ti"’ b -—-—) where
I=tan_. [ . : Y
tan 3 L\

14. A circle cuts the ollipse™
‘2:’;’ Tat y®
Y @tET
at the pointa A,’E,\.b’, D ; show that the chords 4B, CD are egually
inclined to thesaxes.

15. A circle meeting the ellipse

e .
O et il

imtwo coincident points at P, cuts the curve again at ¢, B; show
,&haﬁ, PQ, PR are equally inclined to the sxcs,

Qr’:’;\ * 18. A circle passing through the points (e, 0, {0, ) on the ellipse
'\.\¢ * a? +‘y2_1
\': a? b

cuts the curve again at P, ¢ ; show that the mid-point of P les on
the line

.g_ a
+b-0.

2N ]
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§92. Chord and Tangent.

The chord joining the points (z, #,), (:):2, s} on the ellipse

 has eQua-t-I'on

z® y2
P

=]

z {$1+$2]—}- 2 (?f:‘f‘%)——

?!1?9'2
B

the tangent at the point (z,, %) has equation

The chord joining the points 3 ¢ has equation 3

the tangent at the point 8 has equation | ..‘ )

-

the tangent at P meéts the magor axts at T ; show that
s .

a—2+%‘f‘ 1.

x 8+¢ ¥ .
g 08T+, sin

—cos t?+
a

b

8+4

=GOS
2

sm &—'1

OM . OT=at,

where O 15 ,t{qs}mgm _
Let P\bc“fhe point {z;, 1) ; then OM =,

,QT.II&S equstion,

l"\ w4
\/ Joag?

and -,

0-¢

N
s

\

+1;

\\

a17
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Eaeample 2. P, @ are the points 9, ¢ on the ellipse
z Ly

at b? R

TP, TQ are tangents ; find the coordinates of T and show tha,
if P and @ move so that 0 ~qf>=7—r s the Locus of T s the cllipse,

za {’p- 't‘\\.
tp= R\
x . ‘ \"/
.TP has equation, - cos 9+Eain9=1; ~$\
T¢) has equation, :'EcosqS'gsinqS 1 N
.. 4 ‘a b \.’
. \\ cosw
LatT, x=a s 95 f 2
’ * gin 8 cos ¢ — 003981’}195 COSBHQS’

=1;

s.l

Q.,:::. sin 0+¢ _
and _ cogprcosd Mg T
Y S 0,908 4 —cos G sin ¢ AT '

K
T
1fe~¢=:.—<\thnaw

.:'\ x-J%wsﬁ—?, Y= x/2.!nzzm'9"l“q{3

2

N \) ) $s yz

0\5 / 62 2
\,\\t}ze equation of the locas of T.
,:{3'. §93. The line .
~O y=mziatmE L 57,
;- louches the ellipse :
4
@ P 1
et e

Jor all values of m. .
[Use the method of § 80.]
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Example. Find the equations of the tangents common lo the
ellipse ' '
*+ 22 =6,
" and the eivele
| 2 4 22 =9,
_ The tangents to the ellipse, with gradient mm, have equations O\

4= mxi_\/ﬁm2+3 ...................... [i)_ ,\ \

The tangcnts to the cu‘cle, with gradlent 7, have cquatlons J
N
y=mx ﬂ:—'" Itm® o A0 (0)
*
" The equations (i) and (11) represent, the same finee)if
6m? 4+ 3=5(1+m), K7

W

e if m=1; AN

~~ N/

.. the common tangents have eq’uaﬁiéﬁs

y=513, .f,"‘
and y——xi&

\"EXEBGISES

Find the equatiomgf\the tangents to the following ellipses at the
points indicated : p

-3 13 79
1. “_'..,_‘,_Q_zl\)(_.l,g}_ 2 a4+ 2yt=6, (2 1)

(i"g? +§ 1, (2 -2

§how that the following lines are tangents to the given eilipses,
ﬂ(ld,&etermme the peints of contact : :

i\”"l 2w+ 3y +5=0, 2r+3P=5
’ 5. Zw~2y+3=0, 22%+dy?=3.
B. 224y -5=0, 4(z-1p+{y+1)2=8
7. Show that the line
* 608 at+y sin a=P
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touches the ellipse
x2 JE
. A
if - P=~a* eos*aq + b sinca.
" -8, Bhow that the line
: et my +n=0,
touches the elllipse
. 3)2 y‘-!
T =1
if afl?+ b2m2 =n?,

9. Bhow that the line

is a tangent to the ellipse

(o y-kp i

y-k=mlz- k)j:da%n‘+b’;~\\’

5

wz b2 \s
10 H m is the gradient of a common ‘tangent to the circle
ﬁ+%:ﬁ
and the ellipse
: 2 y
a&* B =1,
show that . il
oW ———— 3
~ i
hence fing the{@gnﬁon tangents to the circle
1 » Tys_‘Qﬁ
. o O 3
and thewellip +&
peliipse 169 6=
H\.:}‘ ¥ a point on the ellipse
xz 3
RS FEL
;"\;‘ &, & are the foci; show th&t 8P, §'P are equally inclined to the
™ tangent at P,

"

12. The tangent at P,

s & point on an ellipss, mects Lhe d1recfxrlx
ab I'; show that PT subtends a right angle at the focus.

13. M p, p, arc the distances of the foci from a varjable tangent ¢

an ellipse, show that pp, i equal to the square on the minor semi-

axis,

i
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14. P is a point on the circle
rErytegls
xt oyt
prag -l
having the sume abscissa ag P; show that the tangents at P and @
meet on the #-axis.
15. P is a point on the ellipse

¢ i8 a point on the ellipse

x'} yﬁ

l b_2=l : y ‘.‘
the tangent at P and the perpendzcular from P to the mmor axis
meet this axis at £ and m respoctively ; prove that <o\

N/

Om . Ot=02,
where O is the origin. \\.;
18, P, f) arc the points @, ¢ on the elhpse \‘
552 yZ P ‘o
T ;. \/

TP, TQ arc tangents ; show that T 18 the point

( g+4  O- gs* LT e_gs\

& COR —S&'J % sin -—--—

17, P, @ are points op.an \elllpse . TP, TQ are tangents ; show
that; the line jotnin, %fo the mid-point of the chord Pg passes
through the centre %\( eltipse.

18. F, Q arc yakiable points on the ellipse

N\ 2 g
.\, b4 +§ =1 3
the mKKi)O;nt of the chord PQ lies on the ellipse
\ S
A '\ + B =k; H
\ 5}0\7 that the tangents at P, Q intersect on the ellipse
v mﬂ yE .__]: .
BTETF
19. P, Q are the points £, ¢ on the ellipse
e yS

ATE

L {
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L TP, T'Q are tangents ; show that the area of ATPQ is
sin® o ; ¢
(1D ——

tos 0=

2 .
20. Show that the line z cos a+y sin o= p touches the ellipse,

2

g 7'\
az+bs“1’ \“/

P yﬁ

if - i =a® con’e 4 5% sinta, '..f N
H the perpendicutars from B, B, the extrenﬁt—ieﬁﬁfir.he minor axis,
- to any tangent are equal to p,, p, in length, prove that the locus of §
is @ circle through B, B, where @ is distant By} ps from B and B

respectively. x\\ _ {Lond. H.3.C.}
21. Show that any point on the ellipsés v o
e Y
a® bt
may be denoted by .' § ¢
S Nl
A P

and find the equatign(of the chord joining the points ¢, and i,
The lines joining dny point on the ellipse to the points (Ag, 0},

(e, 0) meet the ellipse again at @, B. Prove that the tangents at

@, E meet opthe conic '

O @ A-2a-xy
S P ey s |
Iﬁgc'rpret the result when A\ =1. {Oxf. and Camb. H.8.0)
’."%' Prove that any point whose eoordinates « and y satisfy the
8 gquations . _
\"® )

\\v 1-% 145 ¥
' —2.ab
# 1 7

where ¢ is an auxiliary variable, lies on th;s ellipse

] 2
it
7}

=1
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and that the coordinates of the point of interseotion of the tangents
to the ellipse at the points for which ¢é=# and f=i, satisfy the
equations

1-2 147
E‘1._—[L:_-
Bty L A(h+h)

AHE is any triangle circumscribing an ellipse. 47, B, €/ are the
points of the ellipse diametrically opposite the points of contact of A

ol

<

the sides BC, C'4, 4B respectively. Prove that 44', BB, CC” ate '\~“\.
conourrent. _ (0=f. H3.C.){)
%3. I, @ are the points 8, ¢ on the ellipse ¢ \.}‘.
at gt - : 7
[;_!_6_2:1; .'"‘j\\.
* the chord P@ touches the circle !
w2+ yt=bt .‘t\\"

show that the tangents at P and ¢ intersect op tlx!e\e]hpae

2 oy 1 ::: v
FTETE N
24. P, ) are points on the ellipse, ¥
2t ?,(,’.::' )
G
P, TQ are tangents to thesellipse ; the chord PQ touches she para-
bola, '\\/ i i
A \ 2 =dex ;
- show that T Lies on the parabola
o atey® + B =0,
2. TP, T\Q}m tangents at P,  the extremities of a focal chord of
the ellipsel )
{!\K z® y’__l .
T\ f; + 3’-‘ =13

"\gh?)" ‘that T lies on the directrix.

/ 8. A variable chord P of the ellipse
xs yﬂ. .
N Tl

fubtends a right angle at the point (a, 0); show that P passes
through o fized point on the major axis.
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Find the equations of the tangents to the following ellipses, which
are parallel to the given lines :

Fd i yz__ _ _
27. 5Y% =1, z-y+1=0.
xZ yz_ _ _ .
28 o+ g =1 2z-y+3=0. N
29, (—x-i)sﬁ-@—ﬁ-—.l, THy—2=0, o'\tx
2 7 PR\
\/
§98. Normal to the ellipse, %, +3£§ —1. O
The normal at the point {%y, ;) has equaf\an\
a?x by e %
331 in o
the normal at the point @ has cqua;ﬁion
KNS B
cos § Sm. g
[Use the method of § SI'J*

- Ezample 1. Pind the condition that the line
u.i le+my=1,

should be novnighto the ellipse
L\ S
O + '-,2 =1.
t\':/: N/ bg
o sy uati _M__;‘y_k 2
x’{]’ft& equations ws8 smmg=" %
. Qa{ d ' le+my=1

3% represent the same hne if
“\

T=@-%)cos§ and —gﬁ(az;bz)sing;, |

. a? B2
. 4 E e e
i  Etha (e - b2)2,

which is therefore the required condition.
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Erample 2. Show that the feet of the normals from the point
(T3, 1) to the ellipse
P
21~
a® B
lic on the curve
{a® — B)ay + BPyyr — 0Py =0,

" The normal at a point (£, %) on the ellipse has equation Ko
e N
aiwulfg:a“——bz. B\
£ O
If this normal passes through the point (zy, 1), ) ,\\ \
o’y P, Y
— == bﬁ’
¢ i WV
9. \d
i.e. the point ( 5, ) lies on the curve \s
“le b2y1 g b&
. T, ¥
Le. {a? - oy + b2yla:.- asxly =0,
Bxample 3. The- %ormals at‘ﬁw pomts 81, B Oy, Oy on the
ellipse
a“\‘sz =1
\\* o 2 bﬂ
are concurrent | 3kow that
. :C\/ﬂ +8,+6‘3+9r(2%+1)ﬂ,
when n is ﬂ;%gml
The thlal at the point # passes through the point (z;, g if
:"\ —-axl - L‘-?il— =02 - 62’
o) cos @ sinf
—\ie it ax, sin 6— bylcosﬂ (@2 — )gm 9(3933. ...... (i)

Writing ¢ for tan g, equation (i) is

awyt— byy(1 - A1 +8)=(a? - )21 -F), - )
Le, byttt 2(aw, +a® — BB+ 9(az, — ot + PR~ by, =0 .oo(il)

H
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{f the normals st the points 8;, 6,, 8, 8, pass through the
pomt {2, u,), equation (i) will have roots

8 &, By b;.
ta.n—g--, tanE, tan—2 . tané,

- 6 by By '94_ \
. tan Etan—g— tam—2 ta,n—z- =-1,

and Ztan b, tan %:0 : \V

; Y
2 b 3

bt g 500, :
2 . X

b, B SNy,
. ZtanE—Etangt{qutan

o

L\J|,;§b (=]

2 H
tanE“

- O a0 b
12 tan 3 tan 5 + 1;5:13,:5 tan 3 tan-

N/

=0 ; A\

040,460,468, oi .
—1——?—;—-£F——4, (Zn +1) ;, where » Is integral ;

S+, B_QQL 8:: {20+ 1)7, where » is integral.

s~
£ 3
£\

A ExEencrses
Find the dormals to the following ellipscs at the points indicated :
L 2i4ii <6, (1, 2). 2 3x*+2y=5, (-1,1)
i} sl Ty : :
%:t%)_-l"ys:sa (33 ~1).

{ _ _
'%Shnw that the following lines are normals to the given ellipses, and
Q}_ﬁnd the coordinates of the feet of thess normals :

N & 2oay-2-0, 2 2212,

N,

3 5. 4475"[‘3‘![*-2:0, 3m=+2y3:1[].
N\,

—y-l=0 E-3F
- 8 x-y-1=0, 4h—1--i—2_1

7. Find the length of & diameter POQ of an ellipse of centre 0 and
semai-a¥es ¢, b which makes 2n angle 7. with the major axis.
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Prove also that the tangent of the &ngle betwieen OF and the

s - b2
. pormal to the ellipse at P is e (Jt. Matrio. Bd. HLC.)
8, Find the condition that the line
y=mz+e
should be normal to the ellipse N\
y" ' o
b’ =1. \\\ ~

9. P is a point on an elhpee with focus S and eccentnmty ¢; the 3
normal at I meeta the major axis at & ; show that G8= eSP. . N N

10, P is the point (,, ) on the ellipse '\\
z* + ¥ NS
a®  Be !

the normal at P mests the y-axis aty; show that the mﬁm&t’e ofgin
P S
—_ g b_= yl . : ; N \ - 0

., Pis the point (2, ¥,) on the e]]lpse
xz yi a ,;

. bz_,‘{(:’
the normal at P cuts the a-axis at'q ; prove that the abscisea of &' is
ety whore e ia the cccentrlclt;‘\

12. P i3 any point on %\eﬂfpse
.Z \ » — +g“
N/ e

with foci 8, & ; \t;hc;normal at P meots the minor axis at N show
that , :
OV Ngrogp. gPear -

13. She @\that the coordinates of the pomt of intersection of
DUl‘malsm the points &, ¢ on the ellipse _

A0 L
QO -
arg :
cosg—té 9+¢
at— f2 2

cos # cos b 8_¢,' -w—-—smBsqu———g.
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14. NP, N¢ are normals to the ellipse
. yz .

bz =1

show that, if PQ iz a focal chord, N has the same ordinate as the n:ud
point of t.he chord. ¢

- 15. Show that the mid-point of the chord of the ellipse , |
D)

&yt "\’
4 = 1, ;“\’\
\/

=g
which is the normal at the point @, lies on the line (™
—cosB—i— 5 sin 8=0. "\;.

18. The normals at the points 8,, 6'3, &{on the ellipse
x“ y“ 4

are coneurrent ; show. that . Q:
sin(@; + 0y) +sm183+ 6h) +sin(8; + 8,0 =0.

§95. The chord of pmstad, of tangents from the point (y, y) 0

the ellipse
W\\ $2 yz
+{) —+9=1
\\”' at B’
has eg“zmwn
\ \/ *z, LY _1
ar v

{B‘ “the method of § 82

'\ §96. The equation of the pair of tangents from the powt
i"\ " (@1, 1) to the ellipsé .

/ . a? -5
RS (‘”12+""’b; ~1)(§—:+%2~1)=(‘”’1 %g_i-l)z.

[Use the method of §83.]
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Faamygle. Show that the locus of the point of intersection of

mutually perpendicular tangents to the ellipse -

et
is the circle i

Fryt=a?+ b
(This circle ¢ called the director cirele.) . )
- The tangents from the point (z;, ) to the e]hpse haw A

equation O
2 yl @ ¥ ) (_mi'l w1 BN
( 1) + v +F i\ ;
and, if these lines are perpendicular, \s
L) -0
A1) a0
le. PR =a,2~1-b’
ie. the point of intersection Qf fhe tangents lies on the circle
m"1+ =a? + b,

which is therefore the ‘N}}mred locus.

§92. Pole and Ra;m _

The polar Oﬁ‘&‘pomt with respect {0 a conic has already been
defined 1 .
The {mlhr of the point (%, yl) with respect to the ellipse

" Y 28 y2=1
Y At
\S't'heline
' mx_i_?!;!;l

[Use the method of § 85.]
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Following the methods of §§86 and 87, the rcader should
brove that '
(i) if the polar of P, with tespect to an ellipse, passes
‘through @, the polar of @ passes through P, :
and (i) it AB, & chord of an ellipse, passes through a point P,
and intersects the polar of P at, @, (4B, PQ) is harmonig

Ezample.  Show that the locus of the poles of chords wbﬂ&a}s}e

normal 1o the ellipse Q
a? yg . l‘:}
_ ati=1 A
has equation LV
: @b -bB__ . 62)2 :
| EAT AN
- 'The polar of the point (4, 13) ha@@ation
%?-l-ggzl ::’_’_": ............................. (1}
The normal at the point ,ﬁ.’:ﬁas equation
@ oy _ 2 g i
a‘)@ ;“sin 7 = bz. ....................... ( J
Equations (i) &n\d;(ij) represent. the same line if
((Gosb  gising 1
@ R T g
A 6 16
ie. if N % + 'b_z ={a?— P72
. A i : :
¢y, 1) is the pole of 4 normal chord, (z;, »,) lies on the
Curve” '
'\\ : as B 3o
&N o T @0
:..\‘3
0 Exercises
N\

Find the equations of the chords of eontact of tangents from the
given pointe to the following ellipaea : .
9,1y, ¥, ' .
121, 3—4'2—=1- _2. {(-1,1), sxtipy =3
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(x+1)2
L

Find the coordinates of the points, the chords of contact of tangents
from which to the following ellipses are the lines given :

+(y—1p=1

3. (L, 0),

4._ bgt=l, at+y—1=0. 5. Jt+dy=2, 3r-dy-2=0.

2 : .
8. {xé et x+8y—6=0.
\
7. State the equation of the chord of conta,ct of ta.ngents from the N
point (4, 6) to the ellipse ) N
e O
16 la.«‘_ ? ~.\

and deduce the equations of the tangents from the’ grven point to the
“ellipse,
" 8. Find the equations of the tangents from th{;@\t‘nt (1, 2) to the
cllipse

z? —‘—23;” = ' N ’
9. Find the equation of i;he pa}.r of tangenbs from the peint
. (2, -1} 4o the ellipse _
2% 4 y*:-}”
10, Show that the tanpents fmm ‘the pomt (2, 1) to the alhpse
' 20 B3yt =

- e mutually perpendiculaf.’ >

Find the polars of tﬁg\foﬂowmg points with respeet to the given
ellipses :

1. (3, 1), r=‘+\3y Z1s. 12, (-2, 1) 3e+eg=18.
13. (1, _1}'\ 12434 3)¢ 1P =L. .
'\\he poles of the fo]lowmg Hnes with respect. to the given

el]lpses

Aldoiy-1=0, de*+3y2=3. 15 z-2y+4=0, at+ 2y =8,
“NME. 2 -Gy -4=0, a?+dp? 4y = 0.

17. Find the equation of the polar of the po;nt (2, 1 -1} with
respect to tho ellipse

azi +hyF=1,

and show that, for all valaes of ¢, the polar passes through a fixed
point ; determme the coordinates of' this point-
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Show that the follewing points are conjugate with respect to the
given ellipses :
18. (2,1), (-1, 2), 2*+2y7=2,

19. (-1, 1), (1,2), 3« +dyt =5,

20..(0, -2),(-3,1), 422+ 392 — 4 =0, R
Show that the following lines ars conjugate with respect tgm‘@e

given eflipses : \\ 4
2. x+2y-1=0, z_— ¥+2==0, 53:3+6f2—la « \J

2% 2-2-6=0, x+y-1=0, erdyr=12.
28 2v—y 420, 3 +4y—4=0, 4:6“+9J—=I"{19—JJ)

24. Show that the polar of a focus of dn elhpse Suthe eorresponding
directrix,

25. Show.that the poles of the lines /2>
z+2y4+3a=0, 2x+3y+4a 0
with Tespect, to the cllipse L \J
22 + Eya da?,

.l

lie ¢n the line
x ‘80_; - 24 =0,
28, Show that each, ~Ea,u- of tho lines
"‘\ x4+ 6y —a=0,

7

.\\“' 5z -3y +e =0,

_ \ z-6y+11a=0,
are comug@te “with respect to the ellipas
. ‘\w a4 3?;2 =a?,
275K chord of the elhpse
\ y2
R ‘\ tpa=L
;"\ has gradient m ; show tha,t its pole Iies on the ling
. 52
= \ ¥=- EE%.’L’.
28. The polar of P with respect. to the ellipse
oyt
—+Ze=1

e
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meets the x-axis at ¢ ; the line through P perpendicular to the polar
meets the x-axis al B ; show that, if 0is the origin,

00 . OR=a® — 18,
89, Show that the points which He on the ellipse

T

g

and which are digtant ¢ from their polars with respect to the ellipse

w g \

%=L ~
lie o the ellipse : A

\ N
22 yz_ 1 e
at B i
80, The Jine through P perpendicular to the Pglﬁ'of P with

respect to the ellipse ’ VY

2 . ye_ : ¢ "' ®

A (O

*

rests the x- and y-axes at @, B3 V...i};;' the fourth vertex of the
rectangle with vertices ), R and the efigin ; show that, if 2 lies on
the ke N\

o1

i
@ e
¥ lies on the iine \\"" '
A x_.y:aﬂ—bz.

31, A variable eh’sifd'i’Q of an ellipse passes through :?ﬁxed point.
fP" + O ave the p({‘imﬁs of the ellipse dia.met‘ricafﬂj«; ;PQPD?@ P anfciil Sd
tove that the pols, with respect to the ellipse, of P'Q’ lies on & fix
straight 111{@9 s Pe (Oxf. H.8.C.)

8. l’l‘ﬁ"'\e that the perpendicular from any point P of the conic
(e By + by — ety =0 to the polar line of P with respect to the
'ﬁlﬁ;pse: z: 'g—j— 1=0 passes through the point (%o Yo), and deduce

at four normals can be drawn from any point to an ellipse.
- It the tangents to the ellipse at the feet of two of these normals
weet in the point (ay, y,), prove that the line joining the feet of the

other two normals is = 4 % +1=0. smb. H.8.C.)

o
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§98. The chord of the ellipse
—+ b—a =],
whose mid-point is {2y, y,) has egua&a’on
yb_ygi a a;lg + %12 A\

[Use the method of § 88.]

§ 99. Diemeters of the ellipse N
P &
2THE= 1, A\

\ 4

The chord whose mid-point is (z,, yl}\hfzs equation

% Y o g
a® b a"“ :

*, if the gradient of the chord“ls m,
N2 Y

< Sl

S
™I & yl
, Y B2
1e. . ==
N BT o,

", the mid-\ﬁéhfts of all chords of gradient m lie on the line

~

%5

L >
p Y=——=—01
£ 2,
WY a“m

Th}Q‘]S & line passing through the centre of the eﬂ!pse and is.
%HE& a diameter of the ellipse.

‘\ §100. Conjugate dwnwters of the eﬂzpse
o) ¥
”\ o = + =1,
\' .
- In §99 it is shown that the mid-points of all rhords Of
gradient m lie on the diameter

= bz -
Y=
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the mid- pomts of all chords of gradient B Lie on the

dlameter a'm
Br oatm
Y= @\ B®
le. on the diameter y=mw.

Hence, if a diameter 4 bisects chords parallel to a diameter

B, the diameter B bisecta chords parallel to 4, Two such dia- A

{

meters are said t0 be eonjugate. The reader should remember .0
thal conjugate diameters have the product of their gmdlent \J

b . . ™
equal to — —. ~fu
: a? _ AL
Ezample 1. A, B are the points 8, ¢ on the elligisé\
i Y PN
T A\

with centre 0 ; show that OA OB are conjugat}e semi-diameters
if g '

6’”5'6 9_” N

04, OB have gradients _ b tad 3" M tan ¢;

. 04, OB are con]uga:t‘e. semi- dlameters if

_ \1@& 6 tan p=— 1
and this relation higlds when 3"“‘95
&

Esample 2p0AB is a diameler Of an ellipse ; -show thai the
tangents @i 4, "B are parallel to the diameler conjugate to AB

Let z{\be the point @ on the ellipse

..\\; : 332 '9_ =1;

i
\tﬁm B is the pomt {3+7r), and the tangents at 4, B have

equations
zeosf yeind _zcosﬂ_yamﬁ_ L.
R a b

N

\*
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¥ach of these tangents has gradient —2 cot §;
. and the gradient of 4B is g tan @ ;

. the tangents are parallel to the diameter conj ugate to AB

Ezample 3. Prote that the tangents at the exiremities ,o{)k
chord of an ellipse intersect on the diameler which bfe.fc‘ts
chord. f . A\

The tangents at the points 6, ¢ on the eflipse { ™

at yﬂ »"\ $
atpE=1 )
intersect at the point \
' oY
| cos 218 sith\ =
6 pa 2 b i)
cos 8—;?5, A\ .cos o-¢

The chord joining the p&;ﬁité ¢, ¢ has mid-point
(a6039+¢m‘&. é b 9+q6 9 95)
2 A5

2 ,
The points, (1{»31% {i1) lie on the ]Ine
4 Sy b 6+ ¢
L ) ~ tan
y * 2

the. t'a.ngents mtersect on the diameter hisecting the
hm@ D
\‘.t

\ Exerorses

", Find the chords of the following ellipses whieh have the given
\ » pomts ag mid-points ; '

L xf+32=8, {2,1). 2. 32t pdyr=12, (1,1
8. #t2yt_2a—y, {£ -4

Find the mid-points of the given chords of the following ellipses:
4. Bz -5y 8=y, 3z +5yt=15,
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B, 2r—4y+-3=0, a*+2yi=1.
B 2y=2+2, {(x—-1p¢+2%4=T

Find the equations of the diameters of the following e]hpse.s which
hisect chords parallel to the given lines :

T2+ Zyi=1, 2e-3y+1=0.
8. 3x%+4y2=2, x+2y-3=0.
0. (-1 +3y=1, z+y-2=0. ) \ }
Tind the gradients of the chords which are bisected by the glVen e
diameters of the following ellipses : :
10, #=2y, x*+2y =2 13, 9x+8y=0, 32:34-%"(-:—!.
(w20
3
18. CP, OD are two equal and conjugate ae%l:&la.meters of the
ellipse \

12. ¢ -3y - 2=9, Loyi=1.

= ¢ O v
__|_ﬁ =1 R »

' . b '::.: >3
show that their gradients ate — o\

L Q

14, OP, O arc eon}uga.te semi- dmmetera of the ellipge

~-’05
\\ a‘} bz ?
P is the distance Of P from 0D ; show that
P \ ) C D__a_{}.
A\ o
15. 0(,,491) are conjugate semi-diameters of the e]hpse
2 2

’{\ m +g =1

ahbw that the mid- point of the chord €D lies on the ellipse
\ 2(G+f)=L

168, Show that tangents at the extremitios of conjugate semi-
diameters of the e]hpse
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intersect an the eliipse.
. x2 oyt .
3 + BE =2.
17. OC, OD are coujuga-te semj-diameters of the eflipse

yE
b2

TC, TD are tangents ; show that the area OOT'D is ab.
18, OC, 0D are conjugate semi-diameters of the e]ixpsq

x”#’f._l-

. a* ' e ’ ) ’\'\.
XU, ND are normals ; show that OD is perhondicular to the lin
joining ¥ to the origin.

=1;

¢ O\

S

%

\/
18. AR is a fixed diameter of an BHI{I \ CP, D are conjogal
semi-diameters ; PM, DN are the pexpoudiculars to 4B ; show the
PM2+ DN i constant. AWV .

20. Show that, for all values ef’ﬂ ”1‘:he extremities of the chord
s )=t ()
(a+b ceﬁv& b gin =1

xs 2
~.\ bé =1

aof the ellipse

are the extromﬁ\& of con]u.gate semi-diameters,

21, 00, OD are conjugate semi.dismetors of an ellipse with focl
8,8 PI‘C\‘IS that 08, 08, =0Dz,

22.:'&? €@ are conjugate seml-d.lam_etem of the ellipse
\“ yg =1;
i
t.ha tangent at P meets the w-axis ab 4, the tangent at  the y -4XI8

8% B chow that fthe mid- pomt of AR IIBS on the lincs

y2
e

23, The extremities of a-varia.b]e chord of the ellipse

Y
Fpa=l
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are the exiremities of codjupate semi-diameters; show that the
loens of the pole of the chord with respect to the circle

24 yi=c
In the ellipse o .

atr? +beyt =260

24, P, {) are extremibies of oonj’ugate semi-djamatera of the
ellipse :

y“ '

e =1s ~\
the chord P@ meets the o- and y-axes at 4, B; show that the lﬁtms }
of the mid-point of 4B has equation \\.

2 ysf xR 2
P R
\/
25, Define conjugate diwmeters of an ellipse, m«fh}d the. equation
of the diameter of the ellipse \$
x8 -ys . :‘,.’
— BE: ),:‘
conjugate to the diameter y—a;i-x

If ¢, ¢ are the eccentric a,pcrles of the extremities of & pair of
conjugate semi-diameters, sh{w that

\\‘“ e =5

If P81 is a focal chord of an ellipse, whose centre i at €, and 0{’,
CqQ are Eﬂnjugeise\aems—dmmetera, prove that if ¢ is the eccentric

angle of P, then
¢ e(o0s §-+sin $)=1,
and P Q' %'&]B the semi-major axis: {Cent. Weish Bd. H.8.C}

1"101 Ellipse as projection of & cirde.
y, et P (Fig. 60) be any point {z, y) on the circle whose
Bqll&tlon 18

2 +yz Y
relative to axes 0X, 0, and let NP be the ordinate of P. Let
On and Np be the pro]ectlons of 0Y and NP on the plane
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- passing through OX and inclined to the plane of the circle g

cos12,
a
':\\;
@ Fia. 6. &
" Then, if p is the point (¢, 1) felative to axes OX, Oy,
=2,
. U
and, =y <
N,
O 2 2.
but a2y =g?
Ko
\" 2
\ \ §2+g2 n2 =gt
_ N\ 62 7]2
1e A E"-+_62_1’

:n\‘, N
,%‘;' the projection of the circle s an ellipse with semi-axes
. ,:\a and b,
D Note.  Many properties of the eilipse can be established by con-
) sidering the ellipae ag the projection of a circle. Before attempting
to answer the exercises at the end of this paragraph, the reader
should follow carefuily the worked examples, remembering that

(i) the projections of parallel lines are themselves parsliel,

and (if) the ratio of the Projections of two parailel lines i the ratio
of the lines, :
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Ezample 1. NP 45 the ordinate of P, o point on the e:lh'pse

2 9 '

Pea )

with centre (3 ; the tangent at P meels the major-uxis at T ; show
that ON. OT =a?,

=1’

FIa. 61,

Consider the ellipse (Fig. 61) as igh‘p’pi‘ojection of the circle
a? 4yt St
let § be the point of which P is'%he projection.

TP meets the ellipse in t§o.coincident points at%’ ;- theJSefore
79 meets the circle i ‘@a&oincident points at @ ie. TQis the
tangent to the cirql;-gt (4

o ;. ON.OT=0@
O d =2,
:t\ o/ d . .
BErample™d” Show that the locus of the mid-points of parailel
cfeordsjq%ﬁ ellipse is a diometer.
‘.Tﬁf;’ parallel chords of the ellipse are the projections of
"'\liﬂl}&llel chords of a circle ; the mid-points of the chords of the
Nllipse are the projections of the mid-points of the chordso‘f 'ghe
circle, The latter mid-points all lie on a_diame'ter of‘the eircle,
and the projection of a diameter of the circle is & diameter of
the ellipse ; hence the mid-points of the parailel chords of the
ellipse lic on a diameter of the ellipse.
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Eeample 3. Show that, if a diameter 4 of an ellipse:
bisects chords purallel to a diameter B, B bisects chords perallel
0 A. :

Consider the éIIipae as the projection of a circle, and let 4,8
he the projections of the diameters a, b of the circle. Then{A\
- bisects chords parallel to B ; therefore a biseots chords Paz;allel
tod. The diameters @, b are therefore mutually perpefdicular,
- and therefore b bisects chords parallel to . Henpé. bisects
chords of the ellipse which are parallel to 4. N
0
Erample 4. H, K are any two pointd 6}3}&?; ellipse with a
diameter PQ ; PH, QK meet ot X ; PEQH meet at ¥ ; show
that XY is parallel to the diameter opﬂﬁgate to PQ.
Consider the ellipse as the prqjébhen of & cirele, and let A, &,

P18, % y (Fig. 62) be the points.of which H, K, I, {, X, ¥ are
the projections, R :

\J . F1z. g2,

Then pg is a diameter of the circle : therefore pk, gh are
perpendiculars of Azpg. Therefore zy is perpendicular o P
and henee XY is parallel to the diameter of the cllipse conju-
gate to PO,
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EXERCISES : _
1. Pisany point on an ellipse with diameter QR ; prove that PgQ,
_ PR are paralicl to conjugate diameters. '
9. PF’, DD’ are conjugate diameters of an ellipse ; show that the
dismeters which bisect PD and P’D are conjugate.

8. 0P, D are conjugate semi-diameters of an ellipse ; ,the
tangent at P meets the axes at @, E; show that QP. PR=CD*

4. M is the mid-point of PQ, & chord of an ellipse with.centre C';
show that the tangents aé P and @ intersect on OM produced ; show
also that, if the tangents intersect st 7 and C7' meets the ellipse ab -
CH .CT=CA® W)

5. § i any point on an ellipse with conjugate dismeterd EF’,
bD'; PQ, P'Q meet DD’ at M, N; show that C¥ LONSCDE,

. where ' is the centre of the ellipse.

6. PQ is a focal chord of an ellipse ; P, @ are th@e}nts on the
auziliary cirele corresponding to P, @; show thak, the tangents at
P, (¥ to the circle intersect on the directrix. 38 0"

7. P iz any point on an eliipse with & diatneter QR ; PR meets
the tangent at @ in 7'; show that the tangent at P hisects @7

8, T i3 any point on the tangent ab P%o an ellipse with centre C;
the lin through P parailel to TC mgets the ellipse at @, and R is the
point diametrically opposite to @, show thab TR is the tangent at E.

8. PO, HK are two chorddolan ellipse, such that PQ is bisected
by HK ; the tangents ab P meet.st T and the tangents at H, K
meet st V ; show that is parallel to Q. -

10, M is the mid-point of & chord HK of an ellipse with centre C';
CM meets the ellipge at £; N is the roid-point of the chord PH;
ON, HY intersactat @ ; show that CH bisects the chord pasaing
through P %nsfg-l o _

11, ¢Pismny semi-diameter of an ellipse with dismeter QCR; the
line thiough @ perallel to CP meets RP at V and the ellipse at X5
3110}". that the tangent st P bisects FK.

. 2) SR, a chord of an cllipse, is bisected by the diamater PQ; the
<\ tangent at 9 meeta at 7" the line through £ parallel to 9 ; show that

P8 bisests BT :

13. CP, CQ are conjugate somi-diameters of an ellipse; B 18 the
other extremity of the diameter through Q; the iapgent at any
Yoins 7 meets QR at V and CP at X ; the line through R parallsl to
OT meets (P a6 ¥ ; showthat V¥ and AX intersect on the oltipse.
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14. €P, CQ are conjugate semi-diameters of the cllipse

. 2 ¥
@t
& tangent parallel to PG} meets OP, CQ at B, §; show that & and
8 lie on the ellipse . N
' :52 +yf—~ a N
T RS .Y

thow also that the line RS is hisected at the point of eonté:é} i
15, A tangeut from the point (2¢, 0) to the ellipse /4
’ &2 9'2 o ..\ ’
R
meets the curve at P ; show that P lies on't\he éi]ipse
bocr g e
PR T o
18. Prove that the sum of the s,c]hai‘és on two sides of a triangle.s
twice the square on the mediam thfough their point of intersoction
plus twico the square on halfcthe' base,

P@ is a variable diamete¥of an ellipse, 4 is a fixed point in its
plane. The lines 4P, AQ.meet the cllipse again at R, § respectively.

Prove, by Ol'thOgonKI‘prc;iection, that j—; + jg is constant.
0 \x\ (O£, and Camb. H8.C,
Q
.s;‘,,’
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THE HYPERBOLA
§102. Parameiric representalion. Y
The point (@ sec §, b tan 8) lies on the hyperbola

9:2 yﬂ_ RVa\
&E‘-b—s—-l . \\i\t

for sny value of 8. PN
If we write ¢ for ta,ng we have that the pﬁﬁmV

‘,i

(a0 8.2 6\;“ -
@ 1-& "1 & & )
ties on the hyperbela for any i'a.lué;’dfwt '

Example. P, ¢ are the p@s B & on the hyperbola

QQ ag - _’ = 1
where 9+=;6=g %\ ;{B}S\% that the Jocus of the mid-point of the

chm‘d Py h;;\:é;uatlon

£ Py
\§ @ b

gx‘t\‘ﬂze mid-point of the chord P&
Q, _ 2z =a(sec 8 +sec $)
—a(sec §+cosec 8),
and 9y =b(tan ¢ +tan é)

=b(tan 0 +cot B),
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T .
and ", 4 (E: ¢ =2 aec & cosec §
_ . a? b
_9 sin?# + cos2d
T sinfcos O
) - £
=2(tan ¢+ cot §) \
4 - Z ’\~ .Q
. the equation of the locus is N
x g "t\\ !
y &
I — 2N\
@ B QY
N

Exercrsgd O

1. Show that the gradicnt of the ohord joining the points &, ¢ on
the hyperbola W W :
P
S el
™ B oos ——9 ; ¢

l‘{ —————
."‘}\ &+

ir
g\<\ asin —
2. Show™that the gradient of the kine jeining the origin to the
mid-poin{-‘g‘f’the chord joining the points ¢, ¢ on the hyperbola

:o "s‘) . xﬂ yz_l .
AV P v
Nos
- bl
\3:; : a1+, :
,\} - 8. Bhow that the Jine joining the points t,, 4, on the hyperbola _
NV - a® gy
@
has gradient :
[

o h4t
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4, Show that the coordinates of the mid-point of the chord
joining the points 8, ¢ on the hyperhoia
Cal
@ B
can be written

f+d ¢

'umcﬂseeqbcos—-—»— 008 —5- qum

8+¢ 8+@
5

5, P, @ arc the points 7l—kﬁ, Z-— # on the hyperbola

2 . B . 2%
e ¥ . O

1‘;-" " ) . . "‘\‘..
~ show that the locus of the mid-point of PQ has equat\ldlf}\

e N\
oy N -

6: The points 6, ¢ are the ends ofa focal chozh‘ of $he hyperbola
z*

o AN

show that . &
¢ «# 1,“‘6 . l+e
tan— 3 tan lxe T=e

%. P, @ are variable @g}a\s 6; - 0 on the ellipse

2 ’
:. :'\ e + Eé = 1, i
with major axig ;91,44’11 AP, A’ meet at B ; show that the tocus of B
. is the hvp3rbo}g,,’ 4

,o

\“, 2 ¥y
’\ at B
N 2 P is & variable point on the hyperbola
W o i
Q a'_g b—s_.l-,

@ is the mid-point of the line joining F to the vertex (g, 0}; show
that the locus of ¢ is & hyperbola with centre (2, 0) and axes
half the lengths of the axes of the given hyperbola.
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9. P is the point (2, y) on the hyperbola

xz y'i
a? b
with fosi &, 87 : show that
SP=px —a,
- and that 8'P=ex+a,

10. Bhow that the difference of the focal distances of a po\nﬁ on
the hyperbola .

L 3

L T N
e B¢ 2,30

- ¢
. is constant and equal to the length of the transversdaxis.

§108. Chord and Tangent. ) \\J
The chord j Joining the points (x,, y1)>\{x2, 3(2) on the hyperbola

22 #EN v/
_ @ 5
has equation NY

"~

a? (xl +7g) —5 "s‘!/l +¥s) =Elﬁ "3%4- H

the tangent at the, pQ”\ut (%4, %) has equation
T mm gy
\\ Pt
The chcq@ ]ommg the points 8, ¢ hag equation

x'\~ T A ¢. Y 9+g6 A
O X 5™ 8 g

,@tangent at the point 8 has equation

gaec 8—_3 tan 8=1.
@ b

[Use the method of §79.7

Bxample.  The tangent at P, g variable point on the hyperbola
¢y
@ B
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meels the axes OX, OY at A, B respectively, and OAQB 45 o
reciangle ; show that the locus of € has equation

az 52
T
A4
A
3]
B
Q

Fie. 63 K4 D
Let P (Fig. 63) be the point #; theg*PAB has equa,tlon

= sec - ﬁan% 1;
therefore, at 4, \";2 >acos b,
and, af B, y:‘—-b cot 0;

. Qis the Poink{é& 8, —b cot 8), and therefore the equas
tion of its locus ;.sfs.}

p. \/ - B
;\w 2@
. Y at b
Le. & Eé_g;_g_l'
,&'I‘Ql The line
@ 4 i =M :[_Ja2m2
\iollchcs the hyperbola gﬁ
a."- Rz =1

for all values of m.
[Use the method of § 80.1
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Exerciszs
Find the equations of the tangents to the following hyperbolas a
the points indicated ; )
. ) . .
1 %—y‘:l, (4, 1). 2 2E 201, (3,2 . 2N

8. (r-2P-y=3, (0, —1).

N ¢
2 {\“\ -

Show that the following lnes are tangents to the given ﬁ:@\erb;hs,

and defermine the points of contact :

2%

4 z+1=0, 4a®-3yt=4d, 5. :v:-2y+1;—-',‘0: -6y =3,
&/
— |- - d 'n;\
8 x+y—1=0, (2x5 3) —-yt=1, N
7. Show that the line N

2%7

% 008 a+y sin a =NeFedste — b* sin’a

52 t;angent to the hyperbola. ()

“/
&Y' _
N —2:

e b

8. Show that the lind\S

-

.

D lrAmy+n=0

touches the hyperb@a
¢ ij} A 1
\\ ’ a? B 7
if O AR — b2 =t

9..’1‘563 tangent at P, any point

on a hyperhola, meets the

dirgetrix at T'; show that PT subtends a right angle at the focus. .

\;"1? NP is the ordinate of P, any point on the hyperbola
AN :

axis at T'; show that

‘\ a2 yz_
."1’:' . E N F_ ;
.u\‘v
\J the tangent at P meets the transverse
N

ON.OT =qz,

where O is the origin.

11, P ig any point on the hyperbaly

xf gt

@ Tl

H
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the tangent at £ mects the conjugate aXiz at 7", and PN’ perpen-
dicular to the conjugate axis meety this axis ab N*; show that ©

ON'.OT = -b%, :
where @ is the origir. _ <.
12. P is & point on a hyperbola ; the line joining P to the focus is

parallel to an asymptete ; prove that the asymptote, the directrix
and the tangent st P are concurrent.

.18, P is a variable point on the hyperbola

£2 yﬁ
@ B - |\
. ' 4 ‘.ﬂ
with focus 8 ; P7 is the tengent at P and ST is perpandieular,tojﬁi" ;9
show that the locus of 2 is the oircle : A\ N
B +yi=a’ _ A\ 4
14. Show that the point of infersection of the $angents ab the
points &, ¢ on the hyperbola RS '
' oyt A\
a B W
has coordinates o0
0S8 8- qs - "”4 )
2 . 844
4] —m 2NN ;:(f fan 2"— .

' )
15. P, § are the poﬁ(kﬂ, g—k § on the hyperbola
ey

NS o E
show that tHe bangents at P, ¢ intersect on the hyperbola
£ 3 . 1
A\ 2t ¥ '
S - W
(s, e 6. 7 B on the hyperbols
= P,Qa-ret.hepomtsﬁ,g. f on the hyper
\ .
Pt

thow that the fangents ab P, @ intersect on_t-he fine
y=b
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1442 2¢

17. Show that the point (a = b m2> lies on the hyperhola .

L
@ B

show that the equation of the chord joining the points ¢, £, is -~

1;

x
. (1 + i) _!{ (51'1'52):1 — byby. A\ ¢
[ b 2 '\” N
18. P iz the point 4 in the previous exercise, Q is the/peint ™, ;
show that, if ¢, +#,=e¢, the tangents at P and ¢ int.ersegty,'oir‘t-he hma

2ay=hc(x +a). '...( 3
19. Prove that any point on the hyperbola . & “
at gy \J
: ' ot 2T )
may be represented by x’\\’

e=2(erL) e 1)
ANV N U

and find the equation of the tangent at f.

The point P on a hyperhola,sith focus §, is such that the tangent
a$ P, the latus rectum through\S and one asymptote are concurrent,
Prove that SP s parallel t0,the other asymptote.

) {Oxf. and Camb. H8.C}

20. Find the equation of the tangents to the hyperbola
O ez,
which are pa.ra\ﬂg\:t to the line

O T+y—-2=0.
2L. Findthe equations of the tangents common to the hyperbola
.\,, a2 ys_l
Y 4 2”7
- andthe-circle
““ e +yE=1,
,\\ §105. Normal to the hyperbola B
N 2 ¥ 4
e B

The normal at the point (2, #,) has equation
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the normal at the point # has equation "
@ by
sec § ang * +.
[Use the method of § 81.]
ExXERCISES
Find the equations of the normais to the following hyperbolas at

the points indicated : 4
L2-20=2, (-2,1) 2. 3ar-22=1, {L, ~1)}- A3
3 3{z—1)t—-4y2=18, (4 3. : K7, 0

&
Show that the following Lines are normals to the givert Yyperbolas,
and find the points at which the lines are normals : v’

4, 3z+4y—10=0, 22*-3y*=5. T AW
B, 5x—8y+18=0, 42%—5y*=1L W
6. 20 -3y+8=0, (Qu-1p-2P=1 (\¥
7. P is a variable point on the hypetbola .
' 22 yh % z;‘
Ea—s—g‘g?:.ls

the normal at P meets the axes OX, OF at 4, B respectively, and
04QE is a rectangle ; show that the Jocus of ¢ is the hyperbola

) Qﬁma’—-bgyﬂ.—_(éz"—l-b’)’.
8. The normal at},‘ a variable point on the hyperbola

> 4 xs yz
¢ N } J E _ﬁz 1
* tmechs thechfifuzate axis at @ ; QP is produced its own length to R:
-show th{‘o&he locus of B is the hyperhola  ~ :
.&} a2t bR
A\ ) e
*\\/ 9. Show that the normal st the point § on the hyperhola
\V . e
@ B
meets the curve again ab the point ¢, where'

g,-
+4 2%:&

a“ainﬂsiniz—-——i-b*coﬁ-—_-

7
N
4
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10. Show that the poles of normals to the hyperbola
2 ¥

@ 62: ’
with respect to the eircle o
. ¥ fyt=a?+ b3 N
lie on the curve )
gt po . -\ -

# T C
11. Normals are drawn to the hyperbola N
e yz »
@ B AS)
‘show that the locus of their poles with re{pqct to the ellipse
T2 yZ )
TR, \‘
has equation o

~§“ (w‘ +b2E

xS‘

§106. The chord of‘mm:acz of tangents from the point (x,, %)
io the hyperbola L

o Er
\\ o ag bz
hase 0
X =y
'w ot B

C *ste the method of § 82.]

O\
Q N $107. The equation of the pair of tangents from the poinl
L3 (@ y) to the Byperbola
© sy
\/ -__.l!._?z=1

P>
¢ GEEGE GGy
[Use the _meth.od of $83.]
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§$108. Pole and Polar.
The polar of the point (z;, 3 ) with respect to the hyperhola.

z*
3‘%%1
fs the line
Ty Y FRQ
@B RN
" [Use the method of § 85.] : s \»/

§+”

o

Nole. The reader should note that theorems {i) and (i) of §x2§
hnid for the hyperhola. ‘\

N

Ezample. Show that the poles of tangents to the p@h
a2 = \‘:\ ”
with respect 1o the hyperbola X ,"
| 2L O
a2 B® : ol
lie on the parabola =\ N
ay +‘3'63:c =0 _
The polar of (2, ) wgt{r?sspect to the hypt_arbola is the line
gy
ST
. ¢ N ’\‘/ : 3 bz 1;1 - -_ ?
i ¢ ’?.\w BT
and, if ﬂ?\mme is a tangent to the paraboia
. ~?;~ @yt — 2% =0,
v bz, ( By B
B o\ _ 2.
\ ' “29'1) : 9’1) 2"
Le. ay®+ 207, =0,

Le. (z, 4} lies on the parabola-
ay®+ 2%z =0,
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o

ExErcisEs

Find the equations of the chords of contact of tangents from thu
given points to the following hyperbolas :

L (1, 2), 2e2-3ys=1. 2, (2, -4), °-2yt=d
3 (0, -2), (x—1EF-3y+1)2=2. N

4. Prove that the tangents to a hyperbola at the extremltkesof i
focal chord interseet on the directrix.

5. Write down the equation of the chord of contgcﬁ: of tangent

 from the point (1, —2) to the hyperbola &
A A O
T2 )

hence determine the equations of the ta.ngents
6. Tind the eguation of the p{u‘\\f tangents from the poin
{1, -1} to the hyperbo]a
3&3 6.
7. The tangents from P to the hyperbola
.‘vé 72 ys
X D
are mutually perpendicular ; show that the locus of P is the circle
’:“’\ xt g =gt — B2,

8. Show.that the points (1, 2), (-2, —1), (~1, -3) o th
vertloean‘f a triangle which is self- con]uga,temth Tespect to the hyper
bola ¢

A& 228 - Jya=2,

\9 Show that the poles of tangents to the ellipse
Aty
A
with respect to the hyperbola
xz yz

az B =1,

ly

lie on the ellipse,
10 Show that tho locus of the poles of tangents to the parabold
¥ =4ex,
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with respect to the hyperhols

r2 y%
P
is the parabola
aoy? +bte=0.

" §109. The chord of the hyperbola
2 4
@ B L (¢
whose mid-point is (@, y;) has equation N
oy Y _ @ _u m'\"\." '
@ B et B AS

[Use the method of § 88.]
" $110. Diameters of the lyperbola

The mid-points of all ohord.s of gradlent‘. m lie on the
diameter

[Use the method of\ﬁ

§ 1. Oonjzgawdwms of ﬂiﬁvhyw
, \,\” Lo FR
\w @ &
If&aiameter A bisects chords parallel
dla?ﬂéter B bisects chords parallel to 4.
tUs.e the method of §100.]
Two such diameters are said to be con]

should remember that conjugate diameters
2

their gradients equal to s

to a dismeter B, the

uga,t.e The reader
have the product of

. 4

&\
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§112. Conjugate hyperbolas.

Two hyperbolas axe said to be conjugate when the fransverse
and conjugate axes of one are respectively the con]ugate and
transverse axes of the other.

has equation .\

\\ @ = b .
for the ufatlon of the conjugate hyperbola (Fig. 64) referred
to OY as w-axis and OX’ as y-axis is :

"\~ @y
’\\. / B2 =1
'\ and on reverting to the axes OX, O this equation becomes.
i
#og
_i.e. x_?. _ f: 1.
a® B

Two conjugate hyperbolas have therefore the same asymp-
totes, :
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$118. Conjugate diamelers {continued).
" If & diameter of a hyperbola meets the curve i real points,
the conjugate diameter does not. ‘ :
The diameter, y = mz, ‘meets the hyperbola _

2 ¥y
@ B
a2 mie? N
where _‘5;_3"__'6721" o A\ @
"
1.c. where . r= 1 ab +* 0>

JE—aBm® NN v
and therefore z is real and finite, if and only if \:
\

<b numerically, « \ “

If two diameters, y= m.,a:, y= mgx,,m eon]ugat-e
bg & g

mlmz =:¢—; >

", if one of the gmdmnts\mv 7“‘2 is pumerically less the other

15 numerically grea ;'\t/hfm E} and therefore if one diameter

meets the curve ifi yeal points the other does not.
The diamefery.¢ =me, meets ‘the con]ugate hyperbola

\ 7 - i .
\“, P
in ﬂea‘l\pomts at a ﬁmte distance if
NN
”\ ~ . m>z pumerieally ;

therefore, of two conjugate diameters of a hyperbola, one
intersects the hyperbola, the other the conjugate hyperbola.
The points of intersection are called the extremities of the

conjugate diameters.
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Example 1. Show that the point P (a tan 8, b sec 6) les on the
kyperbola, conjugate to the hyperbola,
2 g2 -
Ez - ﬁ = 1 ; ................................. (].}~
show that the points

Qlasec 8, btan §), P(atan 8, b sec ) Sy

are the exiremities of conjugate semi-diameters of @). O
2ty N
At P, =5~ 73 =tan?f —gec?d AN ?
P O
= - 1 \""\ v
. P lies on the conjugate hyparbola.
If0is the cenire of (i), ﬁ( \\'
b sec,
gmdient of OP = m
and gradient of 0@ S den g ;
. 0P, 0Q are con]ugate the product of their gradients
62 "
bemg &

Ezample 2.1 ?:o’w that o hyperbola referred to its asymptoiss
as gres Qf co«or inates has equation of the Jorm

QU ) Ty = constant.

::\m' Y

Fia. 65,
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Let the hyperbola (Fig. 85) referred to "récta.ngular axes 0X,
0Y have equation ' :

at B
Let P, the point (z, ), have co-ordinates £, 7 referred to the
ssymptotes OF, O, and lot X0 =6. |

- ?zzl.h

_ Then e—(E+nyoosd, - y=(—E+n)sind; {.\’
v_ £+ y_-&+n . ~\
N b JaE+rE L
A\
but f_._?!_z:l ; . /
a? B O
. A
(§+7])3—(—§+'q)2=a2+62, LV
: a? + b2 :’:"x
Le. =22 :f.:; 9
. Exmndises
1. CP, CQ are conjugafg @mi-diamebers of the hyperbola
@ p .

\Q&? “HE L
show that the mad«gomt of the line P lies on an asymptote.
2. CP, cg\a,ge? conjugate semi-diameters of the hyperboly
7\ 2yt
sh(}y:‘:ﬁh\a,t OP2 O PR =g - B2 .
'”\: } Show that the line joining &he extremities of two conjugate
\ Jemi-diameters of a hyperbola is parallel to one of the asymptotes.
4. Show that the tangents ab the extremities of a diameter of a
"hyperbola are parallel to the conjugate digmeter.

5. Show that the tangents at the extremities of two conjugate
diameters of a hyperbola intersect onl the asymptotes.
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8, OP, OQ are conjugate semi-diameters of the hyperbola

at oyt
sl

show that the area of AOP is jab.

J4. CP, CQ are semi-diameters of a hyperbola ; CP', 0Q" are thel
econjugate semi-diameters ; show that P(, F'tY are parallel to gach
other or to conjugate diameters. ¢ N\A) .

8. OP, @ are semi-diamoters of a hyperbola ; CF, O'Qf\are the
conjugate semi-diameters ; 3, M’ are the mid-pointsoof}j;he chords
PQ, PQ; show that O3, O3 lie along conjugate,digmeters,

9. P is a point on an asymptote of a hyperbgjﬁx;g show that the
polar of P is parallel to the asymptote on which # lies.

10. Show that the polar of P with reé.poc{to a hyperbols. touches
the conjugate hyperbola if P lics on the lapter.

11. P, @ are the extremities of co;zj@ﬁe semi-diameters of the
hyperbola NV
: 28 g% W
@ T

PQ meets the 2-axis at B ; Q:V, RV are parallel to the - and y-axes
respectively ; show that 4hetco-ordinates of ¥ satisfy the equation

P4\ 3 ’
O ;125:2%3!= =
12. P is a poigt. on the hyperbols .
O i
PN, @ b2

@ is arpoint on the conjugate hyperbola, such that P and @ are the
extrerities of conjugate semi-diameters ; QP is produced its own_
]é\n'gth to B ; show that the loous of R is the hyperbola
R\ oy
AN v : . a2 bt
v §$114. Rectangular hyperbola.
A hyperbola is 821 to be rectangular when its transverse and
conjugate axes are equal in length,
The equation
P~ =gl

¢
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therefore represents a rectangular hyperbola referred to its axes
a6 axes of co-ordinates.
In the case of the rectangular hyperbola the equatlon Te-
ferred to its asymptotes as axes, Viz :
ay =2 constant

is o specially useful one as the axes are rectangular. Writing
the eguation .

*

ay =c?, .
the point ( ct, %) lies on the curve for any value of 2, and we

have the following equations : ' '\\
(i) the chord joining the points (@, ¥1), (@2 ¥ NS,
o 42y =T + To) § AN

7

(i) the chord joining the points 44, &y -\ “
w+ bty =clt +1) 3 :;:"
{iii) the tangent at the point (2, yl,), \Y
2y %0y = 26% 50 ‘
_{iv) the tangent at the pon;t ‘t~
3*2(:6
' (¥) the normal at ﬂ{e\ptfmt {, ¥1h
ﬁml oy =% -%?;
[%i) the nor:m?l'at the point Z,
\"\\ - wi=e (t"%)’
vn}\bhe chord of contact of tangents from the point {2y, #1)s
~ o) o+ =263
N/ (+iti) the tangents from the point (zy, #1)s
Ly, - ) oy - ) = (g + 2y 2603
(ix) the polar of the point (23, ¥5h
ayy + oy =20
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(x) the chord with mid-point (=, 1),
oYy + 2y =220 ; .
{xi} the diameter bisecting chords of gradient s,
Y= —me. .
Two diameters of the hyperbola, zy=c? are con]ugate 1f
their gradients are equal in magnitude but opposite mossgn\
Example 1. A variable chord of the rectangula/r }c_}pefboh
Y =
18 such that ils projection on the x-axis kas,ésmsmm length 2¢;
show that the locus of dts mid-point has ejudubion :
By =z + T
Let the ehord have extmmtles (9:\, ), (zs ) 3 then, atthe
mid-point ¢
= +z,= :I:J(x}-—»mz)2+4x1x2 EViE A,
pati_ o E_,
¥y Tits

and 2y y1+?,<21-cg (—- ——) =
and therefore “‘\ 4x2 42 = 4—y—

Le. \\ Py=c*(z +y),
the requited equation.

Emdrx\aﬂe 2. A straight line passing through the fized point

(a\@ meels the x- and y-azes at P, Q respectively ; show that the
loos of the mid-point of PQ is a reciangular hyperbola with

S

AN e (ﬁ’ ﬁ)‘

-~

D Let PQ (Fig. 66) have equation
- ¥
2a, 2%=1;
then. i + E == 1,

%0 25
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and at M z=4a, y=b'

Soat M, =1,

o B
% %y

@/-«:

PAN
: O
Mie.y) ' N
P\
(a; |8) . '\\/
W
N\
o PN PN
. Fre. a5, '(”‘t L ¥4
{, ’\,l

ie. the loeus of M has equation o

Y- ’gx_ ‘—‘:%):;1:’0,

N

ie. (xw_l(”xﬁ)—ﬁ. (1)

N
Referred to para],belXes through (2, E) equation {i) becomes

P \/ O.JB
T &
N\ .

and th ore rcpresents a recta.ngular hyperbola with centre

a the’ilomt (2-, §) referred to the original axes.

/a\ .
v ExERCISES
1. Show tha# the equation
ay+ 2 -y -6=0 .
represents a rectangular hyperbola, and find the equation of ita axed.



h
2

"
...\‘.
Q)

~ the equation of the locus of L.

- fixed point (g,

)
:’.’t{\’w ta.nggnt to the hyperbola

266 ELEMENTS OF ANALYTICAL ‘GEOMETRY

2. Show that the equation
_ax-+b
. Y w+d _
"where a. b, ¢, d are constants, represents a rectangular hypechels

with centre ( —(—1, 9\.
¢ ¢

8. Write down the general equation of a straight line Pasking’
through the point (4, b). \ ’d
A line is drawn through the point (1, 2) to cul the sxes OX, 0F at

H, K respectively, and the parailelogram QHLK is completed. Find
(Jt. Matpie> Bd. HSL)

\ .
4, Pis the point {a tan 6, b tan (0+ )}, whefa ' is variable and
¢ is constant ; show that the locus of P is a\tectangular hyperbols
with eentre (a cot ¢, —b cot ). ) \\;

5. Find the gradient of the chord joining the points £, £, as the
hyperbala, zy=¢?; hence or otherwise show that the orthocentre of
) : ) . 1
the triangle whose vertices are the points #,, £,, #, is the point " i
™ 1
8. P, @ are two variable{pbints on the hyperbols, zy=c?, such
that the tangent at () pases through the foot of the ordinate P;
show that the locus of.¢he Tid-point of the chord PQ is a hyperbola
with the same aaymp\totes as the given hyperbola.

A vaﬁa@b]t;\i‘:hérd of the hyperbole, zy =c*, passes through the |
> show that the locus of the mid-point of the chord
i a_rectm;g,ula.r kyperbols and determine its asymptotes.

8. Show that the line
2 #+y+1=90

~

4:\'4!7!)':1!

3 ind to the parabols

yi=dz;
determine the points of contact.

9. P is a variablo point on the hyperbola, zy=e; the bangent
at P cuts the z- and y-axes at A, B respectively ; Q,is the fourth
vertex of the rectangle with vertioces 4, B and the origin ; show thab .

the locus of @ is another hyperbola with the same asymptotes as the
given one, . o
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10. Find in its simplest form the condition that the four points
with co-ordinates {.-d, j;—c),whare the parameter { has the values a, b, c,

d, should lie on a circle.

A, B, ¢, D are four points on a Tectanguler hyperbola and are not
concyelic ; if the eircles BCD, CAD, ABD, A BC meet the rectangular
byperbols again in the points a, £, ¥, 8 respectively, prove that the
middle points of the chords Aa, Bf, Cy, D3 lie on another rect-
angular hyperbola with the same agymptotes. {Camb, HE.C.)

11, P, Q are the points &, t, on the hyperbola, zy=c*; show that {
the gradient of the chord P@ is _t_llt_ ; hence or atherwise prove that; \ Y

(=)

. -] b
it PQ subtends a right angle at & third point E on the hyperbc%gthe
tangent at R is perpendicular to PG~ O

18, Show that the tangent ab the point ¢ on the hmbola, zp=c’,
has equation : ) ] g® ;\ -
 + 2y =2l \

% 3

NP is the ordinate of a.point P on the hyphi-bc;]a ; the tangent ab
P meets the y-axis at M, and the line through M parallel to the
#-axis mects the hyperbola at @ ; show that NQ is the tangent at &

. o) N : ¢ &
13, Show that the tangents at the,points (“1, El)’ (d" g_) on the
hyperhola, zy =¢7, intersect stthe point *

b,
(& e

14, P, Gare the.?’d.inﬁ (ctl, E), (ctg,' —E) on the hyperbola, zy=£*;
TP, T¢ are tamgénts ; show that the Tine joining the origin to T
biseots the ehdrd PQ.

" : ¢ .
15, £, ¢ are variable points (cil, E), (ds, i_s) on the hyperbola,

oS\ show that, if 4 is copstant, the Joous of the interseotion of
“Welifuts at P and @ is & straight line passing through the erigii.

16, P, § ate the points (cf.,, E), (dz, ;Z) on the yperhola, zy=2%
2
TP, TQ are ta.ngentﬂ, Mizsthe mid_-PDiIl‘"l of the chord PQ', and AIM};[BT
is a rectangle with sides parallel to the axes of co-ordinates ; ShOW
that 4 and § lie on the hyperbola.
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17, P, @ are two variable points on the hyperboia, wy=¢2, such
thai the tangent at @ passes through the foot of the ordinate of P o
show that the lotus of the intersection of tangents at P and Qisa

hyperbola with the same asymptotes a3 the given hyperbola, _
18. The normal at P(#, #), & point on the hyperbols, zy=¢!, -
meets the curve again ab {w,, ¥} ; show that . &N\
. BTy = = Y=~ 5% A\ ¢
19, The normal at P, a variable point on the byperbolai a‘.‘y;e‘,
meeta the curve again at ¢} ; show that the locus of thc.nﬁ(}}point of

PG has equation AN
dprer(at—yrp=0. L) |
e ¢ 4 .
20, P, ¢ are the points (ct, —t)’ (ctl, 3_1) On*th‘e?hyperbola, y=6ty .
P@} is normal fo the curve at P; show that, -
= —1{7)

21. A wvariable normal to the hyp’e’r}ola, ay=¢* meets the z- and
y-axes ab P, Q respectively ; show thit the locus of the mid-pointof
P has equation o\ o '
. o (a2 <yt + Aoyt =0,

22. The normal at a yanable point P on the hyperbola, zy==¢,
moets the z-axis at § ;aghiow that the locus of the mid-point of PQ

has equation .
KN Syt=ct(e —2ay).

¢\/

X\




CHAPTER XVII
POLAR EQUATIONS OF CONICS
§115. The polar equation of a condc, the focus being the pole.

D Oy
()

M|————F

'\\¢F’Iu a7,

Let S (Fig. 67) be"t,he focus and DD’ the directrix. Let X3z
be PPrpendmu]af\jm DD and let SL, the semi-latus rectam,
have length i Let P be any point on the eonic and let PM,

PN be er"gehdmular to DD, ZX.
TakeSX as the posﬂ:we direction of the initial line,and let P

ha‘(e" vo-ordinates, #; then, if the eccentricity of the conic is &,

”\{Q ave
y=8P
—e, MP
=e(Z8 +8N)
=S +ercos®
=1+ercos B,
269

!
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. ! o
ie. ?—.=1 —ecosd, ... (i)

which is therefore the polar equation of the conie.

Note 1. The reader should verify that, in the ease of tho farther
branch of a hyperbola, equation (i) holds if 7 is the negative radifg
vector corresponding 4o the vectorial angle 8. NG
¢\

Note 2. If 8Z is chosen as the initial line, the polar equiation’is

;=1+ecos 8. .
Here also 7 in negative for points on the farther b’{'éﬁéh of a hyper-
Lola. O

Note 3. If the axis of the conic i ineljne,{at angle g« to the initial
line, the polar equation i 9, N
i

;=l:F € BDEE(’E,}G),

* according as the initial Tine is GX or SZ.
Note 4. In the ecase of tl;lqzigfali'abola, equation {i} becomes’

A\
NG

S == ~cos @
7

7

~

:mg\ =2 sin? g'

\‘,/ . .
Ezample, ¥', Q are the ewtremities of a focal chord of & conic
with fooys,8-and sems-latus rectum of length 1; show that

N/
O 1.1 2
O 85T
\'\\I.fet the conic have equation
:‘.\’:;"
\W

3

Ez I-ecosé,
T
and let P, @ be the points (r, 8), (ry, w+6) ; then

E=1—e cos @,
o
]

and =1+ecosd-
n
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. ?_"1'1:2:
T ?‘1
. 11 2
ie. st—=x
o I
§116. The chord of the conic,
g:l-ecos&,
r

joining the points with vectorial angles o and B.

211

t;&

As has been shown in § 22, Note 3, the polar equs.tm{qihny

straight can be written

4 cos 9+Bsm6—-— \\;
let the equation of the chord be writben, N ,\ '
. . >
_  cos 3+gsm3=uk
Then peosa+gsmo; 1-ecosa,
and pcosﬁ-l-gmnﬁ 1-ecos B,
e (p+ e} cos a{»}}m a-1=0,
and - (p+c)co%§+qsm,6 1=0;
. B (pino-sinf_ °'+’esec-——_'8,
\ 7 sin{a - B) -2 2
and \‘:\ _cosﬁ cos a siﬁa+ﬁsec a_~2-_§;
§ sin(a — B) 2
».\the equation of the chord i i
i"\ - I
Y ,= e e 6+

\

' : ) . atp
)

ie. E— — 2 CoB 9+sec-—2-008 (9-'
¢

a+ﬁ)
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§117. The tangent lo the conic
E= 1-ecos @,
"

al the point with vectorial angle a.

The chord joining the points with vectorial angles a, 8 Hag\
equation

¢ \.
{ a—p e+ By . ;
;= —ecos 0+ sec —5 00s (ﬂ— 2 )
therefore the tangent at the point with vectoﬁql angla o has
equation A S

W

§= —-ecos f +cos(f - a).

Brample. P, Q are variable poi@é& ‘6n the conic,
E;limé’cos; R (i
AN .
with vectorial angles a, B swoh that a — B =2y, where y is constant;
show that the chord PQ “tawhes the conic

“\ Ioos =1—eoos'ycos o,
{ o
and that tkzs}n}zm has the same directriz as the conze (i)
The chcmd P has equation
¢/
x:\_: {.-____ — 2 CO& 9+Sec u’;jecos (H_EJ’;B)
\;\ & r 2

\\ = —eco8 8+sec-ycos< ———)
’ lcosy

ie.

;= —€cosy cos f+cos (ﬂ—— ’8)
this is the tangent at the point with vectorial angle — oty the
conic

4
CBY 1_e COS P COS B, oiiiiiiiiiirrr e (i)
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The length of the perpendicular from the focus to the
directrix of (i) is ; ; therefore the direcirix of (i) has equation

E: —e 608-3.
r :

Similarly the directrix of (11) has equation

z("::‘:W'z-—fzcosi'yc(:!ﬁﬁ, . QO
z“‘k
i L os 8. - -
ie. ;- eomsu o\
§118. The normal to the conic, \,

;_1 ecosﬂ \\

s
N/

at the point P with vectorial angle a.,
The polar equation of any stnaa‘ght ]me can be written

A cos, 8+B gin §=
RN
the polar equation {s{n}( straight line perpendicular to this is

1
Ae@s(ﬂ+ )+B sm(3+ )__;,
where % i i ﬁ\constant depending on the posltwn of the kine:
The Qﬁent at P has equation

“

'S ;:—c €08 8+cos(9 ~a);

o\Q,

v therefore the equahon of any line perpend.wular to the tan-

gent is
K T VT )
= —ecos(ﬂ+§).+cos(ﬂ+2_ al.
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If the line passes through the point P,

k(I -e 008 e)= —e cos <a+1—r)+coa?—r,

2 2
. esin a
ie. = ¢
) l-ecosa - A
.". the equation of the normal at P is g\\“\
esina. ﬂ: Q 'B.B . (ﬂ ) ",QT“/
].___-'BGOSG."F'-. 81 81n ai,\ )

(N

. "s'\ \.’
§119. The chord of contact of tangents from P(ry, 0,) to the

N\,
N2

. Fm.es
Let @, R (Fig. 68), the extremities of the chord of contact:
have vectorial angles a, 8; then the chord has eguation

I_ Lo a~§ a-f-B)
;= -~8¢033+8§c—2——003(.3—7 5

ie. 'c.osa—%’—e(;+ecos ﬂ)zcos(ﬂ-—a;‘.g)-

7
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Now the tangent at ¢} has equation ' ’

;= - cos 9+cos(9;a),

and P lies on this tangent ; therefore

L —ecos O +eos(f—aly coovnnniniininnnnns ()
7y : _ )
. ; - | o)
and similazly = ecos B, +oos(f;— Bl covveesriennnnns (i
1 _ N
Hence we may write ,\"\""
8, - a=—(6; - B), \S
i_e_ 81=-ci—}2-.—-ﬁ, o 1:3\\"
B - .x\\‘

AN

and therefore, from (), ::—= — e cos,fp+cos 5_2_,
' 1 AN
The equation of the chord is ;J;Igisef‘ore

: (3— +ecos 91)-6;‘;“03 6) =cos(f &)
i 2\
Note. From equa.blés;‘(l) and {ii) we get

O b-a=2na (BB

where n is intbgral; the positive sign is irrelovant, and the lower
sign gives ¢\

¢ o
w4 +
\\\ e+ .

#\Thero is no loss of generality in expresiog o and §, so that » is

"\ 20, i, we may write '
\/

6,278,

t 2

. .-
sa long as we select the corresponding value of co8 —2—'6, when sub-

stituting in the equation of the chord.
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ExrrciseEs

1. ASB, C8D are two mutually perpendicular focal chords of &
conic ; show that

1 1
8.8B" 085D

is constant.

2. Prove that mutually perpendicular focal chords uf « xecb
angular hyperbola are equal in length. ¢

8. Show that the locus of the mid-points of focal phords of the. -
conic

{ £ '\;“
_—p0 { "‘\
. 1-ecos & O
hasg equation
_, ecos t?.o,b.}

T 1—e? contt
4, Show that the polar equation$\oithe conics

g

2
x :Egéi_l
referred to the origin as pole amd the z-axis as initial line are
2 o670 o sin*@) =a®.
§. Bhow that t.ha\&:la.r equation of an ellipse with the centre 88

pole can be wr\Q "

- T d—
[ costf - »
6. Sht)w that the polar equation of a hyperbola with the centre .
ag pplgea.n be written .
& o
.\\’ 4 TefeofB-1
\ 7. Show that the equation
"\ . { . o0 'rr)
w4 ——= .Y [
\ ; 2 sin’ (2 i

N

represents a parahola with axis perpendicular to the initial line.
8. Transform the equation
g

l.
—-= .-
; -2 in 5

nto Cartesian co-ordinates,
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8, Show that the second directrix of the eonie

!=1 —ecos {0
f .

has equation

10. Taking the initial line in pular co-ordinates as running posi-
tlvely from left to right, and the vectorial angle measured po&twaly
in the counter-clockwise sense, sketch the curves . \“,

[1)—-1+eeoa€ {ii) ——l—ecosB {e<1) N
Show that the equation of the line joining the pomts ,P;(rl, &),
Py(r., 6,) on the ellipse ;:1 +ecos 0 is \,
92—‘61 8 1N\)
2

It P,P, meets the major axis of the’elhpse in M, and the latus
rectum through the pole § in B, shom’ i‘.hat

(s V2 5% s

11. Shew that the equambns of the asymptotes of the hyperbola
\\ E_l ecos B

L >

can be written‘\,'"
1 . |
~’r§m(8 coat ) and b-——rsm(6+cos" -k
N\

where \s‘the ecoentricity and b is the length of the conjugate somi-
axig
\";12 Show that the equa,tion of the a.symptot&s of the hyperbola -

\3

I
=600 6+sec

E:l-eoos [
T .

{Ee@-1) cos 8} (et <1) s,
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| 13 Pisen extremity of the latus rectum of the conie
E=.1 ~ecos f;
r

show that the tangent at P makes with the initisl-line an angle whose

tangent is e.
14. P is the point with veetorial angle a on the parahola
{ .0 O\
ey 2, 2\
; 2sin 3 \

. 'S
with focus  ; the tangent at P meets the initial line at T ;slinwy that
7 o N
= =— 2 _, . é
ST=48P 5 cosect 5 >

7

<

; ¥
15. Show, using the method of § 116, that thé ghord joining the'
points on the conie, )
l]::l —ecos 8 /N
. ; €
with vectorial angles o+ 8 and o - BNhas equation
§,= —e cos §+s0% f6os (8- a) ;
derive the equation of the tzmgeﬁt at the point with veotorial angle . .

16. The tangent at thefﬁoiilt P with vectorial angle a on the
parabola ~N

Q\; 0
o, I I
\ F=2sin5

meets the mma\,ﬁm;e at Q; show that the equation of the circle
passing thr?ug!; P, ¢ and the pok is
' :‘1\:}“ 4_;Sin4‘_2‘:_909 8+ coa(f—a)
1'?\}”}@ are points with vectorial angles «, B on the conie
..s’\ X ;:1 —ecos 0 ;

NS fTP,. TQ are tangents ; show that 7' is the point
Yy~ a+f

7 _—

[4
( a-f at+f 2
£08 g eeos gt

18, The tangents at the points {r1, 8, (r, B, +2¢) on the conic '

N\

;:_l-—ecosﬁ
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intersect at the point P; r, is the radius vector of P ; show that

> e 4 +:"“m’¢)

19. Show that t.he Tocus of the intersection of mutually perpen-
dicular tangents to the conic

E31.—800!39
r

21( +ecosl9) _ ~z'..

What is this locus when e iz unity ? R

20. P, § are points on & conie with focus §'; PP, TQ are tai{gents :
show that TS bisects angle PSQ.

21. P, @ are points on a parabola with focus S\ TP, TQ 210
tangents ; show that SP ., 3@=8T% 9, Nl

2. Tangents fo a parabcla are inclined to eanhNﬁa ab & constant
angle ; show $hat the pointe of intersection, he on & hyperbola with
the same focus as the parabola. .

23. Prove that the equations of the 1.angenf. and normal to the

parabola 20 = r{l +cos ) at the pomfmrhose angular co-ordinate is a
are

has equation

a_-r cos 3o cos(f - 3a),
and @ tin e seg*ka =rsin{f-}a)

Prove that the equation 'of the ocircle circumseribed about. the
triangle formed by th.e%ngenhs at the points whose angular co-ordi-
nates are a, f5, y 8t

. fcoslncos éﬁcoa«}y.—acosw ~3a+B+Yh
and that, i th% ‘sorresponding normsls meet at the point ', & this

is the ciecle §
' &K r 11’ oos(f - &}1=0. {Oxd. H80)
b S P iz & point on the conic
S :
RS p
™ [ 0
\/ - 1—ecos

with focus Phasvecmrlalangle““dPTmthe g t&tP’
show that the tangent of the angle SPT 18

ecoBE g — l

esina
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95, Show that the line
;=a cog 9+bsin 8
touches the conic _
! =1-—ecos @ 4
. r \
if (@ +e)2+bi=1, C N\

26. Show that tangents at the extremities of & focal chord of &
conic intersect on the directrix, W

27. P, Q are points with vectorial angles a, B om the pﬁmbnla,
! =1l-cos §; ’\
r

show that the angle between the ta.ngenngﬁ Pand @iy TB

28. The normal at the point with, ve}tona.l angle e on the conie

“'

i:=I e'cos @
f" \

meets the curve again at the'pomt with vectorial angle §; show that

@1

008
\T—e-i-—-—cosa

£ x

29, Show.t\b the polat of the point (ry, 8,) with respect to thﬂ

conice
“\' ;:1-—80089
{g?}équation .
Q ( +ecus8)( +ecosﬂ) zzcos(f - £,).
\ ~\r:; - 80. Three normals are drawn from a point P to the parahola ,
N ;:1 ~cos @ ;

the vectorial anples of P and of the feet of the normals arc respes”
tively ?5, o, ,8 v ; show that

a+B+y-24=(2n+1)m,
where » ig integral, .



CHAPTER XVIII

GENERAL FQUATION OF THE SECOND DEGREE -\

§120. 4 point, a circle, @ }mfr of straight lines as part{cd&
eases of conges. e,
(@) A point. &N
The equation o \
! K K7\ .
&E+E§=1 ....... o IR /PN (1)
represents an ellipse with semi-axes ?’f fen’gths aandb; if o
and b are both zero, equation (i} will.répresent a point,
() A cirde. N
The equation (i) represepts’an ellipse with eccentricity

Va*“Bfa and with du;eq“ﬁlx distant ‘a?/~/a?~1* from the

centre, ¢ '\\,;
The equation M .
oS BB =R i {it)

\ ¥/ . . s
represents g.gizele and is identical with equation (i) if 5 =a2.

The cipeld(ii) is therefore a conic with eccentricity zero and

diree-tp\ii\:rf infinity .

B ‘@)f’&i pair of straight lines. o
L the y-axis is taken as the directrix of a conic th.}.n ecoen-
N\ Aricity e and if a point on the directrix, say the origin, is taken

- as focus, the equation of the conic i
a4yt =,

Le. _ (¢? - 1)2? - 42 =0,
281
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which represents two real and distinet lines, two real and
coincident lines or two imaginary lines according as e =1

In each case the two lines pass through the focus ; if thers- -
fore the focus is a point on a directrix which is at mﬁmty, the
‘two lines will be parallel, "

Hence a point, a circle, and a pair of straight lines which are
real or imaginary, interseeting, coincident or parallel aze, R&l‘tb .
cular cases of conics. S

§ 121, Euery equation of the second degree fepresé;itga COnic. |
The general equation of the second degrcc 16\‘
ax®+ 2hay + by® + 29 + 2y PEDO. .. (i)
Turning the axes through angle 8, equation (i) becomes
a(z cos 6 -y sin 8)% 4+ 2h(z cos P ,\sm 8} (x sin 8+ y cos )
' +&(xz sin 8+ y cos §)2 +2§fx}'059 y sin )
+2f(x sin 8+ y cos 9}+c =0, e {1}
In equation (ii) the coeﬂiment of ay is
2(b~ ~a) sm B 008 8 + 2k (cos?0 — sin2f),
and ig therefore ze)‘o if -t .
7 pnose 2 (i)

\ G e

Letting 3 have a value satisfying equation (iit), eguation {ii}
takea\‘bhe form
AP+ B+ 265+ 2Fy+0=0. oo fiv)

\[a If A+0and B+0, equation (iv) can be written

o §fenle B 55
=R, BAY. vrienniermennee (v):

Cha;nging the origin to the point (——, ——) equation {¥)
begomes |
4B+ Byt=2, .......... e (vi)
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and therefore represents an ellipse or & hyp;erbola according as
A and B have the same or opposite signs.

(0 If A=0and B +0, equation (iv) car be written

B(y+§)z= —26‘x+1§—c, ............... {vii)

and therefore represents o pair of parallel straight bines if
6=0. If &+0, equation (vii) can be written

e 2¢ P ¢ : .\
(r+5) =5 (s m)
and therefore represents & parabola. - RS 7
Similar results are obtained if 4 +0 and B=0. )
Hence, including as conics the particular cases copyidered in
§120, we see that every equation of the aecoy{d}gree repre-
gents a conic. ANV
Note. The reader should rementber that,after the axes have been
rotated through the angle 8, the ellipseon hyperbola has its axes
parallel to the axes of co-ordinates ; thesquation (iii) therefore gives

the inclination of the axes of the conie to the origingl axes of o
ordinates, o~ 7

§122. Invarianis. ¢\J

On changing the oﬁﬁr to the pomt (2, y,) and rotating the
axes through the a{n'glé 8, the equation

sl 2hay -+ by + 2o+ 2fy +0=0
becomes 2N¢ ' .

a(z€os 8 —y sin 8+,
3% 497 (2 cos -y sin f+3;) (¢ &in 8-+ cos 8+)
\M‘: “ 4Bz sin 6+y cos 9+yl)"+2g(z cos 8y 8in §+%7)
+ 2f{z sin 8§ +y cos f+y)te=0,
- Le. becomes ;
eyt + 2hyy+ by + 2gy0+ Ay + =0,
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. where
24, = 2{a cos®8 + 2} sin & cos #+ b sin?f)
=(a+b) #{a-5b) cos 26 + 2k sin 20,
26, = 2(a win?@ ~ 2k sm O cos ¢+ b cost)
" =(a+b)—(a - b} cos 20— 2% sin 20, N
and 2k, = — 2a sin @ cos 0+ 24 cos?? — 24 sin®f + 2b sin @ coa A
— —{a—b) sin 26 + 2% cos 26, Oy
and therefore \\

L 3

a+b=a+b, N
and  4(agby —By)?=(a+b)2 — {(a - b) cos 20 + Sein 261
—{~{a—b) sin 20X2k cos 26}
~(a+bf~(a by ~dp*
_ =4(@b—1%), (O
i.e. a —RhP=ab-Rt. AN
The expressions ¢+ & and, ab ~h2 are called invariants.
Note. If the axes are trztnsla,ted but not rotated, the equation
ax2+2ﬁg:y+by3+29'x+2fy+c 0
becomes an equationef the form
@b 2hay + byt + 26w + 28y + C =0 ;
the coefﬁczerﬂ@qf the terms of second degree are unaltered.

§ 128., Tﬁe CORIC .
'\".‘\ ’ ax® + 2hey + By + 9x 4 2fy +e=0  .roirren (i
ie-aw ellipse, a parabole or a kyperbola according as
(§ 2~ gb f 0.
- 8% -The conic is an ellipse if the gwen equation can be reduced
N
~\/ to the form )
vV R R T S (i)

where @, and b, have the same sign, i.e. if —a,b; and thereforé
k2 —ab is negative,

Similarly the conic is a hyperbola if k2 —ab is positive.



$123] GENERAL EQUATION OF SECOND DEGREE 286

"The conie is a parabola if the given equation can be reduced
to the form
byt + 2g,0=0,
ie. if @, and h; and therefore /% — ab is zero.

Note 1. The conie (ii) is a rectangular hyperbola if a, +5=0;
therefore the condition that equation (i) should represent a rect-
" angular hyperbola is &* — ab>>0 and o -+b==0.

Note 2, We know that equabion (i} represents a circle if ¢ =band

h=0, and Tepresents two straight lines if -
abe+2fgh —af *— bg® —chi=0; PR
the two straight lines are parallel if 42 — ab is zero. AN °

Ezample. Determine the nature of the following logi 3
(i) 202 Say - WP +a—y—1=0;
(i) 3 — 2wy + 347+ 2z~ 6y+2=\0
(iil} 422 —day+y*+6x— 3y+2 =0.
(i) Ifa=2 and f=—1,
b=-2  g=b
e=—-1 k“—s:
 abo+2fgh —af 2—bg® - dzﬂ—4+ -2+4+%+0,
12 b=} +4>0,
and \@\Lb 0;
therefore equaﬁen,.(xl.represents a rectangular hyperbola.,
@ Ha=3 and f=-3
DT =8 9=
\“” c=2 k=—1
ab&+2fgh of 1 by - W =18 16 - 2T - 3~2#0,
,Qnd\' F—ab=1-9<0;
N:}rerefore equation (i) represents an eflipse.
(iii) If e=4 and f=-%
b=1 =3,
c=2 h=-12,



286 ELEMENTS OF ANALYTICAL GEOMETRY {51t
abe+2fgh ~af 2 - by —ch?=8+18 -90-9-8=0,

and B—ah=4-4=0;

therefore equation (iii) represents two parallel straight lines,

§124. T find the cenire of the conic

: ag? + 2hxy + by 4+ 290+ 2fy+e=0. ... D

Changing the origin to the point (=, 4,), equation (i) bect{mes
6132+2hxy+b?[z+2{(.‘&:1’:1-!-7@1—[—9')93-{-2f(k$l+b_jl+f\)

+azg® 4 2heyy + byt + 20w + 2y, + o= 0 eeeeenna i)
T we choose x,, y; so that ’ '
ar, +hy, +9=0, ha, +by1+f=\o ool

' equation (i) is

e+ 2hay bR =0, e (i)

where ey =az,? + 2heyy, + byf¥2g;~:1 + 2y +e.

Equation (iv) Tepresents a conjc symmetncai about the erigi,
Le. the origin is the centre, %
Therefore the centre gt “the conie {i) has co-ordinates givet
by equations {iii), i eithe centre is the point
=ty gb-af
' \ab—B® ab—h3
4 x ’,f
Note 1. ]}\k #ab=0, the curve is a parabola and the centre i8 ab

infinity, dhae —pb 0 and Af - bg—0, the centre is indeterminate
in this Qase ‘the lbcus is two parallel straight lines.

M2 Ifm1+ky,_+g 0 and Az, + by, =0,

\v i,-’ ax:? + 2Ry, + by + 2gx, + 2y +o,
hich

—:"1(“31“”‘y:+9’)+yx(k3?1+b%+f)+gxl+fjl+c
=gy [y +o
kf by  , gh— f«'rf
Yapmet gt
__abe+2fgh ~af T byt —ch?
. ah-h2

ab -t
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Therefore the equation of the conie (1) when referred to its centre

as origin is .

4 y

| m’+2k¢y+by’+m=0,

which Is of the form .
) ezt +2hay +byt=1 .

The expression denoted by 4 has already appeared in discussing

_ the general equstion of the second degree; A =0 is-the condition

that the equstion should represent two straight lines, ¢\
. ' ' O
Ezample. Find the centre of the comic W
T2 + 48y — Ty + 20z — 110y - 50=0

and-the equation of the contc referred to porallel azes tkrwgkus

centre. .

At the centre, - _ N
T+ 24y +10=0, <\
and 24z~ Ty ~55=0, O
o e — 1320890 ,
4976
and 3?%8_5 = -1., .

i.e. the centre is the t’(y, ~1), and the squation referred
to parallel axes through'the cenfre is -
’...;7i2+483y—7y3+c=0,-

where \a;:$2"3_96-7+40+1'10~_50325,
Le. the igl"ﬁ'ﬁon 1 o _
O 7% 4482y — Ty +25=0.

al
NS

~ \§:125 To trace @ central eonic.
\ ’The method is illustrated by the following examples.

Brample 1. Trace the conic

Fla? + Aoy + 1457 — 4o — 28y —16=0- Coe

Since 4 — 11 x 14<0 the curve is an ellipze.
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At the centre 1lz+2y-2=0,
and 20+ 14y —-14=0;
.. the eentre is the point (0, 1),
* The equation referred to parallel axes through the centre i3
1122 +day + 1442 + =0, N

where c=14-28 —16= — 30, Koy
e, i8 1102 + 4oy + 142 - 30=0. ......LO0 ()
y O3
/ . / <
IS
- \ / b .
' / O
N T v b
™~
. ’/:‘
i"“\\ F1a, 69
¢\J a, &9,
> N . )
If an axig of the ellipse is inclined at angle 8 to the z-axis
<" 4
O O=——l
N tan 20~
= e\' . 2tand 4
QO 1-tan®8 3
§"\~f;’; ie. 2tan®d -3 tan 6 -2=0,
\'"> W ie. tan =2 or —1,

KEquation (i} expressed in polar co-ordinates is
7%(11 cos®0 + 4 cos 8 sin & +- 14 sin?d) =30{cos2d + sin8},

1+ tan26 .

11 + 4 tan # + 14 tan28’

ie, 2=30
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- when tan 9%2, #2=830% =2

: P
ond when tan 0= —1, 2=30x%535=3;
T

*, the lengths of the semi-axes are 3 and V2

The axes are the lines passing through the point (0, 1) and
having gradients —% and 2 therefore the equations of the
axes are : :
z+2-2=0, 20-y+1=0.
The conie is therefore as indicated in Fig. 69.

Ezample 2. Trace the conic . { &
_ 92 — 102y + 32 +14x - 2y +3= =0, <
Since 25 — 3 x 320 the curve is a hyperbola. AN

At the centre 3x-5y+7=0, \ v
and —-5m+3y—1=0' o :;2“

, the centre is the point (1, 2).
The equation referred to para]]el aﬁtes thmugh the centre is
822 — 10gH % 3_1,(a +e=0,

where e 320002 + 144138,
ie. is \ 31}510xg+3y2+8=0 .................. 6
If an axis of the\hyperboia is inclined at angle f to the F-8xI,
..o 10
\5 tan 26 =35
' \s J -
e. \\ tan 8=1 or 1.
qulatlon (i) expressed in polar coordinates 18
1+tan®d
\ p2== -8 ____._-—-—-—-—'—'—'_'_g

3-~10 tan g+ 3 tan®

. 2
*. when tan #=1, 2= ~8x _—Z_-4

and when tan = —1, ,.2=_.3.xﬂ._=__1;

K
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.. the transverse and conjugate semi-axes have lengthis ¢
and T respectively,

The equations of these axes are

r—y+1=0, m+y-5=0.

‘The conie is therefore as indicated in Fig. 70, \
. -
O\
Y / N
- S’
FIA
Y
N L
— N2
#1 >
¢
" b3
/ ,‘0’
ffes X
=1/
N \
O ¥ia. 70,

Note. W‘hé sketching a conie the reader should check his calet

lations by debermining the points of intersection of the conic and the
axes qf‘éo-/brdjnatea.

&i}& The asymptotes of the conic

O ™ 2%+ 2hay + by + gz + Ay + ¢ =0 (1)
W have equation

~\}' ' a@® + 2Ry + by + 29 + Oy + 0=
\
where

ab— k¥
A =abe +3fgh — of 2~ bg® — ch?,
When a hyperbola has its equation written in the form
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the asymptotes are represented by the equation
ol T '
E_BE= PN .‘...‘............_.............(]]l)
ie. the equations of the curve and of its asymptotes differonly - 4
in the constant term. If the origin is changed and the axes are
rotated and the equations (i) and (i) are transformed aceord-

ingly, the new equations will differ only in the constant term.
Therefore the asymptotes of the conic (i) have equation & \J)

az? + 2hay + by + 2gr + 2y te=A, i (ig)
where A 15 & constant. N

But equation {iv) does not represent two straight Lin mﬂesa
able—~X) + 2fgh —af 2= bg? — (e — ARF=0,
A .

i.e. unless A=

—_— N

ab-R2’ D

therefore the asymptotes have equation A )
ax2+2kxy+by2+2gx+2fy+c;—jm. cerereneeaenes (V)

Note 1. The asymptotes of the copm ’
{oz + by + e}z + by ¢1}=a constant,
have equation s
(a+ by bl + b+ ) =0, _
for the latter equation regfésents two straight lines and differs from
the former only in theﬁnp.’sbant term.
Note 2. Since tKe\equations of a hyperbola, ita asymptotes and
the conjugate hyipérbola can be written
& 2V, T
Dl e @
it foHowa from (v) that the hyperbola conjigate to the hyperbola (i)
has’eq)étion : o4
" \’ 'aw*+%’5:1}+by”+2ﬂ'¢+2f!!+°=ab‘_hr

V "§ 127. To trace a parabola. .
Two methods are illustrated by the following examples.
Example 1. Trace the parabola
' 1‘2—4:753;+4y3—_6x—-8y+5=0.
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TLe equation can be written
(x—2y— 62 -8By +5=0.

Take z—2y=0 as a new z-axis, i.e. turn the axes through
angle 6 where tan 6=} ; the new equation is

2e—y Ju+y . A+
Byt —6 = —=+5b=0, AN
ARV IR N\
ie. 5By =200 10y +55=0, .\
A\ 3
4 250>
ie. 2--—_—x—— +1 <A Y
YTBTTHRYT S
o (r-@5E5)
o \~/5 NN
*, the parabola has vertex (:/1'3’: x;f_)j referred to the new axes
and has latus rectum of Ieuggth j_-
The curve is as md:Lca,ted in Fig. 71.
S,
W
| \s i . /‘3/
FCadi /

ot Pl

. 71.
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Brample 2.  Trace the parabole

L 4t daytyP+ 22+ 6y +3=0.
The equation can be written

Qz+y+ =4\ 2+ (2A—0)y+ A2 -

The lines )
2+ y+A=0,

and  (dA—2)z+ (2A-6)y+ A2 -3=0,
are mutually perpendicular if
Loy ( 2) — 1) _
te. if . &
With this value of A, equation {1) )
Qu+y+1R=2(x-2-1), RN

S

which represents a parabola with latl;s retﬁtum of Iengt

with axis oLy
2o+y+1l= ‘Cl
and with tangent at the vertex™ .
& —Zp-1=0;

the vertex is thereforidf;eqlomt (-% -8
The paralbola, is g indicated in Fig. 72,

2O \ Y
O\g& )
AN\ o L~ %

‘,/

N\

Fid. 72.

293
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ExEncIsEs
Determine the nature of the loci:
© L Mat— 6oy +19y -6 4+ 2y — 1 =0,
2, x2+16@—11y3—f3x+12y-—6=0.
3. 92— 122y +4y*+ 4w — Ty +1 =0,

4. 32°+ 3y 44z -2y -1 =0, .\"‘\'
5. 6%~ 2y -yt 2+ 3y - 2=0, O

6. 02— T2zy+4yt 3w 42y -2 0. (n.‘;:

@ 3%+ Bay - Byt + 4z + 2y + 3=0. s,

8. P is a variable-point whose co-ordina-teé:’;re given by the
equations i
=201, y=tr_ 2: A3)
find the equation of the locus of P a:pq ‘®how that the locus iz a

parabola, ~

9. Pisa variable point whosé»oo ordinates are given by the
equations
B ~a£2+bt+c y diftettf;
show that the locus of P i is 3 pambola,.
10. Find the centre of the conic
:c"’»v-‘ﬂxy+3? — 10z +22y 4 30 =0,
and the equati \J;eferred to parallel axes through the centre.
11. Find thQ centre of the conic
7 e 2ay e ay? 102 — 18y +28=0,
and thgeﬁjuamou referred to parallel axes through the contre.
Find the lengths and equations of the axes of the conies :
- 1122 - 2dony + 4gy2 4 20 =0,

"\.j} 18. 8¢+ 4y +5y2 - 8+ 16y — 16 =0,

1. 60+ day + 995 - U - 58y 1 89 =0,
15, 232+ 722y +2y% - 20z — 140y =0,
16, x®—day - 24216z 12y — 21 =0,

17. Bhow that the lines passing through the origin and the inter-
sections of the conie

Caxt+ 2hay + yt=]
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with the circle '
e yi=r3
have equation o
1 1
(- F)err i+ (5= 5 )=
deduce that, if » is the length of a semi-axis o_f the conic,

B

and that the axis hag equation
(a——)x+ky o

18. Using the reault of Exercise 17, show tha if r is the hmg‘\bh ofa
semi-axis of the conic

asc”+"kmy+bﬁ+2gx+2fy+c =0, \\J
(ab — B+ A(a+b)(ab - m)rzmﬁxo,
where 4 =abe+2fgh—af 2~ bg° - — ek, AV

Find the equation of the aaymptotea»oi each of the following
hyperbelas - «\

18, 2x% — 12xy — Ty -4z -8y — 443,

20, 2z tay-y2-ax+2y— 3‘3

2l wr—yitud+y—1=00)

22, A hyperbola has Etion
‘f:...’ flzy =0,

where f(x, y)={d¥ \*+2kxy by + 2+ 2y 463 the centre is the
Ppoint (z,, JL{’\BELOW that the agympboles have equation

N fe =i v
23, Find the equations of (i) the asymptotes, {ii)
confoigiven by the equation
(\”' o gyt oy 100 +2y=0.  {Camb. HSC)
24. Find the equation of the hyperbola having the same agymp-
totes ag the hyperbola.
- 3y -2y + 25+ 11y ~13=0,

and passing i'hl'ough the point (3, 2).

the axes of the



206 ELEMENTS OF ANALYTICAL GEOMETRY
25. A hyperbola has equation

- flz 1= ax® + 2hay +by® + 200 + 2fy + =0 ;

show that the eiuation
Sz 3) =flry, )

_represents a. hyperbola havmg the same asymptotes and Ppassing/*
. through the point (z,, #,)

26. Show that the equation of the asymptotes of the hyperbo]a\.-

o+ 2hay + by + 2% +2fy +c =0 O
can be written - PR
b2 —2hén +ant=r, AN 3
where E=axthy+g, n=hr+by+ [ Y

27. Find the equa.t:ion of the hyperbola conjiighté to the hyperbola
—bey+ytrdotay 2 250,
Trace the parabolas : \ “
28, x® —duy +4y* — 2w - 16y + 25 20N
29. 92® - 2oy +16y° - 203 — 1403,«*0
30. dr® —doy 1Bz - Syaf-\?-‘o
3l. Find A so that the kmas whose equations are
8::: C15y+ A==0,
and (221 +m’bx+(3o)« 1428}y 4+ A* - 2023 =0
may be at right Anples to one another.
Trace the/parabola
N ;'&Iﬁ + 240y + 225y - 2212 -+ 1498y + 2023 =0.

{Lond. H8C]
?y&’ghow that the latus reckum of the parabols

- aw® + 2hay +By? + 2 + Ofy + ¢ =0
NN . _2{@%" b )
{u+b}=



REVISION EXERCISES

A, Ox mEE PanaBOLA L)\’
Find the equations of the parsholas with the following foci and () K
dircetrices : -
L(-1,2), z+2=0. 9. (3, 1), a=" A
3 {1, -2), zty-2=0. g\
Find the vertices and foci of the following parabolagy y
4 y=2(x-1). . 5. yt - 8z — 2y #25=0.
6. gtz —2y+2=0. \“
%, %how that the parabola, y*=4az, is the Tadiits of 8 point whose
distance from the line i3y o\ T :

i5 equal to the ength of the tangent freni the paistt to the circle

. x4yt - 1'0&30*1: 9 =0.

8, Show that the parabold, §2 =4az, is the Jocus of the centre of &
cirele touching the y-axizdnd the circle

\ \x’--}-ys —2ax=0.

9. A variable cirole passes through the point (24, 0) and touches
the y-axis; show that the locus of its centre 13 & parabols and de-
termine its vesfex.

10. A cifole Of radivs 4 tonches the @- and y-aXes ; & point P moves
50 that\&i)scjss& is equal in length to the tangent from P to the
circlg\ show that the locus of P is a parabola.

" (11" 4 is the fixed point (s, 0); Bisa variahle point on the y-axis ;

“/B and on the side remote from the origin 0, AABP mzdmwn
similar o A AORB ; show that the Jocus of P is the PBIﬂ-bUIﬂf.- yr=dux,

12. Show that the common chord of the parabolas

yi=4az, y*=2a(x+a)
is the latus rectum of the former.
207
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13. 4, B, € are points on the parahola, 32 =44, with ordinates Yis
#or ¥a3 O 18 the origin ; show that

. 4,
@ AOAB:%" (W — ) 5

1
(i) QAB(}:Q(?L—JQ (#s =yl {913 — ). O\

14, The parahola, y*=4daz, divides the plane into two parts ondw
which contains the focus; show that throughout this pagts\\

yt —dax A
is negative, while throughout the other parst it is pqsftivei
15. Show that the equation "‘\ v
y=ar®+ by + \ »
represents a parabola, and find the cg@t}hates of its vertex and
the length of its latus rectum. " g '
16. P ia the point {z;, 4,) and PAB'5 & line inclined at angle fto
the axis of the parabola o\ o :
~yg —dar, .
and cutting the parabola. q.!;';;l'and B ; show that .
N\ Pa.pp=ti—iam
sinzf

A .
~ 17. Two varighble’chords 4B, OD of a parabola, each drawnina
fixed directionintersect at P ; prove that

w\.J PA.PRB:PC.PD
is constant;

18)QE, QF, the tangents at K and F, are paraliel to AB, ¢D in
%x:ér‘mse 17, and & is the focus ; prove that

R P4.PB_QE* SE
AN : PG .PDQF: SF
N\ 18, Show that the foeus of the parabola
\/ ¥+ gy =(z cos a+y sin a —p)*

is at the origin. What is the length of the latus rectnm ?

20, Prove (do not merely verify) that the equation of the pircle
through the points (p, 0), {g, 0), (0, r) is

@+ ) ~rip +gdo— (12 +pg)y + pgr=0.
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A circle passes through a fixed point, and the chord eut off from it
“bya given line is of constant length. Prove that the locus of jts centre
is & parabola. : {Oxf. and Camb. H.5.C.)

* 21, P, are the points £, I, on the parabola, y*=daz, with focus § ;
find the arca of ASPQ, and hence show that PgQ passes through § if
fty= —1.

92, A circle bas as diameter a focal chord of the parabola, y*=dax ;
the circle cuts the axes of co-ordingtes at the points (x,, 0}, (s 0),
(0, ), (0, ¥2) ; show that ’ - .

Ty =HiYa = — 30> AN
23. The circle N
2+ 4200+ 2ay =0 'O
cuts the parabola d ‘\
. Yr=aw 4

8t the origin and three points whose ordinates are g ¥ S, ; show

that : )
Yoalfs= — 2a% \ 4 \

24. A circle cuts a parabok: at 4, B, C, D3 the tangents to the

parabola at 4 and B meet at 7', the ta.ngﬁn’tp'mat € and D meet at V'3
show that the axis bisects T'V. R

25, 4 is a fixed point on a perabola; o variable circle passing
through 4 mcets the parabola againat B, C, D; Gis the centroid of

ABGD ; P divides A in the fatio 8: 1 ; show that the locus of P is

the axig of the parabola, .\ 3
268, B(C is a variahlle h:a-l chord of the parabola, y®=4az; the

¢ircle passing through B, € and the vertex 4 moets the parabola
again at [ ; ACHNBD intersect at P; show that the Jocus of P has
equation - \“ .

4 ay® + 4572z - a)=0.

2 A d\qéf touches a parabola at P and meets the curve again at
Q and R show that the axis bisects the Jine joining P to the mid-
pointof the chord ¢R. . ]
S\ 8. The points (2, #.)» (% ¥e) ave the extremitics of a focal chord
f the parabola, y2 =4z ; show that

x1$5=a’; Y= ~dat.

N

99. Find the length of the chord of the parahals, y*=daz, passing

through the point (g tan2d, 2a tan ) and inclined at angle ¢ to the
axis of the parahola. .
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80. Show that the line
. -2 _¥-% —r
cos § sin @
meets the parabola, y*=dax, where
28in28 +2r(y, 5in 0 — 20 cos ) +1,2 — 4ax, =0,

and deduce that if parallel chords are divided so that the proﬂuet
of their segments is constant the locus of the points of sechion jaa
parabola congruent with the given one. NS ¢

8L. PT is the tangent at P, a variable point ontile parabols,
y*=4ar; T les on the tangent at the vertex ; showthat the locus of
the mid-point of PT is the parabola (¢ /

2y2 =0axr, \/

" 32, The tengent ab P, a variable poing.dnthe parabols, yo=daz,
meets the parabola, yf = — dax, at Q al@ ;&’; show that the locus of
the mid-point of QR js the patabolsy™ '

3yt 4+ dag 20,

38. PQisa focal chord of thepatabolz, y2=4daz ; QT is the tangent
ab @ and T'P is perallel to.the axis ; show that the locus of T bas
equation i N
Pz +20) + 40 =0
84, P is a variable point on the parabola, y2=4a», with foous §

and vertex A 4 Q‘lftﬂeetﬁ the curve again at § and the tangent at §
meets P4 at 5\ ow that the locus of 7' has equation

a\o? 49+ 2z +a)yt=0.
35. PQ'% a chord of a parabola ; 7' is any point on the tangent 8

P ; #he line passing through T' and paraliel to the axis meets
at’Ny show that the parabola, divides TV in the ratio PN : N§.

D
Find the conditions that the fellowing lines should touch the para-
bota, 42 —dgx :

: ~2 YW,
. potgy=l. . As+By+o=0. 38 L 2L por
39. Show that the line

=+
¥= m
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touches the circle
By,

;|
i m‘+m“-%g=0;
r

henee find the tangents common to the parabola, y*=4az, and the
cirele
20> +20y2 =a%
40. Find the equations of the tangents common to the parabola,
y*=dax, and the circle
234+ 2yd =p.

41, Find the loous of the foot of the perpendicular drawn from e )

focus of a parabola to a tangent to the curve. &2
If & is the foeus of the parabola and SK the perpendicular’t\ tho
tangent at P, prove that SK? is proportional ta SP. ’
(5. MatrichBd. H.C.)
49. A variable tangent to the parabola, ¥ —-'\451:}, maeeta the
parabola N :
yr=4bx (NN

at P and (? and cubs the z-axisat R ; shoy*bhat“PR : RO is constant.
43, 4, B, €' are points on & parabolis the tangents at 4, B, ¢/
interscet in pairs at D, B, F ; show ¢bab
A ABC=2ADEF.
A4. TP, TQ are tangents tothe parabola, " =44z ; angle PTQ =¥
show that 7' lies on the Ku{vﬁ
y? —dar=(z+a)* tanzfl,
and deduce thab,niattially perpendicular tangents intersect on the
dircetrix. O . :
ia eeidablo poi 1o, yi=daz, with foous 8 ;
45. P is gexdriable point on the parabola, ¥ s 5
the chord thedugh the vertex and parallel to SP meets the parabola
; T\i},‘ () are tangents ; show that the locus of 7' has equation
N \ (x+alyi=a(2x +a)t
38 The circle having as diameter MP, the ordinate of a point P

N 2 parabola, meets the curve again at @; TP, T'Q are tangents
%0 the parabols ; AT, the ordinate of 7, meets the parabola at B;

show that M =NE. bo
. . ta
47, A circle passing through the vertex of & parabols mee
latter again at IIJ’, ©Q, R ; the tangents at @ and R meet at T ; show
that PT is trisected by the axis of the parabols.

™



al

AN

302" ELEMENTS OF ANALYTICAL GEOMETRY

48. A eircle cats the parahola; ¥*=4ax, at the points P, Q, R 8;
show that the intersections of the tangents at P, ¢, R,  are such that
the sum of their ordinates is zero. ’

48. A circle passing through the vertex of the porabole, yt=dgs,
meets the curve again at 4, B, C'; the tangents at 4 and B meet the
tangent at C ab the points P and @ ; show that the mid-point of PG
lies on the parabola

292 +axr=0. ¢ \\\
50. Show that the normals to the parabols \ O
=2 N
at the extremities of the chord RS 4
2% -3y +2=0
intersect on the parabola. , \\;

51. Find the equations of the ta.nge&?\};‘a.nd normal at the poinb
(23, ) on the curve y =2, /(azx). 2\

Prove that the two tangents to this curve which pass through

the point { e, &) are at right,&’n:gles. {Cent. Welsh Bd. H.8.0.}

52. The normal at P, a gioint on the parahola y*=4az, meets the

axig at @ ; show that thedtus of the mid-point of P{ has Bq“_a'ﬁw“
4 yi=a(x—a) .

53. 4, B, C, Daze Tour coneyclic points on a parshola; ABida

focal chord ; A(s the normal at A ; show thab the axis divides DB
in the ratiody . i '

54. P.i&® variablo point on the parabola, y*=4az; the chord F¢

- is the normal at P; TP, TQ are tangents ; show that the locus of I

hag équation
(x+2a)? +4a*=10.
55. The chord P@ is the normal at P to the parabola, y*=4a7;

%" PT is the tangent at P and 7T i3 parallel to the axis ; show th‘}t the

\

locus of 7' has equation
3yt (x +da)+ da(x - 20)7=0.

56. The normal at, P, a point on the parabola y* =4ax, meets :]:;
tangent at the vertex at §; show that the locus of the mid-poin
P@ has equation .

@yt =2 (x4 2a)®,
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57. A chord PQ of the parabola, y*=4asx, subtends a right angle

at the vertex : show that the normals as P and @ intersect on the -

parabola
y*=16a{z - 8a).

58. Normale to the parabola, y* =4ax, from a point whoae abscissa
is 3a, meet the parabala at pointe whose abscissae are z;, ¥y %3
show that : '
&y + Ty =24,

58, Show that two of the three normals from the point (14, 18} to. .

the parabola

 geds ~\
coincide. ‘
80. Find the two distinct normals from the point (%, <h160 the
parabola /
Y= 9
INY
61. © is the foob of the perpendicular from E%ﬁ to ’the polar
of P with respect to the parabola, y* =442 ; ghiow that € lies on the
circle O
-y — gl

82. A variable chord PQ of tho gatabola, y¢=4aw, subtends =

right angle at the vertex; find the focus of the pole of P with’

respect to the circle .
a8 4=’

N
£3. The polar of P with respect to the parabola, y*=4ax, touches
the parabola \
N\ yi+4ax=0;
show that P heson the latter parabola.
64. Tan, en. “;z.re drawn to the circle &2 4-yt=0?; show that ghe
locus oft\hé “poles with respect to the parabola, y?=4az, has equation
N\ 3 =4 (2 ~af)

N, !

NN 2 . .
. ('85. Show that the poinis (a £ (’g—c—!— a, ,3) are conjugate with

\ ‘espect to the psrabola, y* =42

66. Show that the lines
Loty +m=0, wz+my+n=0
are conjugate with respect to the parabola, ¥ =4a%, i
. hmgtlte= 2amyity.

"N
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87. P, ¢ are any two Ppoints on a parakola ; TP, 7 ') aTe tangents s
PP meets the diameter through @ at R; show that BT ={'P

88. The polar of a variable point ¥ with respeet to a parabola iy
parallel to the line joining P to a fixed point @ ; show that the losys
of P ig a parabola Passing through Q. p

69. A line through Pz, 4, 8 fixed point on the parabola A

¥t =8ax, . p \' N
meets the parabola y*=4ax at Q and & ; show that the locty of the
mid-point of QR is the parabola N

(29 - o)t =8az.

.\ N
70. The point (z,, #}1s the pole of & chord of thé parabola y=dax;
i , . . 3 #% - Box
show that the mid-peint of the chord .15 ﬁil?{ﬁ;ﬂnt (_I.E. = yl).
71. The mid-point of a chord PQ of j:hc;\ﬁairabola-, yE=4ax, lies on
the parabola AV
¥=2a(x ~a);
show that the pole of PQ withxﬁ,épe;ct to the former parahola les on
the directrix of that para.bo]af.v'. e i
.72, The mid-point of a Hord PQ of the parahols, y? — 4az, lies on

the parabola
, i"‘;\ ¥=ax;
show that the péiex\et"”PQ with respoct to the former parazoia lies on
the parahola O\ )
‘\; v #2420 =0,

78. ']sze..}:'nid-point of a chord PQ of the Parabola, 4% =4ax, lieson
the linal, :
A z=y; :
2how that the locus of the pole of PQ with respect to the parsbala
has equation
\/ ¥ =2a{z+y).
\/ 74, P, @ ave points on the barabola, 3*=daz; FP, NQ are the
hormals at P, @ ; & lies on the Tine
¥ta=0(;
show that the pole of the chord PQ lies on the conig

xy=a=¢

N
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. W5, P, § are points on the .pambola, y*=4ax; NP, N@ are the
normals at P, ¢ ; N lieg on the line - ’

£=y;
ghow that the loous of the pole of the ehord PQ has equation
y{z+y)=o{x—2a).

v6., Obtain, in & simpie symmetrical form, the equatidn of the line
joining the points {at,®, 2ab), (aty%, 2al.).
P, @, R are three points on & parabola. The diameters through »,

¢ meet QR, RP at D, E respectively. Prove that the tangents at g
P, { interscet at the middle point of DE. (Oxi. and Camb. H.8.0h3

77, Prove that the straight line midway between & point and/ite
polar with respect to a patabola is & tangent to the parabolas\\
Having given the axis of a parabola and two points on the para-
hole which are not reflexions of each other in the axia&oxlhfafw how to
oy

construct the vertex and focus of the parabola. . HB.C.)

%8, Tf the tangents to a parabola at the poinfé}’ and ¢ mest at
the point 7', prove that the straight line joining 'R Yo the middle point
of PQ is parallel to the axis of the parabolas . ]

1f two tangents to a parabols and their(points of contact are given,
obtain & construetion for the focus and\directrix of the parabols.

A (Oxf. HS.C.)

B. OxX wEE FLiIpsE

© 79. Find the equaﬁangf'\ihé ellipse with foous (1, 0), directrix s=4
and ecoentricity 5. _ :
80. Tind the difgbfrices and eccentricity of the ellipeo
A 824 4y7 - 12 - 16y +18=0.
81, Sh%EEAt in amy ellipse the distance of & focus from sn ex-

tremity(Of. ¥he minar axis is equai to the length of the pemi-major
aXis. a8 - .
mﬁz\ Given that §, 8 are the points ( :ae, 0) and that
\/ SP4+9P=26;

show that the Jocus of P has equation
'.’53 y&
~ i =1,
a’+b=

" where B*=a2(l - ' -
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83, The lines
ba+aty-ab=0, btz —ay-+abi=0,

where ¢ is variable, meet at P; show that the locus of P i3 the

ellipse - “

xﬂ ys _ -

(F + b_* =1. ) \s \*

84, A0A’, BOB’ are the major and minor axes of an ellijes with
focus §; show that 475 . 84 =R, \

85. P is any point on an ellipse with major axis glA:’ and foous 8;
the chords PA, PA’ meet the directrix at &, Q' ; shawthat 5 | 8.

86. 4, B, C are the points a, £, y on the biliphe
5 g AN
m___f_!_{.:]_ -,“\
: - al bt NV
show that the area of triangle 4 BG ]s; v/

2ab sin & y"i'r;“ y-a 8in — 5

2".7‘.; 2 E‘_.
82. P, Q ere the points'$) 38 on the ellipse
' 4 a® oyt
AN et

show that the locus of the mid-point of the chord PQ has equation
£ ) Bt g )2 (xs Yt
\< a=‘(2 AL Sl E*b‘z)'

88(74,"E, ¢ are three pointa in order on a straight line ; a variable
eqlé ouches the line at C, and the other tangents from A4 and Bto
Zthe circls intersect each other at P ; show that the locus of P i3 an

.\ ellipse and find its equation, centre and cccentricity when 4, By C

% are the points (-2, 0), the origin and {1, 0}.

\\./

h
3

N

89. A circle passing through the point {0, b} meets the ellipse-
xE yﬂ
T

again at P, @, R ; the gradients of PQ, QR, RP are m,, my, ty ; Sho¥
h .

I,

hat
b3, +my 4 my) = My
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80, Tf (b, £) is the middle poin; of o chond of the ellipse 21+ =1,
at B
and 2u=2, — &, 20=4 — ¥z, Where (3, %), (e .} are the extremities
of tho chord, prove that
hz 2 ] 2
_i:‘._[_k_ﬂ.',__lzg’ and @4_@—0_
@ b a®

B
Hence prove that the length of the chord is

! he Es) (hs @)—-1 R '\“.\
2b AfGerp i) U om 80O

91. Circles are drawn with the two foci of an ellipse as centred'to
pass through a point on the curve. Show that the common tafigents

to these circles touch the auxiliary circle, and that their points of
contact with this circle are on the common chord of Jhe original

circles. . _{Camb. HB.C)
92, P, (@ are perpendicular aemi‘di&meters,\o"ftt o eilipse
’ 2z g &
Zal=1 AWV
a 5 3

show that P@ touches the circle a3 :‘2
o (a7 +b9) (2* aljﬁ'?}i::a”b‘.
93. AB, CD two variable chord® of an cllipse are drawn in fized
directions ; 4B, CD meeb al{R; prove that
_pd\ PB:PC.PD
is constant. ’\\ -
84, Show that the line )
¢ C'\ } {x k) co8 9+‘(y1k}5in ‘9=1,
I a b _
where 48 wariable, is a sangent to a fixed ellipae.
95{ From a point P on & eircle a perpendicular PN is drawn to 8

fised diameter HX of the circle. If & point @ divides PN in the
. (Tatio 2: 3, prove that the locus of @ is an ellipse, and find its eccen-
\ tricity. : : :
v Pl‘gve also that the tangent to the circle at P and the t.angHexétcto
the cllipse at @ intersect on HK produced.  {Jt. Matrio, HLS: )
96. P, Q are the points 38, 6 on the ellipse
B .
atep.
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show that the tangents at P, Q intersect on the curve

e y*
(548 =are (— 1),
87. P, @ are points on the eHipse

¥ .
_+E_1 H

¢ N
TP, TQ are tangents; the centroid of ATPQ lies on the glﬁ;ﬁe}
show that 7' lies on the ellipse O

&2 yB (‘ns
— '{- E =4, " \

) 08. P, Q are points on the ellipse \::
2 *
f"i-l_l ; o\\.z

b2 -y,

show that the mid-point of tﬁe c:hord P lies on the conic
= v_x.y
x\ e b
99, P, are ml\u@blia points on the ellipse
£ N +¥ : =1;

../ bs

TP, TQ,%‘I‘G tangents the area of & TPQ is constant and equal fo ¢t
show jgm. the locus of 7' has equation, |

N e (Z42.4),

b b2
;'_'\; . 100. 4, B, ! are the points q, B, v on the ellipse
} . a 1;2
=l

show that the tangents at 4, B, € enclose an area
ab tan ’8 EY tan ¥ ? %4 a—;-—ﬁ.
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101. Tangents are deawn to the cllipse
8 y2
st
show that the loous of their poles with respect to the circle
attyi=c '
is the ellipse
aixi 4 byt =% @
2 AN
102, Perpendiculars from the foci to a variable tangent of am e N
ellipse meet the tangent at P, P’; prove that the locus of P and P’,‘ \/

is the circle having as diameter the major axis of the ellipse. N
103. 7'P, 7€ are mutually perpendicular tangents to themﬁiifae '
A \%
at B RN

S, 8, are the foci; find the equations of the pa flels through the .
origin to the line pairs TP, 7¢ and SP, 8, P, antideduce that 8P, 8,P
are equally inclined to TP and to 7'¢. QO .
104, Find the condition that the line {3
2 008 ¢+ sin a=P
may be a tangent to the ellipse,
SNy :
LG -
S
and find the co-ordifatedtof its point of contact.
Hence, or othefirive, show that the locus of the point of inter-
section of perpebdicular tangents to an ellipse is & cirele,
The tange\ﬁ:% at two points Py, P, of an ellipse are at right angles
and interiect.’ in €. - Prove that
X \‘\ - P, — QP
P QP =08 - B
where p,, p, are the lengths of the peﬂpendjqulz;rs from the centre f’f
o wlli t Py, Py ves fively.
\’t{m ellipse on the tangents. st Py, Py Pec((}ent.. Welsh Bd. H.S.C)

105. P is a variable point on the ellipse -

2 ¥ .
;2+‘b_s"‘1)
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the normal ab P meets the y-axis at N, and the parallel through ¥
to the z-axiz meets at ¢ the line joining P to the origin ; show that

& lies on the ellipse
22 ye _ a?— bz)z
ari=(5)-

106. The tangents ot P, @, two points on the ellipse
’ Z" 7 <O
+¥=1, “\\ >,

intersect at the point (z, ¥} ; show that the normals at P Q Ttersect
at the point (£, n) where

B ;fs N ;“3\ )
{= at ya
b’\ J
N :z:2
EN z
and 7= ) »azb {32 ER
N N + e

X N
¢"§

107. I the normals a6 2, points on the ellipse

22 ]
:“sg\ _+%§ 1,
- ¢ L\
intersect on the&\h'ne
O\ i+ 6y =0,
show thmt ﬁha tangents at P, ¢ intersect on the corve
.\, ) y
i"\s x-y+xy(a§ bs)”ﬂ‘
{\ ‘108. The normals at P, @, points on the ellipse
2N ‘: o z2 2
O 2,
vV intersect on the line

a'z — bry—at - bt
show that the tangents at P, @ intersect on the eurve

x! 2
E (y+l)+% [x+1):x+y.
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108. Find the equation of the strajght line joining the points on
the ellipse bz%-+ oy =a®?, whoee eccontric anglea are « and B, and
the co-ordinates of the point of intersection of the tangents at these
points in terms of tan }a and tan 18.

The straight lines joining a peint P on an ellipse to the foci of the
ellipse meet; the eHipse again at the points ¢ and B, and the tangenta
st @ and R meet at 7. Prove that T lies on the normal at P, and
that PT is bisected by the minor axis. {O=f. H.8.C.)

110. Show that the condition that the lines
La+my =0, L+my+ng=0

may be conjugate with respect to the ellipse “\

zs yﬁ
pr + b ‘:-1, . »‘.\ &
is that “/
a’lllsq;b’m,mgsnlng. AN
111, The Line joining P (@, y) to the centre q{@éé]]jpse
x8 yz p ‘ 7
E§+§2=1 A\ N
meets at § the polar of P with respecl::f@b ‘the ellipge ; show that, if
P lies on the ellipse N

x?_{_g_&;i. *
: alk E
¢ lies on the ellipse i i"’,\
£ \ Qﬁ yz'_-
N \ a&"ﬁ'ﬁ-——k. "
112, The infeddept made by the axes on the polar of P with
 respect to the,ellipse _
N\ e
’\\w’ as ' bt
is equal'to ¢ ; show that P lies on the curve
Z"\: ’ at B

@ 2 — 4=
\’\} pe + y“ €
118. P is any point on the polar of the point (2, B) with respect, 10
the ellipse : :
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show that the inverss of P with respect to the cirgle
2t yt—c

gﬂzfng.
B yr=g (a | 5

lies on the circle

114, P is a variable point on the line ' 4
r=¥; y ~\.
the line through P pavallel o the z-axis meets at § the pqi@“af P
with respect to the ellipse \v/
x® y2 ,n}'
=l O
show that the locus of § has equation \,"s:\ v

Broy—a2(bt — N
115. Tangents are drawn to the circlexo\\.;
@ yt=ct ;'\ &
show that the locus of their poleswiwith respect to the ellipse

N/

xB g2
2!

«ig the ellipse N\
g2 2
116. Tangents azé:arawn to the parabola
L) e s
show that t,he‘%o]es with respect to the ellipse
AT g o
lie afi’the parabols,
)" atcy?+ bix =0.
) '%fl’?. P is any point on the line
.ﬁ:’* y=htx;
m\ “\, " the polar of P with respect to the eilipse
4 S i
é_ﬂ + ?)-2 =1

meets the major axis at ; RP, BQ are parallel to the -major end
-minor axes respectively ; show that the logus of B has cquation

Ty =a
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118. P is a variable point on the conic - .
ay=¢";
the polar of P with respect to the ellipse
A
at ' bR
" meets the major and minor axes at Q and R ; show that the loous of
the mid-point of ¢ has equation .

. 4oty =atbh.
119. P is a variable point on the director circle of the ellipse '
P ."'( -
Pras Tl R

AN\
the pular of P with respect to the ellipse ents the latterab @and B 5
find the equation of the locus of the mid-point of QR.\ \

120, CP, 0@ are conjugate gemi-diameters of Qe:é}hpse
zﬁ y? \ X Q’:
a2t O
show that the ordinate of P : the abagiqaé:af Q=b: a, numerically.
121, OB, ('Q are conjugate mmi@iﬁh@teis of the ellipse
Gl
by
the chord P mests thed o-ordinate axes at 4, B snd CADB 8 a
rectangie ; show that IFlies on.the curve

A
{ ‘1\ / E—FT.')'_g:g. _
122. CH;Caare conjugate semi-dismeters of the ellipse
AN @ oy K
R e L

” th?%\:f&cles with OF, 0@ as dinmeters intersect at B; show that B
\}Yﬁﬁ on the curve X
' atet+ Byt =2 (w0 + 7
193. Chords are diawn through a fixed point {2 y,) on the ellipse

) @

PR
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show that the mid-points of the chords lie on the ellipse

N
a® 52

124. Chords of an ellipse pass through a fixed point; show that
their mid-points le on an ellipse whose axes ave in the same ratic a8
those of the given ellipse,

125. Show that the locus of the mid-points of normal chordy b the

ellipse M.
. x5yt QO

&t ;! N

.

(x—g+-""-’-‘>(f+f)a*ﬁyz(1 1RO
a_ﬂ

has equation

@t o b2/ a?ht g it
128. P, @ are points on the parabola WO
v =dag "
whose polars with respect to the elljpée
wﬂ 25 )
5 Ez"*.fr.’?a:l

are parallel to conjugate difmeters of this ellipse ; show that the’

poles of P with respectadp the parabola and the ellipse have loci

respectively N '
bz 4a%=0 and dax-—br=0.

127. CP, CD,&r8 conjugate semi-diameters of an ellipse ; the
tangent at P mg‘ets any two parallel tangents at @, B; prove that

QP . PR=CD2,

128, 545 B, O are the mid-points of the sides B(, /4, AB of a
triang{ejnscribed in an ellipse with centre 0 ; P is any point on the
ellipse.Jand the lines through P parallel to 04°, OF, OC” meet BO,
(’{i 2AB at L, M, N respectively ; show that L, M, N are collinear.

V129, 4PB, OPD, two chords of an ellipse, are paralie] to conjugate
. «X% diameters; M is the mid-point of AC' ; show that M P and BD are
Y parallel to conjugate diameters.

\J 130, AABC is inscribed in an ellipse ; BT, O'T are tangents to the
ellipse; the line through 7' parallel to the tangent at 4 meets A5,

AC at P, @ respectively ; prove that PT=70).
181. A ABC i4 inseribed fn an ellipse ; AT, OT are tangents to the

ellipse ; the diameter which bisects 4.5 meets BC at D ; show that
T'D is parallel to AR, | ) '
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182. PP, Q are mutually perpendicular normals to an ellipse at
P and @ ; show that the chords P@, P'@)’ are parallel.

€. Ox mre HypErBoLs
183, NP is the ordinate of a variable point P on the hyperbola,

ms yE
@ B
the curve meets the z-axis ab A_, A’ ; show that
NP2

is conatant.

134, P is the point (2, y) on the hyperbols
@ g \
at ot =1; .\\,, .
show that the distances of P from the foci-are wﬂ)z

185. B is a fixed point in the plane of a cxrc’!g with centre 4 ; P is
a variable point on the circumference ; BR mests the circle ‘again
at ), and the pa.ra,]lel through B to AQ‘meeta AP st R; show that
the locas of B is an ellipse or & hyperbe’la aecording 58 B'is inside or
outside the circle.

186. P is the centre of & VBTM& c]rele which touches each of two
intersecting circles ; show f:h:; the Jocus of P coneists of an ellipse

and & hyperbola.
137. Show that the ppm'ﬁ

&7 {53 2-(_*-5)}

lies on the hw&r la

*

W . T )
& s’\ g} - E": 1,
anvis’how that the equation of the chord joining the points & and ¢ is
o)  Zehr)-fEs-D=h
188. P is o variable point on the kyperbola
& gt

at &

AN.AN N
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1 is the inverse of P with respect to the circls .
2 tyt=c;

show that the locus of Q has equation

2 2
(G- F)=te o &
139. Prove that the tangents to the parabola y?=ay, ab th&fgointa
{ay®, aty), (at,%, af,), intersect in the point {atiby, dalt, +Ea\
The tangent to the parahola 2 =ax af any point P, cuts'the hyper-
bola 2% - dy?=q? in the points U, V. Prove thut if &and & are the
points of contact of the remaining tangents to the ‘parabola from
U and V, the chord QF touches a fixed circle whi{sé centre i3 at the
vertex of the parabola, {Oxf. H3.0)

140. Prove that the foot of the perpendicular from the foous of a
hypetrbola to either asymptote lies on thgdirectrix,

141. P is a variable point on thesryperbola
aF yz;_ 2 i ‘
| grgr L
a line drawn in a fized diréqiiidn passes through P and meets the
asymptotes at @ and R ;show that QF . PR is constant.

142, Bhow that thé‘point (a tan ¢, b sec ¢) ies on the hyperhola
conjugate to the hyperbola

W me

\ at bt
143..Pi & point on the hyperbols

Vo \d & ya_l.

Ov at b

{95 a point on the conjugate hyperbola, such that PQ subtends 2
% tight angle at the origin O ; show that :

~O I 11 1
o 0P 0GB
144, The tangent at a point P on the hyperbola
xS y2
@ g

meets the conjugate hyperbols, at 4 and B ; show that 4P=PB.
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145. P is any point on the hyperbola
e g
at b
- tangents from P to the conjugate hyperbola touch the latter ab 4
and R ; show that QB touches the given hyperbola.

146, The tangent at the point {a, Q) to the hyperbola
xﬂ y‘l
Pl
meets at @ the tangent at a variable point P; show that the logtsy
of the mid-point of PQ has equation 7.\
datryr =%z —a){z+2a)% < ’"’:\\'
147. A variable tangent to the hyperbola )
p _?Lz:l, , <!
o B ‘\
_ meets, at P and @, the transverse axis and thia:t&hgent at the point
(e, 0); show that the locus of the mid-pgp;t of P has equation
x(dy*+5%) =a{b’;:§‘ v )

148. P, Q are variable points ﬂ,fﬁfib—ﬁa. on the hyperbols

1

A

mﬂ“ yz
=1
{..‘& S 1;
show that, if a is consés@t,"t'he locus of the intersection of tangents
at P and  is the hyperbela

£ +] 3
N *

.,\',,.’ a’mﬂzauﬁz )
149, A{]?}éte'variab]e points 6, 20 on the hyperbola
. {\ e ya_l .
A\ PR Tl ;
£\ . .
»ghow that the locus of the point of intersection of the tangents b A
\_#nd B has equation

a’-y”{3:c+a).——-b?(2z+a)*[:c—a}.
150, P is any point on the hyperbols

2 -3

Ve
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the tangent at P meets an asymptote at 7, and the perpendicular
from 7 to the - and y-axes meet these axes at € and B; prove thy
‘P, @, B are collinear. )

151, The tangent at P, a variable point on the hyperhola

23 yF A
@~ =b .
meets the agymptote ¢\
7'N\S ¢
r_¥_ \
[ b 0 ‘.."

7 %G

‘ab Q; show that the locus of the mid-point of PG 13&3 e(iuation

o\
3 2N\
4 (% &1) =30\
a® b2 |
152, P, Q are any two points on a hy’;h\r'bola ; the tangents at P,

€ meet ono asymptote at B, 8 respecbively and the other asymptote
at T, ¥ respectively ; show that i parallel to BV, :

153. A tangent to a hyperhola.at a point P meets the asymptotes
at ¢, B; show that QP=PRN"

154. A tangent to the Byperhola,

fre yz

g @ 5=l
ab the point 2 meets tho asymptotes at O, & ; ¥Q, VR are paralel
to the a-xes%f\\the hyperbola ; show that ¥ lies on the rectangular.
hyperbolg™,

N . Yy =2ab.

1j55.'""8h0w that the poler of any point on the hyperbola
4 “\ W

» LAl
@ b
with respect to the ellipse
zﬁ yE
atE=b

is a tangent to the hyperbola,
156, Show that the loons of the poles of tangents to the liyperbols

% gt
¥

at B L.
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with respect to the parabola .

N

¢\

i=dex
is the ¢llipse
2 Tyt at
ATy
157. A normal to the hyperbola
x!. yﬂ
as B2 )
meets the transverss and conjugate axes at P, @ respectively ; show O
. that the mid-point of P lies on the hyperbola . N
4 (a2 — b)) = (et + B3, D

o\
158. Find the co-ordinates of the point of intersgebion of the
normals to the parabols 4* =4az at the peints {at,% 2ak), tat* 2at,).

If two normals to a parabola intersect on a fixed straight line,
prove that the locus of the points of intersection 0f the corresponding
tangents is an hyperbola, one of whose asyniptotes is the tangent to
the parabola ab right angles to the fixed straight lige,

)

~ N {Oxf. H8.C.)
159. P, @ axe conjugate points w.iﬂ:j"reapect to the conics
g NN e
atwohed =t

show that P, @ lie on-thg:x‘:;xis snd are inverse pointa with respect
to the circle N\

P\ 2+ yt=at
160. Show that the Jocus of the poles of tangents to the hyperbola
7 S
O™ at b
with m@c’s to the circle
™ :’. xﬂ + yﬁ — cs’
isthe hyperbols o
e R
N B

161 A, B are the fixed points { ~a, 0% (2, 0); 8 variablo oirole
passing through 4 and B meets the y-axis at ¢, D; AC, BD meet at
P : show that the locus of P is the rectangular hyperbola

x'&....y =a?,

)
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171. Show that the chord of contact of tangents from the pomt
{r1, 64} to the circle, r =4, has polar equation

rrycos(f - 6,y =a
172. The polar equation of a circie is
™ —20r cos (6 - u) + fF—a2=0;

- a variable line through the pole O mests the circle at A, B; show
that 04 . OB iz constant. A
2\,

173, A variable line drawn from the pole to the circle | N

\/

"= 2fr cos (6~ o)+ Br—a2=0 A\ _
iy bisected at M ; show that the iocus of M is a ciraley and find its
equation and radivs, . €%

174. A variable line drawn from the pole @ tc’;'lh\c circle
7" =2fr cos 6+ B —a*<h, :
meets the latter at 4, B; P is the hamt .\llic conjugste of 0 with
respect to 4 and B ; show that the loets,of I is the straight line
Br cos S;ﬁ%'; o,
175. Show that the chord j oiding the points on the circle
.;:'j"r:2a cos @
with vectorial angles a and \B has cquation
7 @8(2+ B — ) =2a cos o cos B
176. Show that, tﬁg normal to the circle
. \\ _ r=2a cos B,
at the poix}t.jvith vectorial angle « has equation «
o r sin{2a - 8)=a sin 2q.
17 ,B‘IIO“ that the equation of the pair of tangents from the point
(") to the circle r=2¢ cos & is
~,*0\ {r1—2a cos 8,)(r — 2 cor )

TN
S

AN _ eos @ cos 8,42
X \ =7y, {cos(ﬂ—ﬂl}ﬂa(Tl--+ ; ;"I} .
178. Show that the polar of the point (r. 8,) with respect to the
circle :
r=2a cog #

has equation

o [C8 8 cos b,
vy r

):eoa(ﬂ-— a,).
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199. Show that the tangent at the point with vectorial angle o on
the parabola o
v sin3f=4a cos B
has equation

1 .
;-:2'1;&11 a sin § - tan?e cos B,

180. If r,, r, are mutnally perpendicular radii vectores of points on
the parabola

i {
J=1—cos 8, £
. r N
show that Dl
. 1 :N.’
'P(l+i)—2l(l+—)+1=0. 3
rd T Ty Ty 'O

181. Show that the part of any tangenb to a conio fteroepted
between the directrix and the point of contact subtendga, vight angle
at the focus. N

182. S is the focus of the central conio M
Pl_ecost; ::;"
r A
the uxis through § mects the conic af~d and the directrix ot Z3
ghow that 4% has length &Y
Je
' »ie(l )
188, Show that the equatjons
X\e_ _bos ¢ sind
AN r o« +73
represent the agganptotes of the byperbola
K7 E:1--9,003 f,
r

{ ’\‘s v I
if 2a, \E the lengths of the transverss and conjugate axes.
184, Show that the tangents at the points on the parabola
S : .

\ “ '_ ) ;:l_cm 8,
whose vectorial angies are a, B, v» intersect each other at points on
the circle P
-1 . a+p+
e 5 gin (3 - __._2_.__7’ )

- Y
2sm§sm25m2
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185, A circle passing through the focus of the conic

i3:1 —ecos @
¥

cute the conic in points whose radii vectores are Pis Ty 3, ¥4 3 show’
that :
11 1 1 2
S =T
. Tyorg Ty Ty 1 '.\‘\‘
186. The perpendicular from the focus § to the directriz ofa ‘eortic’
meets the conic at 4 ; show that the foot of the perpcndicu}af&om 8
fo any tangent, lies on the tangent at 4, it and oniy if fitelconic is a
parabola. O\ ¢

18%. Four normals are drawn from a point P tp'tbe\éonic
_ .
~=1-¢cosf; \
r PN

the vectorizl angles of P and of the feet of thé normals are ¢, a, B,
& respectively ; show that 8,

N\

a+ﬁ+y+87%$ﬁ@n+nm

where » is integral. ON
E. On mHE'GEnERar EQUATION

Determine the naturé.of the following loci ;
188. 32+ 2zy 3y 8z 140,
189, 3z 2 p2x -3y~ 1 =0,
180, 437 dgs?~ 8 ~ 12y +13 =0,
191. 2812y — 752~ 10y - 3=0.
102 B + 82y — 347 — w17y — 2o,

\.@sﬁ 32 + 8zy - 22+ 4 + 2y =0.

A\ 194, 22— day Ayt -2y 420,

m\::\‘;' 195. 20? + 8oy + 8yt -z -2y - 3=0. .

\

3

108, Find the centro and the equations and lengths of the axes of
the ellipse

8% — 12ay + Ty3 + 82 — 56y — 48 =0,

N

107, Find the centre, the equations and lengths of the axes and

the equations of the asymptotes of the hyperbols
@ +6xy - Ty — 8z + By ~ 20 =0,
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198, Find the centre, the equations and length of the axes and
the equations of the asymptotes of the rectangular hyperbola
' _ 927 + Sy - 2y* — & = By ~23=0.
109. Find the focus and Jirectrix of the parabols
x“—émy+4y%—24x-2y+69:0. _ _
900. The coordinates of any point of a parabola referred to oblique N\
axes orossing at an angle o are . .
a2+, y=ptt+2ghit, _ .
where £ is a parameter ; find the condifion that the tangents at the,
points given by the values &, &; of tshould be perpendicular. £ N
Hence, or otherwise, show that when w=60" the line given by °
W
_L'z:+my+ﬂ:0 A \\‘\\
passes through the focus of the parabola given by \ \
o= - 2042, y=20-1 oy
it 51 —m+3n=0. oo Q..~\10a.mb. H.B.C)
901, Find the equation of ihe rectanggler’ “hyperbole whose
vertices are at the points (2, 8), (4. T ~ {Camb. H.B.C)

N ’
)
N

N
™3
AR

L W 2

’

»

™~

<
™
3
LY

7

N

SN
.

A~
3

N

by
o

N
¢
A
~)
N/
’t\

'..\ &
\i‘./
O
™3

N

\N"

KV

a \

oY

L2



ANSWERS TO EXERCISES

PART 1
Page 8.,
3, (-1, 1) 4 (L -2
8 (i) -2; (i) -5; (@) 3; Gv) - ~4: (M7 (71)4
10. -4 2. 1L & 8. (0, -1), (0, 11), 12,
18, (L, N3 (-2, 2, (0, -3) @N3, -1 ) '\~§
. (2.%), (v& =) (2 (e 2). 1.513,10,6.( ¢
18. 150°. 20. 3V5. o8, DA RpPprox.
2. (1) 3, 3; (11)50 Gii) -6, -5; G0 1 -3 m\w;
ragels N \
1. () 55 (i) 135 {m)wm (w)sr 2 2»J*. a3, iVZ, 122,
% (3, 4), (-1, &), (-2 2 0, Y0, 2426, 11, (3, 2)
12, (-3, 1) (5, —11- w2, 14, (-12 -10)
14 x1+z?:+za h +:t§+y, )

5. () 35 (0 d3 (D) 13 ; LMy @ Lol
N

22, 3:1. QT 2. £
A,
% -§.% v,\/ 22, 4;1%
x\‘
Page 26.
1, *bﬁ @b  qoitt) Dein (B-a)3
” \.a {n) 31; (vi) 3la®-0% (ix) $nine;
/iy 115 iy %22 (x) Labind.
(iv) 4;
8.8 4 2-3 g, +lor -3 8. 1b
s5; (vi) 82

7. ) 12, ) &3 (i) &3 i 4 -
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g 8} - 100 G 17; (i) &F: (D) &2 (v 6

12, (2 ~1). 18. %{29? 3p-2).. 14, 5
Page 31.
L z=dy; {81 Be—dy=0; - (v} 427 -32=20.
(i) z+y=6; (iv) 2+ =25 ;
5. 2+y=7, ¢+2y=1L 14. (0,-2), {0, - 1)
' . Page 88. N>
1. (i) g -dy+2=0; (v} Be+4y +3=0; \ D
{ii} 5z +8y+16=0; (vi) xcns;oc-{—gsmes =P;
(iii} 2 +y+3=0; (vil) y=mzx+c.p «\."
{iv) 5z ~By—15=0; N
2. (i) on x-axis, -2_, 6; on y-axis, 3, 29,
(il} as ar _‘2; *4; ” :3\\,f'5v _10;
C ¢ & LI
(H-l} (R » ‘a: ls \; —bs B .
iv) +» . psecoc,aseco;, :,,,",, 9 COSEC o, & COBOE &
3. y:mx-i»%. 4 xmiaﬁ+ysm0 =a, B. dx+y-T=0
7. x—2y -8=0. 8 8p-y-14=0. . 8. Jo-y-9=0.
11 a=3or — &8, ~i§:’ -4
m<\ Page 42, .
1 () Sz Oy9=b; (v) 3z -4y +18=0;
(i) 4m+5y 1220; (¥i) §+§£=1;
@iy \/}.af ~y=4@+8);  (vid) g=2mx+§%,
¢ &jrj @ty -3=0; {viil) y=ma+avI+ms
M) dm -3y +12=0; (v) e+y=a+b;
NG 2oy 105 {vi) y=ma +e;
"\' {iti) 8z -2y ~16=0; (vii} 3y— 4m+§f.
(iv) B8z +6y -13=0; (viii) &+ 2%y —3ef.

3. x+2y-12=0,

4. 2By +24=0, T2 +y+10=0, Bz -4y -3 =0.

5, 95+ 8y +12=0. 8. 3x—y~3=0.
Y. =8y +8=0, 2r+y-10=0. B r+y-6=0,

/3 [
Y by U — TR - — .
9y -y Y ma



ANSWERS TO EXERCISES _ i1
10. Points are (1, 1) (=1, =1} (0, 0)

I _y-1 z+l w4+l T ¥
Equations are 2~ =L =y, =S =, =T =y,
3 % T "1 NS 3
. 2
11. (9, ~1) or {~3, —6). 12. 13.
18. (4, 5) and (-8, ~11). 14. 5x+y - T=0.
Page 48. o O\
3. r+y=0. . ) o$ N\
4. (i) parallel ; " {iv) perpendicular ; (vii) tan B=14 L& N\
(i) tanB=41; = (v} tanf=11; (viii) tanﬂ:;];ﬁﬁ'—:’«z
(iii) parailel; " (vi) perpendicular ; ¢*
5. (i) 3z +4dy-—4=0; {ii) 6z +by+65=0. o)\
8. 3x-2y+18=0; (-4 8. "
7. 2 cosfx—0)+ysin(a -0} =a. \\“
8 gcosf.x+beotB.y=0a"+b% ¢*{
9. 203y -6=0, z+3y~12=0; (6 2) S
10. 5, 1. (“*b "2“). 1w Groay. 13 31,19
M5 16. (0, -1).- 37 3 2, 18. 8L
10 (-5, -8, o _y:ﬁx+%,9~=~,—ﬁ—am. : 28. (L, 0).
29. 6. .l
\ Page 4.

1 (D xooag—yysmgx =1 wheretana_-s and e i acute ;
(ii) = cos ac+y}1;.noc-—2 where &=120°;
(iif) # cos o Py ¥in «=2~2, where 4 =46°; -
{iv) x cob; §~+ysm:z_2 where tan ﬁ—lgs' and « is 3rd quadrant
"\‘
e
(v) 08 o 43 sin =2, where tan a=

f’wa  cos & +y 8ib =1, where fan z=

= m—andalsobtnse,
o and a i8 4th quadrant

£ : . angle -
\ J9. 10. o .
_ ' Pago 5.
(k+)z (E+1) 1 3o externally as 5:2; internaliy a8 1: 2.
9. Lolo4dly=1. e ally
14 3:1. : 18, -5:4 "
17, internally in ratio 14 : a1 20 GGG -3

2. 14 i 24. (14, 4}
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9%, x(1+0) -3y +8=0, 2l +¢) ~By+20=0; (& 7). .
80, 243y =1=0; 10. 31. 2+/10. '

82, dx -3y -9=0 and 3% -4y —5=0. _
88, $NG; lle+2y—37=0. 87, dw+y+3=0. an, 2r-y- 1,0

3 - _ﬁ‘
4.10 E_-'—Tﬁ. . 43. x—4y +3=0. 44, 6 4
46, 18z -3y -7=0. 8. 7 Oy
v A\
N/
Page 67. 'B
L ¢ v () 2; (H) 24E; (i) a; (v) a; {vD) —;.—_—ﬁ—-———*K T T
2 —} §. 10. 7.9, .
12, {i) x=0, y=1; AN
Gi) Te—"Ty+5=0, x+y+1=0; I/

(i) 242 +8y+T=0, 16z - 483,:723«0;
17, 122 -5y —109=0, (7, -5} 13. A\M8. 3z +4y-21=0.
20 do+5y+1=0, y£1=0.

L R
LS

Page 7.

1. 1%z -22y=0. 2,008 - 3y +1=0, 4 y+2=0.
5. wty=0, x- j+2—<@ 6. (-5, 0}
7 (3, 4 8 (-1,2).

0. line paral Xig, coneurrent with az +dy +c =0, y=& + .
10. }ine parall S—..e, ith ax +by +e=0, ¥

1, z+3y- 1= 12, 3z —y-2=0, 2x4y-3=0; 45°
18. a:+2J—L3:»O -y -4=0, Tx+ 9y +11=0.
20.3. 2\ 21 4. 99, Ba-4b=1
x,\“. .
A& . Page 85.

,\~ () 327 - By + 247 =0;
R\ (i) 2z - 5zy+3f'-‘+5x Ty+2=0;
,,\ A\ (iii} Ba® 48y - 492 - Wz + 5y =0
“\\/ {iv) 2zy ~ 9 -2+ 2y -1 =0.
v 2 (i} 2e—y=0, x+y=0;
' (i) z-2y+1=0, 3z+y-2=0;
(i) x+3y -1=0, y=4;
{iv) a+y+1=0, 2~-y+1=0:
(v} 3z -2y +1=0, 2r4+y-2==0.
8. (i) 22 - By - 27 =0; {3H) B +ay -4 =0;
(i) 622 - Bay ~Gy=0; - tiv) @y =0. _
4. {3, 1. 5. Bx - Ty=1. 9. 9% 11. 10
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12, () k=12; 40-3y+1=0, 3ur+2y - 1=0.
(ii) k= =53 Sz +y~4=0, 2v -5y +3=0.
tiii) k= ~3; d2+y~-3=0, 3w +dy+}1=0.
(iv} k=16 gr 82; z+y+2=0, z+5y+6=0.

ot ¥+y+6=0, 2+5y+2=0.
(v} k=10 or 14;2+y+2=0, Iz +y+4=0
or +y+4=0, Jx+y+2=0.

(vi) k=—1 or 4; -2y +1=0, 25 +3y+1=0
or 2z-2y+1=0, x+3y+1=0. ¢
18. (i} 4: (i) 5; (ii) 32 . A
16. (i) 2® - ey —by=0; (iify 322 - 2y -2y =0. RO

(i) 2% - Jzy +2y8=0; D
80, (i} 1Lx? -6y 1142 =0; (iii) 11z=-2szy—11g=;&}
{ii) ** - Oy —y¥=<0; v/
2. 5. ' _ 26. 2 + 3oy 27 =00
. () (L2 ()-8 @) (L -3 O 3 -3
81 13 : O

- N

Page 92. %
L3, (-1 2h 0. & (f,g::::— 1. 82 -L 481%
L (1) -3y +3=0; (i) 2:c+3yz‘0.§;(111) 22 -3y +3=0.
.2 -2y +5=0. N
7. (i) 3a% —Bay +yt+Tr- w3=0; (iii) 2% —3zy + 251 =0.
(i) 4a? —y? +8z -2y A3F0;
8. 3% +ay - 2% + (B kBBl +{x 4B + Tl
+3a’+mﬁ_-—2ﬁ‘—8a+7ﬁ—3=ﬂ, {1, 2). R
9. 4o +3y+25=00 10, z-2y+2/2=0. 1L 3::'—13zy4;l2y fg.
12, 2y + 32 =0 N 18, z=p. 14 Bay+8z=0. 15, &' -y =0.
. X :

o O

O" + Page 84
1. - B':{}os & +sin ), blcos O —sin 8.

526, - 1), (3 2), 4VT0, 4¥5, 3VTG, 6VB. |
~ ::’((—2, 1), {)6,(5), R N 1;3 1:2.
13. L{a3 -3,  15.1:4 18, 2(9-2V3) $(B8+V3).

19, (-1, 0) o0, (~9,6). 2L Tz-Ty+4=0.

7. (-§ 4.

23 (5k—2 5—2k) ) 24, 132‘.,!_”_55:0, ]33+y—25=0.
e ) i
' 3=0, z~-y=0
. -20=0. 28, 1. 30, z+y+
gi T+23y1) 37 (1, -2) 5. g8. (-4f ~1) (% 3)

40. x —2y+2a,-_*0, x--2§;+4a='—0. 41. {Oy 3): (1’ 1)' “ (2v 3]: (10. 0)'
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47, 3z -4y -28=0, Jx+y+7=0, +2y-6=0, (0, -7} (8 -1}
48. 2z -y +4=0, dr+3y-2=0, V5. 49, 3. -
D, Bx-y1+3=0,z-y—-1=0. 52, 2 —-2y-3=0. 54. 2 or 22,
59. {(~5, &) (-4, 4, (~1,0) 60. (0. 1), (-4 2}
-1

81. (£, 4). 82. (L, 1). 83. 54. B4 5, -—;%li{‘

+ -
87, = cos 2“‘+ysm 2°“=-}&1+pl}seca2mls ,{“\

xeosm+°£2‘+%+ysina+d£+ﬂ::%(p-—pﬂcosacrx; ‘1:\"}
89. 2z -y —1=0, z+2y~13=0. 0N
70, (g, "' 9("%; L%), {0? %) ( g! ‘j_‘ﬁ') &q} x’r'?y+1=a'
%2, w=0. %8, (1, 1). 7. (-1, 20,000 76 -3 :
81. (0, 2). g2, £ 83, 0=2, c% 84. 37, 3,45%
89. 2:1, 1:2.  Oh (a B) 101 (ZPL(1, — 7). (-2.4).
102, 42 —3F =22 IQ&%&B_{!’,E:&_
106, 2 +3% =3, 107
LD
Ny
ONP
N\
A
o
&
N .
£ )
o“‘\“’
P \%
P
N
N/
O



PART II . A

- .Page 112, A
£
1. ({yat+yt=4, . (iv) 22+ =5, o\
(i} 22 433 — 4w + 8y +4 =0, (v) 28+ 42 + 2z — 4y =0, A

(ii1) 4e® + dy® £ 8z — 16y - 26=0, (vi) 2? + 47 - B2 - By + 5=0. )
8 (00, 2vE; @), -2VE: O -DEge

@) (0,0, 3vE; (-1 2; (vi) {LoBW B

3, 22 +yr=221. 4 -1, -3, 5. AL

5. atgf 6z —2y-15=0,(-3,1),5 & 2+ 320y - 4=0, (0, 1)

7. (2, ~1), (4, 0). 8. (3,4), (-4 3). 5 10. (3, 1), {-2,6).
1. /10 12, 5. 15 22+yi=65, 4V&> 18 (-5 -7}

19.1:1,1:3. o1, x8+yﬂ+39£:"aay+29 =0,

22, ( —8, —1),( -4 ik 28.. z‘+g’ 8y - 9=0.

24 x -5z —-2y+1=0. g:. oty -de—dy-2=0.

26. +y“+10y 0, 28 1y — Jdy - 20=0. 27, (4,2), (-6, -1}
8. (1,2),(-3 -2 , . 29. (-1, -2} (3. 1)
88, 2% +y +2fy=0; c&kpassmg throngh (0, &), (0, —a}
39, 27 +y? - ax—byED 0. b{at+3%) - {a’+b‘)b'—0
1. (1) 3:;"¥1y+2o 9, {iv) 2c+3y=0,
oy -5=0, (v)z+3y-22=0,
4m’}8z+sy+25 —0, (vi)2e~y-9=0,
2aNG) 4+ 3y==0, (iv) 32— 2y =0, | {eii) 4z 4y -2=0.
N (i) z +3y=0, (v} 3z -2y -7=0,
{iii) 3x — 4y 0, (v:t)a:+2y+3.—0,
8. (i) (3, —4); (i) (0,053 G} (&2 (i) 4 4: (D (-12)
4 Miy-2w-ay+1=0. B & 11, {a, 0). 15. 4, (2, 0).
18, (@) 453 i) &13 (“'33"9'- (“1)2 -38;
{L; i:};. ‘([;:;2; ¢ (i) 2, 12; {vi) -8, 8-

" Page 128,
{vii) 2> 4y -9=0.



vii  ELEMENTS OF ANALYTICAL GEOMETRY _
20, z+y ~8=0, x +y+4=0. 21, 8, 19 24, 4r -3y +26=0.

8% 2z -y +4=0, Zx+y-6=0. 26, dx -3y +16=0.
27, 2+ 2y +6=0, 2+ 2y -4 =0. 28, 7 Lyi=13.

29, o+t - Bx 10y +16=0.
30, P +yi+4x-21=0, 27+ ~ 16 +39 =0,
82, () -5y +13=0, (2, 3), (=3, 2);

{iiy & -5y ~4=0, (4, &), (-1, -1); O\
(i} 2+ By +12=0, { -3, ~2), (0, —4); PR
(iv) 22~y +2=0, (-3, 1), (-4, 1% N\

34, w LTy =25, 32 -4y +26=0, 4z +3y - 25=0. N

35, 2+y~4=0,25-y+4=0,2—-2y—1=0, *O

86. (i) 5y - 122y =0, {iii) x* coat O — 2y s:n"ﬁ’\cos 8 5y g §=0.
(ii) 322 + 42y =0,

8Y. (i) 202+ 52y 4 2% — 52 4Gy ~26=0, [/
(ii) 32 ~ 10xy + 3y + 282 — 4y - 20 =0,
(i) 22% — Szy + 2y - 20 + Ty — £ 200/

Pagé 135,
L () dr-dy+1=0, {11{)3-’1: — 4y -9 =0, (v) y=mz+e.
{ii) 6z +2y-8=0, (ivh Jpx +2fy+ g+ fie=0.
2. () (4, 1), (i) { 29, %5, (1) (0, -3), (@) (0, 3), (¥){0,0)
5, -4.3. kg :a+y 2=0. 18. { -3, %) 18 z+2y-10=0.

19, (1,2« gb. (-12, 1. 21 (~2, —1h (-1 -2\
30. (-2, ;4), 4 + 3y + 20 =0. 85, 2z + 2y +1=0
38, 2° PyA4 0z - By=10. 89, x2+y? - 22 -6y +9=0.
xt\."’
O~ Page 149.

~~,~\4, -4,5L 5. Outside, inside, on. 8. 8. 8. (-5, {h V74
LNt s (1, —Bor (-1, 30, ]
AN 1D (@) 3-8y +8=0, (i) z - 3y +6=0, (i) 122 +9y -1=0. 11 V.
N 12. (1, 0). 15, #8437 - 22— dy — 20 =0, 17, 2z -y -1=0.

18. (-1, 05(, 0, {~2,0),(20,(-30,(3,0: 11,2233
19, (0,0) (-1,00, (1, 0), (-2, 0),(2,0); 2, VB, vB, 2vE, 2v2.

20. {~2,0) (2,0, (-5 o) (3,0, (~3,0),(3,0), (-4 0),{£0); 0.0
5,4, V5, V5, 2v3, 2V »



ANSWERS TO EXERCISES ix

a1, x¥ Lyt -3y-4=0. 22, 2 +yttrty-2=0.
28, (-1, 1), 2 +4® -Ba+ 2y -4=0.
24, x4yt~ 5x —dy +4=0, 2% +y* + Thx 4+ 36y - T8=0.
a5, ¥ +y? -2y —8B=0, 22+ + 35 - By +4=0.
29, o4y + 2+ 2 - 23=0, 22 +3% - Ox + 14=0.
30. 274+ 38 4 20— 2y —8=0, 244"+ -y +18=0. A
33, %® +31 - 3z — By +1=0, 34, 42 +4y7 +29 - 20 =0, )
85, 2% 4 y? 4z 1+ 8y +4=0. 86, ety +2r-8y46=0. )
88, 32% +3y% 4w +2y -15=0. .
89, 2% 132 -6y —1=0, 027+ 97 + 26y -9=0. 40, x‘+y‘—ﬁy'f—’:1={i.

. AN

&

Page 155.

Lo 2 @@ -hWE; @,
{ivy (a cos 8—;—?) 208 9 ; qJ, & gin w COB %g}} a sins—%?.

v
)

5. v/3. 6. 3vE 7. (2,3). 8. 5. 10. 3,4 1L 2®+y'+dx -4y +3=:0,
14, a2yt —ar—by=0; 2, b; a4yt a:}é,i*——“(}, gt —by=0.
15, (1) circle, centre {g, 0}, radius a,;:';fii)vcircle, centre (g, a), 1adive 2.
17, €hord is trisected. 10, dpet-3y~24=0, 4z -3y=0. 6. Zor -}
89, 27—yt =0, 34, a2y +8=0, z - 2y -2=0. 35, 4vE
36, 4z 3y+6=0, 4w 4Ty >d1=0. 87. 2 iyt+2z4dy-8=0,2VI3.
88, & -2y +5=0, x22y-5=0, 3z -y=0, z+3y=0 89 Zx+y-4=0
4. (-2, -1),(<:§;~31),(—1, —4y; (-3, 8.
46, 22+ + 4% My —17=0. 87, 2x°+ 2yt -6z - 10y +15=0.
48, x2+gg‘~é4x-2y-—5=0; 2yt —z-Ty+10=0.
19 arayts 100 -4y +4=0, 32~y +18=0, (0, b
53008 ¥ 43 — 4 — by +9=0, 9(s* +") =25{4z + 6y ~ 36).

BB 2y A -8y - 5=0, g2 +49° + 162 - Ty - 20=0.

B8, 2® +y° - 6 - 1y +58=0, & 4yt -6z +6y-T=0.

86, 3 4y + dx - y+8=0, bu* 5y ~ 52~ by 2 162=0.
57, 2x -y -4=0. 58, Zr+y+4=0,z-2y+7=0.
59, 2+ 16y - 113 - 40z — 20y +100=0.
80. 2x-y-—1=0,:v-2y+1=0,23+?+5:°’¢+23'+5=0-
89 (i) dey+3y7=0, (i) 3e*-Szy-3y*=0, () 1327 - 202y - 8y*=0.



X
68.

64
as.
72
80

85.
89,
91.
93.
5.
98,

ELEMENTS OF ANALYTICAL GEOMETRY
() 2z 4y ~-5=0, 2 -2y ~5=0,

(ii) §z + 2y —13==0, 2z - 3y — 18=0,
(i) z+3 =0, y +6=D,

(3, 3).

{iv) Zm+y+ 2

=0, 2wy -5=<0,
(¥) y=0, dz + 3y - 12 =0,

92, #?4+y° —2x -6y -8=0

. 2x 6y +17=0. 65 2x +y=0. _
x40+ 1=0, T2 - —y-5=0,z+y- 3=0. T, z+0y-13=0.
2ty Be+ly=0. 74 (3, ~1). 75 (2D 7B a-y+8=0C
. dat 44y 122 By =0, 8. (L 2) (5, -3%. 83 (28
B igt-dy—1=0. 86, a*+yt-Sx-y=0. 8. 3x+4y’+§20—0
x4yt - Te -4y +10=0. 90, x%+4%-Bxr- uy+6--Q

AN

2% 41 + g+ fy =0, 94. 12, % %hy\&m -8y +1=0,
3 + 3% + 62 - 18y - 13 =0. 96, :L"+y“—’8{— T0y+31=0,
Zay gt -4z -y +6=0, 32t +day+y° ~ 20258y +12, the first pair
intersecting inside, the second outstd circle.
108, Tx*+ Ty +3la -5y +12=0. ‘:’}



PART III A

Page 170 K '\.‘
1. 2% — Sy + 3% + B2 - 2y +3=0. O
2, 2 - doy 14y 9x - 12y 4240, .
3. 407 +4ay +y® — 4w+ Sy —4=0
4, 2%+ 2xy P -4+ 4y +-4=0. i .
5. 32 -2z +1=0. . \\'\'
6. Txt— Quy + Ty - 182 - 34y 439 =0, \\,
7. 14z® — day + 1142 4 2+ 34y + 14 =0, LV
_ - Bay+ 1438 — 4z -4y —1=0, \
9. 9x? — day + 647 - 20z - 20y +20 =0. ~/
10. 32% + 4y? Sz =0, g “;~I
11 2% — 4oy + 3+ 22 -2y =0, \
12. 527 — 2dary +124° + 14w + 8y — 19&&
18, 22+ 187y +* - 182 - 18y -y
14 11xﬁ+64zyT59y9+J§&t}Oy ~10=0.
15. 82 - g=+1sz+15_
Q\:‘J . Pagelm.

18 ,\wsz 3. 4 4. 6.

i+ 12=0. 6. y*—20z -2y +41=0. 7. §* +4z+2y+5=00
g8, ya 'ng_.,—-{), g y*-8r- 4y+12=0, 10. (-1, 2), z+2=0.
11(hahz 3=0. 12 (% 1) z=3. 13. (0, -1) w+2=0.

ﬁ{kAglh yaxis, . 16, (h+a, k) s=k-a 16 3, 3)y=1

| Page i77.
1% Toad 3 % s %
" 5 s 8 2. 7. (£2,0. & (=30

xi



xii ELEMENTS OF ANALYTICAL GEOMETRY

8. (45,05 10, (&£V5 05 . 1L (L 2). 12 (-2, 1%
1s. (0, 2). 14, (1, -2). 15 (-3, 1), (1, 1),

18, (0, 1), { ~4, 1), 26=5, 26 +13=0.

17, {0, -3), (-5, -8), {5, -3} 18 (1 2), y=2,z=132,

19, (-4, 1), g+1=0, 2+4=0, L.

20. (~1, ~2), g+2=0, z+1=0, {~4, -2}, {2, -2). AV

™\
21 (-1 3), 2, (-4,3), 2,3), 3z+28=0, 32=22. O
22 (-L3 5 (-33 (LD 2+ 1i=0, 2o=T. 8¢
28. (3, 2), 2, (1, 2), (5, 2), 2x+3=0, 2z==15. K7, N0
R W
(@=3F (y-2F_ ol NSt
24 =L 25. g =t
- a — 13 - ;
og. 41) Al O
N
' Page 182,/
14 2. & e 4 3
5 4 6.1 %\ 7 (+30 8. (4, 0).
9. (+%,0). 10. (£5.50). 1. (1, 2} 12, (1, -4).
13, (~2, 0. 14.4% ~-1), 15, Ze-L3y=0. 18 2riy=0.

17, 23y=0, 13}1 L2, 8. 19 (L 0L 3. 20 (-1, 04 PG
21 (1, 0), 1. \\22 3r+6=0. 28 4z39=0.
24. 23— B=PN\2z +1=0. 25, x=0, x+2=0,
26. {~1, z"i;’;*', (3 2), (=5, 2), 42—-5=0, 4z +13 =0,
2% {é\‘g; E L (- —5' 2—) 4z ~-5=0, d4xr+1=0.
g“ﬁ ‘9, 1), 2, (2 1},( -6, 1), 2+1=0, z+3=0.
(-2, -1, & @& -1, (-7, -1} Bx-06=0, Gz+26=0,
3w +4y +10=0, 3z -4y +2=0.
r~20 (g -3 -1 o
g___g_}_(%zl‘ 31( 4)__(J12)__
EH3r_ (y-2P_, (+1f (w-3F_ |
2 o " g 57
34, 62z 4 1F - {y+ 112 =6. '

e-1P (g - 2P
3. 5 g

30.

32

=1, 3r+4y-11=0, 3z —4y+5=0.



ANSWERS TO EXERCISES xiii
Page 186.
2 .
1L ——. o
TR 9. (4, 0),{3.
2] 2a 2 y
10. {5, 0), (—, 0). (E‘_ o
(3 3 Bl w5
Page 182, )
L z-y+a=0. 2 zt+dy+a=0. 3 x-2y+3=0, 4
4. (9, 3). ) 5, (4, —4). 8. (5, 2). “"\“5
11. Tangent at vertex. _ \
2 NS
18, y=—2 g4 200, 38, 92 - By +4a=0: \%
P+e  ptyg O
8, z+y+a=0, z-y+a=0. {
41, y=?+aﬁ, dr+2y+a=0, (;, —a). ‘3\
44, 1, - %, 2-y+1=0, 242y +4=0.
Poage 197,
: A [
1 2z+y-3=0. 2 x<§k—3=0 3. dx+y-22=0.
4, (1, -1} 5.:\'('14; 1), 8. {5, 2).
18. ¥ +px=2ap +ap’. 22, y+ile=2a}+af
8. x+4e=0, = lﬁg}: ba), y°=2u(x - 4a).
8. x—y-3a= &\2'3 -y -122=0, 3z +y-33a=0.
28, x+y- 311,50, “da - 81 - 9z =0, 29. 20°
"\\
‘.l .
.%{\ Page 205.
- 2y -2=0. 2. xty+3=0. 3. z-2y-2=0.
\—\4_ (0, 2). COB (L8 6 (-1, 2)
8. 2z -3y+d=0, a—y+1=0, x—r2y+4 ¢. 9 z-2y+4=0.
10, 2+2y+1=0, z—6y+0=0. 12 #-2y-3=0. 13 z-2y+2=0
14, & +2y+4=0. - 16, {1, 3)- 18. (-2 1)

17, 42, -1). 30. ¥ +ax=0

31, F=yt{a -2z}



Xiv

1 2z+y-3=0.
4 (3, 1)
8. {ga(uzm b

10. 4 =384a.
18, - 1.
18, z—~y+a=0.

18. 22+ 6y+3=0.

L z-y+4=0.
4 (-1, -1
21, -

27, -y £3=0.

/N

Log—y+1=0G 28,

4, (2, -2).
2 w‘ab
\fms)
\;\sl
Q‘,l
W\ L 4z 43y -6=0.
. \* 4. (2, 1)
\ g o2y -4=0, z=

3
\,

5 (-1 4.

ELEMENTS OF ANALYTICAL GEOMETRY

Page 210.
2. Bz +4y -2=0, 3. Sx-29-1=0.
B. (3, -1}, 8. {2, 1}
?f' i 9. {2atan®e +peeca, —2aian a)..
i1, 8y +4=0. 12, y+3=0. A
A
1 -1 is. 1. )
. ",\’\ >
17, 4x+4y +1=0. « \J
2. (2‘: z, 2—“’)\ R
mE WS,
AN
AS)
Page 219. \

2 z-y-3=0, ) 8 2e-y-6=0.

28, 2x 71,(—1—‘5 ¢

,.
.

AN Page 226.

)9 22+3y-1=0.

5. (-1, 2.

8. ct(a

Page 230.

2. 2z -5y +3=0.
5. (1, -1}
-4, x~2y+8=0,

8. x+y-3=0, x-0y+98=0.
9. m“~12wy—&y2—16if12y+22=0.

18, 32y +0=0,
15. (-2, 2).

18, 2% 2y —1=0.
16 (1. -

352,1

0, dy—4x ;|;5’~"1_'?-.

(l —hi) T (sx +i)=1 +t1ta 3 »tangcnt.s intersect on x-axis.

29, x4+y—4=0, z+y+2=0

8. r+y-2=0.
8. (4. 3).

2 o mPbh) =m? (a? — B2

8. z-y+1=0
8 (3 2).

1L sy -5=0.

14 (3, 1).

. 11
17, 2atz +5H(1 — )y~ 1=0, (.2{? "5)'
: 1 y



ANSWERS TO EXERCISES xv

Page 236.
1. 2r 43y -T=0. 2, 82— 4y +7=0,
4. (Il -lj' b. (‘_%’; %).
1 3x+dy=0. 8. 3z -2y=0.
0 -1 11. 2. 12, -1
Page 250.
L a—2y-2=0. 2, Sz+4y+1=0.
4, (-1, 0% 5. (-8 —1)
x 1y ¥ 1y '
19, d(ﬁ—‘)-s(z—-‘)_z 2. z+y:£1=0.
Page 253,
1, x—y+3=0. 2. 2z -3y -5=0.
4. (2. L. B (-2, 1)
) Page 2563
1 2z—6y-1=0. 2 zdy s &—-‘0

b x+3y-3=0; a+y+1= O 3w ~y~5=0.
6 32°+ 2oy —2¢° - 4w - GJAI

¢\J
N \\ . Page.265.
L y+2=0, z=
3. Ax+By__.AMBb oy - 2x -y =0
8 (1, —2}.‘(—9 é)
A -
W\ Page 276,

™3

~(& P
\/ 18, The directrix of the parabols.

N

Page 294.

1. Ellipse. 8. Hyperbola.
. Two intersecting straight lines.

%

8. Parabola.
8. Two parallel straight lines.

3, 4z 16y +565=0.
6. (g, 1).
8, z-3y-1=0.
_ b= N\
25, y= —Ea"—n.

£\
3. 2z-y-1=0. {‘"’

6 (-1, 2. .~.("‘

2L y= :I;x@?ﬁ

b

A\
8\4z+6y 25 =0.

¢ :B. (-1, 2.

3. z-3y-2=0.

15. §= ~econ # +coafd - a)

4: Circle.



xvi ELEMENTS OF ANALYTICAL GEOMETRY
7. Rectangular hyperbola,
8. 2 —day+42 + 82— 28y +41 =0,
10. (2, -3}, #* 27y +3y2=13. 1L (1, 2), 322+ 2wy + 442+ 5=0.
12. 4, 2, 42 -3y—=0, 3z +4y=0,
13. 6, 4, 2u+y=0, »-2y-5=0,

14. 2V2, 2, 242y ~7=0, 22—y +1=0, : O\
. > Ke
15. 2V2, 2, dz+3y —5=0, 3z -4y 10=0. : e\
18. V3, V2, 242y —5=0, 2z y=0. v:}‘ )y

L1980 2 120y — Tyt —dw - By -~ 2=0, D
2. 2Py -yt -z +2y-1=0. 2L xz—y2+'x"¥j}=\b.
23, 2 +3° —Gzy + 10242y — 7=0, é—y+1:0, 3:+:y—3=0.
24, 222 - Jzy - 22 1221 1y —20=0. I
27, 2% Gy +y? 4z + dy —6=0. \\ a1 34,

»
N/

‘ ’ _Page 297,

— 2% -4y + =0. .ﬁ"“:; 2. _?,f’*+8\'.':—2~,r 39 =0,

~Zoy gt 12y 5520, 4, (L, 0, (&0
5 (3 1) (5, 1). .«:\ 6 (-1,1), (-5, 1) 9 (a, 0.
15- (‘2% ‘%@j Ll 18 2p 2L a¥l b i
. c?{f‘?*‘"vﬁ} sec @ cosea?¢. 98, pag®=0. 87, AC=aB’
38, :s;\’tgn”a—yl tan # +a=0. 89, 4x+2y+a=0, 4x—-2y+a=0.
492\,{-;‘:+y+a=0, Z—y+a=(0. 41. Tangens at vertex.

Ql" yin=2a(x+x), ¥-th= _g_:‘(x‘xll-

.~

A 60, 4x+4y-3=0, 20—y —3=0.

\ ¥

4 82, 4z =a. ' Y8, (I +og)y =3 4+ 2adds
79, 502+ 9yt + 14w - 55 =0, 80, #+2=0, 26, &
88. 38 +4y2 +62-9=0, (-1, 0), L. 85. 4.

104, p* =a? cos®a -+ b? sin?a, 2008 @ D'Sin o
. p B



ANSWERS TO EXERCISES XVit
108, ge:cns‘rhEi 4 atp a- B

g tpkin —S=cos —55

) . )B .ﬂ. ,8

. 1- tan;t&n 3 tan§+tan§

. o - 7 b - ,3.

1+mn§tan 5 1+tu.n§ ta.n-é
. .

119. (xz ga) =Z:—f§:- 168, alh® + iy +68 +2), — a3t +1y) .
173, 47— 4fr cos(d—a)+ B~ =0, o :\ )
188, Ellipse. 189, Circle. 180. Point. 181, Hype:bo,lq.g o
192. Two intersecting straight lines.  198. Rectangular hy'perbolg.\ 3
104, Parabola. 195, Two parallel straight lines. ‘\ o

196, (I, 2), 2 -2y +3=0, 2¢ +y —4=0, &5, V5, RS

19%. (1,1), x -3y +2=0, 3z +y - 4=0, VI0, VI0,2 -y = Q@xﬂy 8=0.
198, (1, 0% 2 ~3y-1=0,32+y-3=0, W10, 22y {-‘.x+2y 1=0.
199. (4, 1), 2z+y-4=0, NS
200, (phy+a)(pty +0) + (ay +B) (0t +5) QO
. + {{oty +B){plg +g?+.(a!2 +b{pt, +0)! cos w—O.
R0, 32° - Szy -3y + 227+ by - 143 =01 N

s
s“

\\
& )
. :\
\ *
t' P | A N
A
O
Y, o
”
¢ \{.
\..'
p
QN
() -
a\"%
\/
/
} FRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CC. LTD.
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